ME3.6 Sheet 3 Answers

1(i) FT{exp(-alt]y = [* exp(-afthe dt

_ J-O e(a—ia))t dt + J‘OO e_(a+ia))t dt = l + l — 22{:1 .
—w 0 a-iw atio %+
- O H o0 . .
(i) FT{sgn(® exp(-alt]y = [_ (-Lyete'dt+ [ ededt = 2o + A = 2o,

(i) We know from (i) that if f(t) = exp(-alt]), then f(w) = 2a/(a? + w?)

= f(t) = 2a/(a® +t?).

By symmetry formulaFT{f(t)} = 2zf(-@) = 2z exp(—ajo|).

(iv) f(t) = 1-t2forft| < 1 = F(w) = j (1-—t2)e otdt

= j (1- tz)coswtdt—|j (1- tz)smcotdt

The %cond integral is zero smce we are integrating an odd function.

Thefirst integral is an even function so can be written as twice the integral over [0, 1].
Thus f(0) = ZI;(l—tZ)COSwtdt = ...(by partstwice)--- = —(4w?)cosw + (4w3)sin.

(v) From lectures, if h(t) = 1 for [t| < a and zero otherwise, then h(w) = (2lw)sin(a).
Then by symmetry formula, FT{(2/t)sin(at)} = 2rh(-w) = 2rh(®) since hiseven.
Thus, FT{sin(at)/zt} = h(w).

2. FT{f(tysinaty = [~ f(tysinate”'dt = & [~ f(t)(e™ — e"*)e-ietdit
1 °_°w fee-atdt— L | °_°w f( e@dtdt = LT (0 -a) - LT(w+a).

3 (i) From 1(i) FT{exp(-alt[s = 2a/(a® + w?).
Therefore usi ng inversion formula:
exp(-alt) = & [ (2a/(a? + 0?)) € do = (aln)([" D dp+i[” S )
Second integral is zero since integrand isodd in e,
first integral has even integrand so doubles up over [0, «c].
Thus exp(-alt]) = (2a/r) | ;" cos(tw)/(a2 + 02) dw.
This expression istrue for any t. Settingt = 1 :

ne— _COosw _ ~ do

I 0 a2+ @?

as required.
(ii) From 1(iv) if we define g(t) = 1 —t2 for |t| < 1 and zero otherwise, then by inversion:

-1 " (4 4 g jot
git) = 5 j_w( p CoS® + 3 smco)e do.
Set t = 0 and rearrange to obtain desired result.

4. Energy theorem states that 2 (f(0) = f(0)) = fo_ow E(w) de. First need to find f ().
fo) = f‘id(zd — the-ietdt = [ f‘id(zd — [t cosmtdt—i [ f‘id(zd ~ 1t Sinetdt

The second integral is zero since the integrand isodd in t.
Thefirst integral has an even integrand and so doubles up over [0, 2d].

Thus f(0) = 2f§d(2d —t)coswtdt = ---(by parts)

. = (2o?)(1-cos20d)) = (4o?)sn(od)

= E() = |T)|” = (16l0") sn*(ed).

Now pf(0) = f(0) + f(0) = [* (f(w)?du = | f‘;d(zd— jup2du = 2| f)d(zd— u)2du




= ... = (16/3)d3.
Energy theorem = 27p(0) = | °_°w E(w)do = 3270d%/3 = 16 °_°w sin*(wd)/o*do.
Settingd = 1 we get

“ 8n*X 4y _ 21
I_w x4 dx = 3’

as required.

5. I f(t) = exp(-ctyH(®) then T(w) = | °_°w (eH() e tdt = | °O° e~cHoltgt =1/(c + im).
Convolution = (FT)~X(§(w)h(w)) = g(t) * f(t).

Let §(w) = V(a+io) = g(t) = exp(—at)H(t).

Let h(w) = V(b +iw) = h(t) = exp(—bHH(t).

= (FD)Y((a+io)t(b+iw)™) = (exp(—at)H(t)) * (exp(-bt)H(t)).

RHS= | °_°w exp(—a(t — u))H(t — u) exp(—bu)H(u) du

= fooo exp(—a(t — u))H(t — u) exp(—bu) du

The function H(t — u) is non-zero (and equal to 1) only if 0 < u < t.

Therefore RHS = f; exp(—at) exp((a—byu)du = --- =(exp(-bt) — exp(-at))/(a—b) (t > 0).
RHS= 0ift < 0.

6. Convolution = FT{F(t) x ()} = FT{F(t)} FT{g(t)}

= (symmetry formula) = 4z %f(—w)g(-).

Take RHS, change o to t and take transform again:

FT{4r?f(-t)g(-t)} = 2n(f(—w) * 0(-w)) using symmetry rule again.
Thus: FTL{f(Hgt)} = (f(w) * 0(w))/(2r), asrequired.

7. From 1(v) we havethat §(w) = 1 ifA lo| < aand zero otherwise.

By convolution: f(t) * g(t) = (FT)"(f(0)3(w)).

Inversion formula= RHS = (1/2r) | °_°w T(@)9(w)e” do = (L/2r) | f‘a?(w)eiwt do
= (U2n) | °_°w f(w)edw (sincea > M).

Thus: f(t) * g(t) = (FT)"2(f(w))= f(t), asrequired.

8(i) [ f(Ho(t—to)p(®) dt = f(to)p(to) = f(to) [~ S(t—to)p(tydt = [ f(to)a(t - to)g(t) cit
= fo_ow [f()o(t —to) — f(to)o(t —to)]p(t) dt = O for arbitrary ¢.

= f()o(t —to) = f(to)d(t — to).

(i) [ tp(®3' ®) dt = (by parts) = [SDMIZ - [~ SO(BD + 19/ ().

Term in square brackets is zero.

Integral reduces to —¢(0) which can also be written as —fo_ow o(typ(t) dt.

Thusts'(t) = —6(1).

(iii) | °_°w S(-Dp(t)dt = (substt = —s) = | °_°w 5(9)p(-s)ds = $(0) = | °_°w St)@(t) dt
= 5(-t) = 8(b).




