ME3.6 Sheet 4 Answers

1 FT{coswot} = [ (cosmot)etdt = 1 [* (oot 4 eoot) et ot
=1 .fo_ow gl@o-olt 4 grlworalt gt —z§(wg — w) + T6(wo + ).

(Using the result 6(w) = (1/2r) | °_°w etiot gy,

FT{sinwot} = fo_ooo(sincoot)e‘i“’t dt= 1 fo_ooo(ei“’Ot — grlwoty g-iot gt
=5 O_Ow glwo-olt _ grilworalt gt — _jz5(wg — o) + indé(wo + ).

2. (i) Energy = [ i)t = [ exp(-2aft)dt = Eo, say < .
Average power P = limr.... -+ fl|f(t)|2dt = limr.. Eo/2T= 0

.. 0 0 o0
(ii) pr(t) = [~ ealulgmabldy = [* eef-ulgwudy + IO eal+ulgaugy

= |1 + |2 , Say.
First consider t > 0. |1 needs to be split.

I, = .[:; () gaugy 4+ I(_’t ea(tw) gaug

= et f:; e2udy + et fi 1du = te ™ + (1/2a)e .

I, = fooo e gaudy = (1/2q)e ™,

pi(t) = 11 + 1 =(t + Ua) exp(at) (t > 0).

Now consider t < 0. This time we need to split | ,.

I, = I(—)t eu(t) g-audy + I‘: ot g-aud

= e#t f_t ldu+e« fo_ot e2du = —te” + (1/2a)e™.

I, = f_w etWeady = (1/2q)e™.

pi(t) = 11 + 1 =(~t + Ua) exp(at) (t < 0).

Combining the 2 results:

pi(t) = (t| + Ve) exp(—alt]), asrequired.

(i) E() = FT{pr} = [ (It|+a e Meotdt

= [° (@t - peeitdt+ [ (ot + et dt

Substitute s = —t infirst integral.

Find that 1st integral is complex conjugate (c.c.) of second integral.
= Eo) = | °O°(a—1 +t)exp(—(a + io)t) dt + c.c.

= (by parts) = --- = a e +i0)™ + (a +iw)™2 + C.C.

= ..-= 4a?/(a® + ©?)°.

(iv) From Sheet 3 Q1(j) we have f(0) = 2al(a? + 0?).

Then E(w) = | T() | = 4e%/(a? + ©?)? and so agrees with part (iii).

3. py(®) = f(t) * F(—t)

= fo_ow >, nd(t—nT-U) 3 apd(-u—pT)du

fo_ow >, nd(t—nT —u) 3 apd(u+pT)du, sinces is even
=2 0n Zpap(?(t —nT) * 6(t+pT)

= anpanapé(t —(n—p)T), using hint.

Using the substitution s = n — p we obtain

pr(t) = Zszpapasﬂo(?(t—ST), ie.



S=—c0 p=—x

as required. So the autocorrelation of an impulse train is another impulse train.

4. (i) We have

T < ]
A, = % I_le D 8(t— mT) exp(—2zint/T) dt
mM=—co

1 2L fT2 ]
=+ néo I_le 8(t — mT) exp(—2zint/T) dt

Theintegral is non-zerowhent = mT, provided —T/2 < mT < T/2
= m= 0and hencet = 0.

= An = (UT)[exp(—2xint/T) o= LT for al n.

(i1) From (i):

o0

i st—m) = %exp(Znint/T).

N=—oo0

Lettingc = 27/T and 0 = t we get

o0

i 5w — 27([:”‘) = %exp(incoc).

ME—0 N=—o0

Letting m = k,n = —k we obtain the desired resuilt.

5(i) f(w) = fa gle?dt = (1-iw) 2 (exp((1-iw)a) — exp(—(1 - iw)a))
= (1-iw)™12sinh((1-iw)a) =(1 — iw) *(2sinhacoswa — 2i sinwacosha).
(if) If & is small then cosea ~ 1,sinwa ~ a, (1 - o)~ 1+iw.

Thus f (@) ~ 2(sinha —iwacosha)(1 + i®),

and so q(a) = 2sinha — 2acosha.

(iii) We have p¢(t) = (FT)}(E(w)) = (2r)7! fo_ow E(w) €° do

= (2mn)1 .fi);1|a)|‘ﬂei“’tda) =2(2m)t Izlw‘ﬂ cosotdo,

(since the sin contribution is zero).

