
ME3.6 Sheet 3 Answers

1(i) FTexp−a|t| = ∫−∞∞ exp−a|t|e−iωt dt= ∫−∞0
ea−iωt dt + ∫

0

∞
e−a+iωt dt = 1

a−iω + 1
a+iω = 2a

a2+ω2

(ii) FTsgntexp−a|t| = ∫−∞0 −1eate−iωt dt + ∫
0

∞
e−ate−iωt dt = − 1

a−iω + 1
a+iω = − 2iω

a2+ω2 .

(iii) We know from (i) that if ft = exp−a|t|, then

f ω = 2a/a2 + ω2⇒ 

f t = 2a/a2 + t2.
By symmetry formula FTf t = 2πf−ω = 2πexp−a|ω |.
(iv) ft = 1 − t2 for |t| ≤ 1 ⇒ 

f ω = ∫−1

1 1 − t2e−iωtdt= ∫−1

1 1 − t2cosωt dt − i ∫−1

1 1 − t2 sinωt dt

The second integral is zero since we are integrating an odd function.
The first integral is an even function so can be written as twice the integral over 0,1.
Thus


f ω = 2 ∫

0

11 − t2cosωt dt = ⋯(by parts twice)⋯ = −4/ω2cosω + 4/ω3 sinω.

(v) From lectures, if ht = 1 for |t| ≤ a and zero otherwise, then

hω = 2/ω sinaω.

Then by symmetry formula, FT2/t sinat = 2πh−ω = 2πhω since h is even.
Thus, FTsinat/πt = hω.
2. FTft sinat = ∫−∞∞ ft sinate−iωt dt = 1

2i
∫−∞∞ fte iat − e−iate−iωt dt= 1

2i
∫−∞∞ fte−iω−at dt − 1

2i
∫−∞∞ fte−iω+at dt = 1

2i


f ω − a − 1

2i


f ω + a.

3 (i) From 1(i) FTexp−a|t| = 2a/a2 + ω2.
Therefore using inversion formula:
exp−a|t| = 1

2π ∫−∞∞ 2a/a2 + ω2e iωt dω = a/π ∫−∞∞ cosωt
a2+ω2 dω + i ∫−∞∞ sinωt

a2+ω2 dω
Second integral is zero since integrand is odd in ω,
first integral has even integrand so doubles up over 0,∞.
Thus exp−a|t| = 2a/π ∫

0

∞
costω/a2 + ω2dω.

This expression is true for any t. Setting t = 1 :πe−a

2a
= ∫

0

∞ cosω
a2 + ω2 dω

as required.

(ii) From 1(iv) if we define gt = 1 − t2 for |t| ≤ 1 and zero otherwise, then by inversion:

gt = 1
2π ∫−∞∞ − 4ω2 cosω + 4ω3 sinω e iωt dω.

Set t = 0 and rearrange to obtain desired result.

4. Energy theorem states that 2πf0 ∗ f0 = ∫−∞∞ Eωdω. First need to find

f ω.

f ω = ∫−2d

2d 2d − |t|e−iωtdt = ∫−2d

2d 2d − |t|cosωt dt − i ∫−2d

2d 2d − |t| sinωt dt

The second integral is zero since the integrand is odd in t.
The first integral has an even integrand and so doubles up over 0,2d.
Thus


f ω = 2 ∫

0

2d2d − tcosωt dt = ⋯by parts)⋯ = 2/ω21 − cos2ωd = 4/ω2 sin2ωd⇒ Eω = 
f ω 2 = 16/ω4 sin4ωd.

Now ρ f0 = f0 ∗ f0 = ∫−∞∞ fu2 du = ∫−2d

2d 2d − |u |2du = 2 ∫
0

2d2d − u2du



= ⋯ = 16/3d3.
Energy theorem ⇒ 2πρ f0 = ∫−∞∞ Eωdω ⇒ 32πd3/3 = 16 ∫−∞∞ sin4ωd/ω4dω.

Setting d = 1 we get ∫−∞∞ sin4x
x4 dx = 2π

3
,

as required.

5. If ft = exp−ctHt then

f ω = ∫−∞∞ e−ctHte−iωt dt = ∫

0

∞
e−c+iωtdt =1/c + iω.

Convolution ⇒ FT−1gωhω = gt ∗ ft.
Let gω = 1/a + iω ⇒ gt = exp−atHt.
Let


hω = 1/b + iω ⇒ ht = exp−btHt.⇒ FT−1a + iω−1b + iω−1 = exp−atHt ∗ exp−btHt.

RHS = ∫−∞∞ exp−at − uHt − uexp−buHudu= ∫
0

∞
exp−at − uHt − uexp−budu

The function Ht − u is non-zero (and equal to 1 only if 0 < u < t.
Therefore RHS = ∫

0

t
exp−atexpa − budu = ⋯ =exp−bt − exp−at/a − b t > 0.

RHS = 0 if t < 0.

6. Convolution ⇒ FTf t ∗ gt = FTf t FTgt= (symmetry formula) = 4π2f−ωg−ω.
Take RHS, change ω to t and take transform again:
FT4π2f−tg−t = 2πf −ω ∗ g−ω using symmetry rule again.
Thus: FTftgt = f ω ∗ gω/2π, as required.

7. From 1(v) we have that gω = 1 if |ω | ≤ a and zero otherwise.
By convolution: ft ∗ gt = FT−1f ωgω.
Inversion formula ⇒ RHS = 1/2π ∫−∞∞ 

f ωgωe iωtdω = 1/2π ∫−a

a 
f ωe iωt dω= 1/2π ∫−∞∞ 

f ωe iωtdω (since a > M.
Thus: ft ∗ gt = FT−1f ω= ft, as required.

8 (i) ∫−∞∞ ftδt − t0φtdt = ft0φt0 = ft0 ∫−∞∞ δt − t0φtdt = ∫−∞∞ ft0δt − t0φtdt⇒ ∫−∞∞ ftδt − t0 − ft0δt − t0φtdt = 0 for arbitrary φ.⇒ ftδt − t0 = ft0δt − t0.
(ii) ∫−∞∞ tφtδ ′tdt = (by parts) = δttφt−∞∞ − ∫−∞∞ δtφt + tφ ′tdt.

Term in square brackets is zero.
Integral reduces to −φ0 which can also be written as − ∫−∞∞ δtφtdt.

Thus tδ ′t = −δt.
(iii) ∫−∞∞ δ−tφtdt = (subst t = −s = ∫−∞∞ δsφ−sds = φ0 = ∫−∞∞ δtφtdt⇒ δ−t = δt.


