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1 Introduction

The fundamental questions in number theory concern the interplay between the additive and
multiplicative structures on the integers. An example of a typical theorem from number

theory is:

Theorem. (Lagrange’s Theorem) Every n € N is a sum of 4 squares

where n; € 7.

The proof of the above theorem “works in” Z.

This course is an introduction to analytic number theory. That is, we turn to techniques
from analysis, where we apply continuous methods to study discrete phenomena. Often these
are statements involving approximations. In analytic number theory we often ask roughly
how frequent are integers with a certain property P. For instance, one cannot give an exact
formula for the number of primes in an interval [1,z], but we can establish an asymptotic
formula, and give some upper bounds for the discrepancy between the exact and asymptotic
formulas. Although this methodology turns out to be unexpectedly powerful, we must remain
humble. It is easy to pose simple looking open (and probably extremely hard) questions about

prime numbers, including:

e (Twin primes problem) Are there infinitely many pairs of consecutive primes which
differ by 27

e (Sophie Germain problem) Are there infinitely many pairs of primes p,q such that
qg=2p+17

e (Goldbach problem) Is every even integer n > 2 equal to the sum of two primes?

There are also many number theoretic statements where it is not obvious that analytic

methods are appropriate. Example of theorems whose proofs use analysis are the following

1. Every integer is a sum of at most

(a) 4 squares,



(b) 9 cubes,
(¢) 19 fourth powers,
(d) 37 fifth powers, etc.

This was proved, by the combined efforts of many mathematicians, in 1986. It answers

a question of Waring dating from 1770.

2. The sequence of primes contains arbitrarily long arithmetic progressions. eg: 7, 37, 67,

97, 127, 157 is a progression of 6 primes. This was proved in 2004.
3. The ring {a + bv/14 : a,b € Z} = Z[\/14] is a Euclidean domain.

4. Every odd number n > 7 is a sum of 3 primes. (Proved in 2013). Goldbach’s conjecture
(still undecided) was that every even number n > 4 is a sum of 2 primes and every odd

number n > 7 is a sum of 3 primes.

In this course our use of analysis will mainly involve the theory of complex functions,
specifically the notions of analytic (holomorphic) and meromorphic functions. One can argue
that one is really using properties of real harmonic functions, since the real and imaginary
parts of a holomorphic function have that property. There are instances where one gets
number-theoretic information by considering harmonic functions in a setting where there is
no complex structure.

This course is primarily concerned with arithmetic functions and prime numbers. We

make the following definition.
Definition 1.1. 7(z) = # {p < z : p prime}.

The key question we shall examine is: How fast does 7(x) grow? The first result on this

question was proved by Euclid:
Theorem 1.2. 7(z) — o0 as x — 0.

Numerical results suggest that 7(z) is roughly x/logz. The primes appear to thin out
the higher one goes, so that for numbers up to z, about one number out of log z is prime.

This conjecture is due to Gauss and dates from 1849.



Let us define

Todt
Li(x) = —
l(x) 2 log t
In problem sheet one you will show that
r/logz

im
z—oo  Li(x)
The fundamental result, verifying Gauss’ conjecture is:

Theorem 1.3. (The Prime Number Theorem - Hadamard, de la Valleé Poussin 1896)
()

00 x/logz

or equivalently

_ow(x)
A Li(z) L

It is convenient to introduce some notation.

Definition 1.4. If f,g : [1,00) — R with g(z) > 0 for all z, we say that f(z) ~ g(x) if

%%1asx—>oo.

Hence the PNT (Prime Number Theorem) states that m(z) ~ o7 ~ Li(z).

xT

Definition 1.5. Let f,g : [1,00) — R be functions with g(z) > 0, for all z. We say that
f(z) =0(g(x)) if |f(x)/g(z)| is bounded from above, that is, if there exists a constant ¢ > 0
such that for all  we have |f(x)| < cg(x).

In particular, a relation of the form f(z) = g(z) + O(h(x)) for real functions f, g, and h
defined on (0, 00) means that |f(z) — g(x)| = O(h(z).

Example. We have sinz = O(1) and sinxz = O(zx). Observe that, with the O(-) notation,
equality is no longer symmetric (!) Note also the fact that f(z) = O(g(z)) does not imply

that f'(z) = O(g'(z)).