Now let u = wt,du = tdw

= pi(t) = (Un)fg’lt(u/t)‘ﬂ(cosu) t-1du = tA-1r-1 fg’lt u=? cosudu.
Thus p¢(t) - C(B)tP L ast » oo, where C(B) = 71 fooo u~? cosudu.

6. (i) Taking FT = —(iw)2f(w) + f(0) = FT{cosat} = (Ql) = né(w + @) + 76(w — @).
Therefore T(o) = 7(8(o + @) + 6(a — @)I(1 + @?2).

Taking inverse transform,

ftt) = 2m)*n | °°w (0 + @) +6(a — ) € /(1 + w?) dw

= (1/2)(exp(—iat) + exp(iat))/(1 + a?) = (cosat)/(1 + a?).

(i) Taking FT = —(iow)2f +iof + = jo|(w? + io + 1), provided |o| < wo

and zero otherwise = f = |o|for || < wo and f = 0 otherwise.

Inverting: f(t) = (2r)1 fi’:o|w|ei“’tdw =gt fg’o o coswtdo,




(since the sin contribution is zero).
Therefore, upon integration by parts:

_ 1 ( @pSinwet | coswot 1
fo) =  (2o5peet+ S22 -4 ).

7 (i) Taking FT with transform variable k we obtain ((ik)* + 1)y = —p(k)
=9 =-PpK/IA+k*.

(iHp-= IEL(POIZL)e‘ikde = (Po/2L)(-ik)(e™® — &) = (Po/KL) sin(KL).
(iii) Inverting: y(x) = (2r)~* fo_ow —(Po/kL) sin(kL)(1 + k*) L exp(ikx) dk.
AsL — 0,sin(kL)/kL - 1. Therefore

y(x) ~ —(Pol2r) [ (1+k*) " expike) dk = —(Polrr) | °O°(1 + k)1 coskxdk,
asrequired (since sin part of integral is zero).

(iv) Inthis case p(k) = IEL(POIZ)e‘ikde = ... = (Po/k) sinkL.

AsL — oo, (U/K)sinkL - z6(k), sowe obtain

y(X) - —(Po/2r) | °_°w 76(K)(1 + k*)~Texp(ikx) dk = —Py/2.

8. Take double FT of equation
= —aw’f +iof + Bkt = G(k,w) = f = G/(BK? — aw? + iw).
(i) Inverting:

o w % Gk, o)
0 = Gz o o a0t 11

exp(ikx + iot) dkdo

(ii) Using result in (i),

- _1 7 Gk, o)
N(t) = (27[)2 Im=_w Ik=—w ﬂkz—aw2+iw

U : exp(ikd) dX] exp(iot) dkdo.

Theintegra in[ ]isequal to 2z6(k) and so the expression for N(t) simplifies to:
©  G(0,w)

iot) d
o —aw? +iw expliet) do,

N(t) = %

as required.
(i) Using expression for N(t) from (ii):

pt) = 1 ji_w[r Mexp(iwlu)dwljw Mexp(iwz(t+u))dw2:|du

(2r)? o —0w3 +io1 o —003 + w2

= (271[)2 j"’ - j“’_ G(0,01)G(0,»2) exp(iwzt)[jio eXp(i(w1+a)2)u)du}da)2dwl_

o (—aw} +io) (a0 +ioy)

Theintegral in square brackets is equal to 276(w1 + @2).
Therefore using the sifting property, p(t) reduces to

__1 ¢ G(0,01)G(0,—w1)
PO = 21 J.a)1=—oo (~aw? +io1)(~a0? —iv1)

exp(—l w1t) do;.

Now, since g(x,t) isred it follows that G(0,w) = (G(0,-w))*
(* represents complex conjugate).
Thus, G(0,1)G(0, 1) = |G(0,1)|? and we obtain



p(t) = %I: IG(0, w) |* exp(— Ia)t)

(aw2)2 0>

(iv) Given G(0,0) « |o|°

20 © 20 i
= p(t) « I lw(lx sxrjr(al)wt) do I_w 2l e;()g( lot) do asa - 0.

Make the substitution u = wt,du = tdw

|u|26

|t|26 e idu.

du e [* |u|2"
t
exp(-iw) AU oc 12 | A

= p(t) ocj

This expression isindependent of tif 1 — 26 = O, i.e. werequirec = 1/2.



