M4A32: Summer 2005 (Solutions)

1.(a) The complex potential is

w(z,t) = —% log(z — z1(t)) — glog(z’ — 25(1)).

2 marks

(b) By imposing the conditions that each vortex moves with the local non-
self-induced velocity, the dynamical equations are

dz, 1
g R 1
dt T 21 — 29 1]
and ) .
dZZ i 1 i 1
et et 2
dt QM2 — 21 2Mz — 2o
3 marks
(c) Let Z = 2; — 25 then, from [1] and [2],
dz 3
dt 212
which implies
dZ 3
o2 3
dt 2T 13
and, by taking complex conjugate,
—dZ 3l
Z—=— 4
dt 2m 4
Adding [3] and [4] implies
Z _dZ Z|?
22 52 _dZP

dt dt  dt

which shows that the separation |z; — 23| of the vortices is a constant (and
equal to 1, by the initial conditions).
4 marks

(d) Adding 1/2*[1] to [2]:



which implies

1
zZ0 = 521 + Z9
is a constant of the motion.
4 marks
(e) Defining
Zi=2(t) — 2 = % — 29,
Zy=2(t) — 20 = —ﬂ,
2
then note that
Zl—ZQZZl—ZQ.
Also, on use of [1] and [2],
d?l . ZF 1
dt N ™ Zl ZQ
dz, il 1
dt N 27'(' Zl ZQ
Now seek solutions of form Z(t) = rie® and Z5(t) = —rye”®® where r,

and ry are constants. But r; + 5 = 1 (using fact that separation is fixed to
be unity). Also, pick zp = 0 then

%4—22: (%—m)ew:o

2 1
=z 2—=x3.

3 3

then

2 marks
Substituting into the equations of motion leads to

df s i —if
—ir—e "V = —-—————¢
dt 71'(7"1 + 7"2)
which implies that the angular velocity is
do r _3r
dt — wri(r+ry) 21

2



5 marks
2. (a) Use the usual stereographic projection. Then

¢ = cot(h/2) €.

Assume, at some instant, the two vortices are projected onto points ( = +a
where a is real so that
a = cot(6y/2).

The expression for the streamfunction is

The complex velocity of the vortex at ( = a is

2C K 1 ¢ B ka |1 a
sin 6y <_§> [C+a a 1—|—(f](a T sinb, {% a 1+a2]'

Simplifying, this becomes

kK 1—a?

C2sinfy 1+ a2’

This is purely real so the velocity is purely zonal. If angular velocity is €2
then we must have

k 1—a?
2sin 6y 1 + a?
K cos O

Qsin00 = —

N 2sin 90

This means
K cos By

N 2 SiIl2 00 .
6 marks

(b) Now add a point vortex of strength r; at south pole (i.e., at ¢ = 0).
Streamfunction is now

3




It is clear that, in order for the angular velocity to double, we need

g I )
2\C+a 1+4¢(/|eee 2\C 14¢C/ |2y

On rearrangement,

or

ﬁs:/{<1—cot2(00/2)> __rcosth 1]
2 costhy — 1

7 marks

(c) Now add a point vortex of strength «, at north pole. Then the stream-
function is now

o <(C+a)(§+a)>_@lo ( ¢¢ )
U 2 P14 ¢C

(RIS

To render entire configuration stationary, it is clear on grounds of symmetry,
that it is enough to require that

e riall 36l 1 (el
2\C+a 1+4¢C/) ey 2\C 14+CC ey 2\ 14CC) 0y

On rearrangement, and use of [1], we get

1—a? 2k cos By
Kp = K =
" a? 1+ cosfy

7 marks

3.(a) The Green’s function G((; a, @) is the function which is harmonic ev-
erywhere in || < 1 except that, near { = a,

1
G(Ga,a) = —%logK — al + reqular

4



and is such that G = 0 everywhere on the boundary |(| = 1.
3 marks

(b) First, it is clear that G((;a, @) is the imaginary part of the analytic
function of ( given by

— " log Ro(C; 0, @)
2

where

o)
Rl = o —a )

so it is harmonic everywhere in |(| < 1 except at ( = a where, clearly,

1 1
G(Ga,a) = —5, log I —al+ 2, log (¢ —a™)]

1
= ——log|¢ — | + reqular.  [1]