Tables reveal that the detailed distribution of primes is very erratic. There are a lot of
pairs of primes which differ by 2, such as (11,13), (17,19), (29, 31), etc. It is a famous open

problem however whether there are infinitely many such “prime-twins”.



There are arbitrarily large gaps among the primes. Consider the numbers N! + 2, N! +
3,..., NI+ N. These are all composite, since if & < N then k | N! + k.

Open problem: Roughly how large is the largest gap between consecutive primes up to
N? A plausible conjecture is that the largest gap is ~ (log N)2.

For all > 20 for which m(x) has been calculated one finds that

Tog < m(x) < Li(x).

The first inequality has in fact been proved to hold for z > 20. As to the second inequality,
there are good reasons to suppose m(z) < Li(z) for all z < 10'%°. However Littlewood showed
in 1912 that 7(z) — Li(x) changes sign infinitely often, and it is now known that there exists
an x < 10316 such that 7(x) > Li(z). This is a remarkable result. In every case that m(z)
has ever been calculated, comprising billions of data points, one has m(x) < Li(z). However
we know that the inequality eventually fails: In mathematics “experimental evidence” is not

good enough — only proper proof will do!



2 Arithmetic Functions

We denote the set of positive integers with N.
Definition. An arithmetic function is a mapping f : N — C.

Definition. A multiplicative arithmetic function is one for which f(mn) = f(m)f(n), when-

ever (m,n) = 1.

One might imagine that it would be more natural to define a multiplicative function to

be one satisfying f(mn) = f(m)f(n) for all m,n. However, this condition is too restrictive.

Example. We define the unit function u : N — C as u(n) = 1 for all n. This is a multiplicative
arithmetic function. Similarly u.(n) = n® where ¢ € R is fixed, is multiplicative.

The function w(n) = # {p | n : p prime} is not multiplicative, since, for example w(2) =
L,w(3)=1but w(6) =2#1x 1.

Other important arithmetic functions are:-
—d(n) =#{k € N: k| n}. This is called the divisor function.
- O'(’I’L) = Zk\n ka

— ¢(n) = #{keN:k<n,(k,n)=1} = #(Z/nZ)* = #{k+nZ: (k,n) =1}. This is
called the Euler function.

The notations w(n),d(n),o(n) and ¢(n) are standard; but u(n) and u.(n) were invented for

these notes!
An obvious fact is that if f, g are multiplicative, then so is (fg)(n) = f(n)g(n).

Definition. The Dirichlet convolution of f and g is defined as

(fra)n)= D fla)g().

ab=n;a,beN

For example,

(d*w)(6) = d(1)w(6) + d(2)w(3) + d(3)w(2) + d(6)w(1)
=1Xx24+2x1+2x1+4x0=6.

Note also the following facts



L (uxu)(n) =>4y ula)uld) =>,_,1=d(n). Hence uxu=d.

2. (uxw)(n) =3 ey u(@ur(b) =3, b= 32y, b=o(n). Hence, u*uy =o.
Theorem 2.1. If F' and G are multiplicative, then so is F x G.
Corollary 2.2. The functions d(n) and o(n) are multiplicative.

Lemma 2.3. Suppose that (m,n) = 1. Then every pair a,b € N with ab = mn, takes the

form a = cd and b = ef with ce = m, df = n; and this expression is unique.

Proof

First we prove the existence of ¢, d, e, f. Take
c=(a,m), d=uaje, e=(bym), f=ble.

It follows that c¢,d,e, f € N. So it remains to show that ce = m, df = n. We will show that
(a,m)(b,m) = m (x). It will follow that ce = m, and that df = ab/ce = mn/ce = n as
required.

To show (%), we use repeatedly the fact that («, 5)y = (ary, 57). This yields

(a,m)(b,m) =

However (n,a) | n and (b,m) | m and we know that (m,n) = 1. Hence ((n,a), (b,m)) =1,
and so the expression above reduces to m.
It remains to prove uniqueness. Suppose a = /d’ and b = €’ f/, with ¢’ = m and d' f' = n.

Then, since (m,n) = 1, we have (¢/,d’) = 1. Hence
c=(a,m) = (dd,cle)="7(d,e)="¢.

Similarly, d = d’ and so e = ¢’ and f = f'. O

Proof (Of Theorem 2.1)



Take (m,n) = 1. We have to show that (F « G)(m)(F * G)(n) = (F x G)(mn).