2m
Note that a ! is outside the unit (-disc.
B 2 marks
Note also that, for ¢ on the unit circle where ( = (1,
—— ('-a 1
Ry((;a,a) = = —
G0N = LT =0~ RalGara)
so that G = 0 on the unit circle, as required.
3 marks
(c) From [1], it is clear that
(G 0,8) = o loga(¢ — ™)
s, a) = —log |la(C — a
g Y Y 27_‘_ g
so that ) .
H(a,a) =—1 q— 1| = —log(1 — aa). 2
(0,3) = ;- loglaa — 1| = —log(1 — a@).  [2
3 marks

(d) The trajectories are given by contours of H which, in this case, are
|a|> — 1 = cst — i.e., circles.
1 mark



(e) First, note that if & = x + iy then
0* 0 0?

2
= — —_ = 4
v Ox? + 0y? dada
Then
0’H 1 1 ad
V2H =4 S —
dada w(l—ad (1—a@)2>
11
1 (1—-aa)?
1
— _e—STrH
T
Therefore

vZH — _16787rH

3

as required.
8 marks

4.(a) The point vortex trajectories in the single-vortex case correspond to
the contours of H© so they are

o — & = constant

i.e., they are lines with constant imaginary part or lines parallel to the real
axis.
2 marks

(b) The conformal mapping z = /C or {( = 2? maps the upper half-plane in
the (-plane to the first quadrant of the z-plane. Therefore, if

then
F2
H(z)(za, Zy) = — log
47

F2
=1
47 8

(za — Za)

(0~ @)z (o) >

6 marks

(¢) The point vortex trajectories are the contours of H®). So, letting z, =
re'? they are
(70 = Za) (20 — 20) = Ar?

6



where A is some constant. On rearrangement, this becomes
7,_2 <1 o 6742'9 o 64i9 + 1> — A
or
2r*(1 — cos 40) = A = 4r*sin” 20

so trajectories are
r sin 260 = constant.

5 marks

(d) By the method of images, image system consists of two point vortices of
circulation —I' at z =1 —1¢ and 2 = —1 + ¢ and a point vortex of circulation
[ at z = —1 — . Thus, instantaneous complex potential is

uwﬂ:—égbgz—ﬂ+ﬁ»—%§bgz+ﬂ+%n+%gbgz—ﬂ—%»

I
+ ;_w log(z — (=1 +1)).

This simplifies to

o 22+ 2

m@:—§m4fiﬁ>

Complex velocity is

) dw i 2z 2z
U—i=—=—— —
dz 2m\ 22 =21 22424

Evaluating at z = 1 gives

. 4T
u— v =—.
o
7 marks
5.(a) The conformal mapping from unit circle to exterior of patch is
1

where b is real. The complex velocity field associated with a patch of uniform
vorticity is known to be

iy ._MTO (z = C;i(z)) =z in patch
- WTOCO(Z) z outside patch



2 marks
But, on patch boundary, we must have continuous velocity field so that

zZ = Ci(z) — Cy(z), on patch boundary.

2 marks
But patch boundary corresponds to |(| =1 where

b
But, from [1],
1
— =2z —bC?
¢
S0

Z=(+b(z —bC?)?% =+ b(2* — 22b¢% + b7CH).

Substituting once again for z from [1] in the third term on the right hand
side gives
Z =bz? — 26°(C + bCh) + ¢+ B3C!

4 marks
Note that bz? is analytic inside the patch so
Ci(z) = b2
It follows that the velocity field inside the patch is
U — 1w = —M—O<z—bz2>.
2
2 marks

(b) Since —2b*( +bC*) + ¢ +b3¢? is analytic inside || < 1 (and tends to zero
as ¢ — 0) which corresponds to the region exterior to the patch it follows
that
Co(2) = 26%(C + b¢*) — ¢ — b*¢.
4 marks
Since, from [1], { ~ 27! as z — oo, then

. iwg 9 iCLJ[)(QbQ — 1)
— ~—2 -1 (= ———~
U — 5 (2b )¢ 5



2 marks

(c) Complex potential for a point vortex at z = 0 with circulation T is
w(z) = ——1logz
(2) = =5 - log

so corresponding velocity is

) dw i
U—i=—=——":
dz 27wz

This has same form as last part of part (b) provided we identify
[ = mwo(1 — 2b7).

4 marks