LHsz{EjF@G@} S EAGH = Y FOFAGEGC):
df=n c,d,e,feN
ce=m,df=n

m=ce

However, ¢ | m and d | n where (m,n) = 1. Hence (¢, d) = 1. This gives F/(¢)F(d) = F(cd).
Similarly for (e, f) = 1. Hence

LHS= Y F(cd)G(ef)

ce=m,df=n

and by Lemma 2.3, each pair a, b for which ab = mn, arises just once as a = ¢d and b = ef.
Thus
LHS = Y F(a)G(b) = (F *G)(mn).

ab=mn

Theorem 2.4. If f(n) is multiplicative and n = p{* - - - pi*, where p; are distinct primes, then

fln) =TI, F(5).

Corollary 2.5. We have d(p7* ---pi*) = (e1 +1)--- (e + 1).

Proofd(p;’) = #{1,pi,...,p;'} = e; + L. m

Corollary 2.6.

ﬁ ot 1
opi' - pf) =11
par U
e: e; p?i+1—1
Proofo(p;') =1+pi+...+p;' = = O

Proof (Of Theorem 2.4)
We work by induction on k. For k =1 we have f(p7*) = f(p]*). In general,

FOS P = FO5 - o) F (o)



since (p* ...p," ', pi*) = 1. The induction hypothesis then yields

k-1

1T £ f@iF)

=1

which produces the required result. O

Corollary 2.7. If f, g are multiplicative then f = g if and only if f(p®) = g(p°¢) for all prime

powers p°.

As an example of a typical question we can now answer, we ask how large is d(n)? Clearly

d(p) = 2 for all primes p, but sometimes d(n) is large.
Theorem 2.8. For all k € N one has d(n) > (logn)* for infinitely many n.

Proof
Let p1,...,pr+1 be the first k + 1 primes. Set n = (p1 - - prr1)™. We claim that if m is large
enough, then d(n) > (logn)*.

We have

k+1 k+1 logn f
din)=(m+1) >m = —logp1 —

k+1

and this exceeds (logn)* providing that logn > (logp; - - - pp41)**!. It therefore suffices to

take m > (logpy - - pra1)”. O

Theorem 2.9. For every e > 0 there exists a constant c. such that d(n) < cen® for alln € N.

Remark. This result can be re-phrased as saying that d(n) = O(n¢) for all € > 0.
Proof

We have d(n) < n, so we can take ¢, = 1 for all € > 1. Thus we may now assume that e < 1.

For n = p{'--- p¢" we have

p;

Then, for primes p; with p; > 2Y/¢ we have

Lrea 1re
p; 2¢i



since 2™ > 1+ m for all m € N. For the remaining primes, for which 2 < p; < 2Y/¢, we have
pict > 266 = e 1082 > 1 4 ee;log 2 > elog2 + ee;log 2 = e(log 2)(1 + €;).
Hence,

L+e _ 1 for p; > 2V,

€€y

DP; @ for p; < 2/

Hence, with p; ranging through the various prime factors of n, we have

7 ()

p;<21/€

Thus, if p ranges over all primes less than 2!/¢, whether or not they divide n, we have

D T (cgs)

p<21/e

Denote the product on the right by ¢, and note that this does not depend on n. Then

% < ¢, for all n, as required. ]

We may also ask how large is d(n) on average?

Theorem 2.10. We have

o ()
im =—=——— =
N—oo ), o logn

Equivalently, >, d(n) ~ >, ylogn. More precisely,

Y d(n) = NlogN +O(N),
n<N

Zlogn = Nlog N + O(N).
n<N

So d(n) is, on average, of size logn

10



Lemma 2.11. If f : [1,00) — [0,00) is increasing, then
N N N
| s <3 s < 50+ [ faa
1
while if f is decreasing, then

N N N
/1 e <310 < 1) + /1 F(a)d.

Proof

If f is increasing

[ s <o < | " f@)da

and so
N N N N
Sz w3 [ =i+ [ sz [ s
and
N N-1 nt1 N
Zf(n)ﬁf(N)JrZ/ f(x)de = f(N)+ 1 f(x)dz.
1 n=1“"

The decreasing case is similar.

Corollary 2.12. We have

log N < <1+logN,

“ i1
S|

Nlog N =N <) logn < Nlog N.
n=1

Proof
Apply Lemma 2.11 with f(z) = 1/z (the decreasing case), and the first statement follows.

11



For f(x) = logx (the increasing case), we have

/f d:n—/ logzdr =NlogN — N +1

SO
N N
NlogN — N < NlogN — N +1 :/ flx)dx < Zlogn
1 1
and
N N
Zlogn < ZlogN = Nlog N.
1 1
O
We now prove Theorem 2.10
Proof
We have

OEEDS 1—21—2#{(3 <21
n<N n=ab<N a<N
ab<N
For 0 € R set [f] = max{k € Z: k < 0}. Then if § > 0 one sees that #{beN:b <0} =
[6].
For example, [r] =3 and {b € N: b <7} = {1,2,3}. Hence
N
> dmn) =) [Z] :
n<N a<N
However, for all § € R we have [#] = 0 + O(1), and so [N/a] = N/a + O(1). This produces
N N
Z[;}=Z<E+O(1)>:Z;+O NZ +O(N
a<N a<N a<N a<N
which in turn is N{log N+O(1)}+O(N), by Corollary 2.12. Finally, this is N log N+O(N)+
O(N), and so
> [g} = Nlog N + O(N).

a<N

We now introduce another important arithmetic function.

12



Definition. (The M&bius Function)
Set p(1) =1 and
(—1)* if e; = 1 for all 4,

0 if e; > 2 for some 1,

where p; are distinct primes.

Note that p(n) is a multiplicative function. This follows directly from the definition, but
may take a moment’s thought.

The following result gives the key property for the Mobius function.
Theorem 2.13. We have

1 ifn=1,

() = " puld) =
dn 0 ifn>2.

Proof

Set f = p*u. Then f is multiplicative, by Theorem 2.1, since u,w are multiplicative. Now if

e > 1 then

F0°) =Y wlayu®d) =Y pu(a)

ab=p® alp®

=pu)+ulp)+...+p(@P)=1+(-1)+0+...+0=0.

Hence, in general, f(p{*---p;*) = 0 if any exponent is greater than or equal to 1. The case

where n = 1 is trivial. O

Remark. Set

1 ifn=1,
I(n) =
0 ifn>2.
This function is trivially multiplicative. The result above tells us that u* u = I. Note also
that
(L% f)(n) = Y 1(@)f(b) = (1) f(n) = f(n)

ab=n

for all f. Hence, I x f = f.

13



Theorem 2.14. Let M ={f: N = C: f(1) =1} and
My ={f € M : fmultiplicative} .

Then (M, x) is an abelian group with identity I, and My is a subgroup.

Proof
It is trivial that f+xg = g* f, that I« f = f, and also that M is closed under the * operation.

For associativity we note that

(f*(gxh)(n) = D fla)g=h)®

ab=n

= > f@)d ] gle)h(d)
ab=n cd=b

= Y fla)g(e)h(d)
a,c,d
acd=n

which is clearly independent of the ordering and the bracketing of f,g, h. This proves as-
sociativity. In the last step of the above we used the fact that there exists a one-to-one

correspondence between
{(a,b,c,d) eN*:ab=n,b= cd} and {(a,c,d) eNd:n= acd}

via the maps (a,b,c,d) — (a,c,d) and (a,c,d) — (a,cd, c,d).
The existence of inverses requires a little more work. Given f € M, define g inductively

by setting g(1) = 1 and then, if g(1),...,g(n — 1) have been defined, putting

Z fla

ab= n b<n
Then

(f*g)(n) =Y fla)g(b) + f(1)g(n) = > fla)g(b) +g(n) =0

ab=n ab=n
b<n b<n

if n > 2. Trivially, (f xg¢)(1) = f(1)g(1) = 1. Tt follows that f % g = I, which completes the
proof that M is a group.

14



As for My, we know that f,g € My means that f, g are multiplicative. Hence f * g is also

multiplicative, whence f x g € My. It remains to prove that if f is multiplicative, then so is
=
We proceed to define a function h on prime powers. Let h(1) = 1, and inductively set

h(p?) == > h@") ™).

0<k<e

We then define h on the whole of N by setting h(p* ---p¢r) = h(p7*)---h(pt). Thus h is
automatically multiplicative. We claim that fxh = I. It will follow that f~! is multiplicative,
since f~! = h.

To prove that f «h = I we note that f and h are multiplicative, whence f * h is too. The
function I is multiplicative. It is therefore sufficient to show that f xh agrees with I for every

prime power p®. To do so, we note that

(f*n)(") = fF(R(1) =1 = I(p").

Moreover, for e > 1 we have

(f+m)@) = D h@") ")

This is sufficient to show that f x h = I, which completes the proof. O

Theorem 2.15. (The Mdbius Inversion Formula) Given arithmetic functions f,g, we have

that

> gld) = f(n) Vn e g(n)=>_ f(du (%) vn.

din din

15



Proof
We have

Y g(d) = f(n) & Y g(dule) = f(n) & gxu=f.

din de=n
Similarly

Zf n(n/d) & g(n) = Y f(dule) &g = fxp.

de=n

Hence the theorem is equivalent to the claim that gxu = f < g = f*u. But gxu =
f=(g*xu)xpu=fsxp=gxu*xp) =fxpu=9gxI =fxpu=g=fx*p Similarly,
fru=g=(fxp)xu=gxu= f*x(uxu)=gxu=f=g*u. O

We now examine the function ¢p(n) = #{k: k <n,(k,n) = 1}.
Theorem 2.16. We have ¢ *x u = uq, or equivalently de o(d) =n.

Proof
Let n be given. We partition {1,2,...,n} into disjoint subsets according to the highest com-
mon factor which each element has with n. This produces sets Ay = {k € N: k < n, (k,n) = d}.
There is one such set for each d | n.

We claim that #A; = ¢(n/d), from which it will follow that

=D #Aa=) o(n/d) =) dle) =D d(e)
djn djn n—de eln

as required.

To prove the claim we observe that if (k,n) = d then d | k. Set k = dj and n =
de, so that d = (k,n) = (dj,de) = d(j,e). It follows that (j,e) = 1. Thus, #44 =
#A{dj - dj < de,(j,e) =1} =#{j:j <e,(j,e) =1} = ¢(e), as required. O

Corollary 2.17. We have ¢ = pu* uq, so that ¢(n) = de pu(d)g = nzd‘ “T.

Proof
The result follows from Theorem 2.16, by the M6bius inversion formula, Theorem 2.15. Specif-
ically, we have ¢ = p*x I = px (ux p) = (¢ *x u) * pu = uqg * p. O

16



Corollary 2.18. The function ¢ is multiplicative.

Proof

The functions p and w1 are multiplicative, and hence their convolution is also multiplicative. [

Corollary 2.19.

and
1
¢(n) =n]J1--).
pln b
Proof
We have

p(p°) =#{n:n<p° (n,p°) =1} =#{n:n<p°ptn}

=#{n:n<pt—#{n:in<ptp|nt=p°—p~' =p°(1-1/p).

17



3 Dirichlet Series

We recall the Euler’s viewpoint on the fact, originally due to Euclid, that there are infinitely
many prime numbers. Euclids original proof was quite simple, and entirely algebraic: assume
there are only finitely many primes, multiply them together, add 1, then factor the result.
Euler realized instead that a basic fact from analysis also leads to the infinitude of primes.
This fact is the divergence of the harmonic series

1

IR
sttt

On the other hand, if there were only finitely many primes, then unique factorization of

positive integers into prime powers would imply that
o
1 1 1 1\-1
2:—2I10+‘+‘?*~>:I10—‘)-
e » p D » p

This would give the equality between a divergent series and a finite quantity. Euler’s idea
turns out to be quite fruitful: the introduction of analysis into the study of prime numbers
allows us to prove distribution statements about primes in a much more flexible fashion than
is allowed by algebraic techniques.

A Dirichlet series is a series of the form

F(s) =3 fnn~

n=1
where f(n) is an arithmetic function, and s € C.

It is conventional, for historical reasons, to use s as a complex variable in this setting, and
to write it as a sum of real and imaginary parts as s = o + it. Since s is complex we must be
careful to specify what we mean by n=°. We define it as n™° = e *1°8™ where the branch of
the logarithm function is chosen so that logn is real.

n

The series above may converge for all s, as in the example Y 7 ; e~"n ™%, or it may diverge

s

for all s, as shown by the series > > ; e"n~*. However in many cases there are some values

where the series converges and others where it diverges.

Theorem 3.1. Suppose that there exists an s such that F(s1) is absolutely convergent, and

an sy such that F(s2) is not absolutely convergent. Define

S = {Re(s) : F(s) is absolutely convergent} .

18



We then have that
1. The set S has an infimum, oy say.
2. F(s) is absolutely convergent for all s with Re(s) > oy.
3. If n > 0 then F(s) is uniformly convergent on {s: Re(s) > oo + n}.

4. F(s) is holomorphic on {s: Re(s) > oo} with derivatives
F(k Z f(n logn n=°.

5. The series for FF)(s) is absolutely convergent for Re(s) > op.

Remark. The number o( is known as the “abscissa of absolute convergence” for the series
> f(n)n™*, which we will abbreviate as AAC.

Before we embark on proving the above theorem we recall a basic result from complex

analysis.

Lemma 3.2. Let U be an open subset of C and let Fy(z),...,F,(2),... be holomorphic on

U. Suppose ), F,(z) is uniformly convergent on U to F(z). Then F(z) is holomorphic on
U, with F®(z) =3, B (2).

Proof

See the complex analysis course. O

Proof (Of Theorem 3.1)
1) Suppose that Re(s) < Re(s2). Then

Yo lfmn = Y [f(n)n2] =

Thus Re(s) ¢ S, whence S is bounded below by Re(sy). Moreover S is non-empty, since
Re(s1) € S. Thus S is non-empty and bounded below, and hence has an infimum.

2) If Re(s) > op then by the definition of an infimum, there exists an s3 such that
Re(s3) < Re(s) and Y |f(n)n™*3| < oco. It follows that > |f(n)n™*| < oo by the comparison
test, since |f(n)n~% < |f(n)n=%| for Re(s) > Re(s3).

19



3) Recall the Weierstrass M-test. This states that if one has sequences of functions f,(z)
and of real numbers M, such that |f,(z)] < M, for all z in some region D, then > 7" f,(2)
converges uniformly on D providing that > 7° M, converges.

We apply this to the functions f,,(s) = f(n)n=° and the region {s : Re(s) > oo + n}. We
take M, = |f(n)|n=907" so that we do indeed have the required condition |f(n)n=*%| < M,,.
We know from part 2 that ) M, converges, since g +n > 0. The result of part 3 then
follows from the M-test.

4) Suppose that Re(s) = 0 > 0¢. Define n = (0 — 09)/2 and U = {z : Re(z) > 09 + n}.
By part 3 of the theorem the sum for F'(z) is uniformly convergent on U. Thus, by Lemma

3.2 (below) we deduce that F'(s) is holomorphic at s, with

PO = 3 (L) o)

n=1

= (=DFS f(n)(logn)Fn,
n=1

5) Let 09 < 0* < Re(s). Then 3 |f(n)n~7"| is absolutely convergent by part 2 of the

theorem. Moreover

(logn)kn=s
n=o"

Re(s)—o™)

= (log n)*n — 0.

Hence, by the comparison test, the series for F’ (k)(s) is absolutely convergent.

Remark. One may also define an “abscissa of conditional convergence” by
o1 = inf {Re(s) : F(s) is convergent} .

One always has 01 < g, but in some cases o7 is strictly less than og. However we always
have 09 — 1 < 01 < 0g. One can show that the series for F'(s) is convergent for all s such that

Re(s) > o1 and F(s) is holomorphic for Re(s) > o1. (See problem sheet 2).

We now relate all this to the Dirichlet convolution.
Theorem 3.3. Let f1(n) and fa(n) be arithmetic functions and define fs = fi * fa. Assume
that the Dirichlet series Fi(s) = >, fi(n)n™° and Fy(s) = Y, fa(n)n™° have abscissae

of absolute convergence equal to 01,02 respectively. Then F3(s) = Y, f3(n)n™° converges

absolutely for o > max(o1,02) and F3(s) = F1(s)Fa(s).
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Proof

If o > max(o1,02) then > fi(n)n™® and ) fo(n)n™* are absolutely convergent. We may
therefore multiply them together and rearrange the terms at will, and the result will still be
absolutely convergent.

It follows that

Fi(s)Fa(s) = Y > film)fa(nz)ny*ny*®

ni=1no=1

= Z[ > fl(nl)f2(n2)] n=°

n=1 Lnins=n
o

= > (frxf2)(n)n*

n=1
= Z f3(n)n_s7
n=1

as required. O

Theorem 3.4. Suppose that f(n) is a multiplicative function and suppose that F(s) =
Yo, f(n)n™ has AAC equal to og. Then

Fis)= I { f(pe)p‘“}
e=0

p prime

for o > 0¢, in the sense that the sums Fy(s) = o0y f(p°)p~ have AAC less than or equal

to og, and
F(s) = mll)nolo H F,(s)
p<z
for o > og.
Proof
The sum Y o2 f(p°)p~°° contains a subset of the terms in > 7° f(n)n~° and so has AAC at
most 0. Let pi1,...,pr be the primes less than or equal to 2. Then
o0
56 =1] {Z f(pj-)p}es} :
p<a i<k Le=0
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When o > oy this is a finite product of absolutely convergent series. It is therefore permissible

to multiply out the product and rearrange the terms freely. We therefore produce

[e.e]

S S )

n=1 ":pil"'l’ik
We shall write 6,(n) for the number of different ways that n can be written as a prod-
uct pit - pik.
0.(n) = 1 for n < x. Moreover, because f is multiplicative, we have f(n) = f(p{*---p¥) =

F@5Y) - f(peF). Tt follows that

The unique factorisation property for N tells us that 6,(n) = 0 or 1; and

I1 Fls) = 3 = m)0u(n).
n=1

p<z

We may therefore conclude that

Fe) =I5 = [ n o)1 —0.(n))
n=1

p<z

< Y nT7f(n)[ (1 —62(n)) (since [n”*| =n"7)
n=1
< D a7 f ().

n>x

However, since Y ;°n~7|f(n)| converges we know that

xlggogn‘ |f(n)] = 0.

It follows that

mlgrolo F(s)— 1:[ Fy(s)| =0
pPsT

as required. O

Definition. An arithmetic function f,, is said to be totally multiplicative if f(mn) = f(m)f(n)

for all m and n in N.
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Corollary 3.5. If f(n) is totally multiplicative then, under the conditions of Theorem 3.4 we

have
1
p prime s
for o > ayg.
Proof
Fo(s) = Y _f@0w =Y fp)p
e=0 e=0
B 1
1— f(p)p~s

Definition. The Riemann Zeta-function is given by the series

((s)=>Y n*
n=1
which has AAC= 1.

According to the above corollary we then have
o
1 1
-y Lo

n=1 p prime p®
This important relation is known as the FEuler product.
Remark. The Euler product identity for {(s) is the key to the importance of the zeta-function.
It is, in effect, an analytic statement of the Fundamental Theorem of Arithmetic. It relates
the additive structure of the integers, through the infinite sum, to the multiplicative structure,

given by the product. The fact that the primes appear in the product, but not in the sum,

allows us to use the zeta-function to extract information about the primes.

In order to motivate the next stage of the argument we will argue informally for a moment.

If we could take logarithms we would obtain log {(s) = Zp —log(1—p~*). Differentiating this
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gives

d%log{(s) = Z—logl— *)
P Clogp
= —> > p“logp.

p e=1
Of course, taking the logarithm of ((s) is dangerous, partly because ((s) is complex valued,
but mainly because we do not know that ((s) is non-zero.

It is convenient to write the final sum above as a Dirichlet series of the form

Z n °A(n)
n=1

We therefore make the following definition

Definition. Define the von Mangold function by setting

Aln) logp if n = p® for some prime p and integer e > 1,
n)=

0 otherwise.
Note that A is not a multiplicative function.

Lemma 3.6. We have (A xu)(n) =logn for alln € N.

Proof
(A u)( ZA ZA(CL): Z log p.
ab=n aln pe|n,e>1
If n = - pi¥, we get terms for

P =DP1L,DE, e DS D2, Dhs s DS D3, DSy e

There are e; such terms corresponding to powers of p;, each of which contributes log py, and
then es terms corresponding to powers of po, each contributing log ps, and so on. It follows

that (A xu)(n) =ejlogpy + exlogps + ... = logn. O
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Theorem 3.7. Let F(s) = " A(n)n~*. Then F is absolutely convergent for Re(s) = o > 1
and F(s)((s) = —¢'(5).

Proof
We have

o0

D [Amn=e <Y (logn)n=? = ~('(0)
1

1

which is absolutely convergent for ¢ > 1 by Theorem 3.1 part 5. By Theorem 3.3 and the

above lemma we have

F(s)((s) = Z(A sxu)(n)n”* = Zlognn_s = —('(s).
n=1 n=1
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4 Analytic Properties of the Riemann Zeta-Function

Recall that a complex number s is written as o 44t with ¢ and ¢ real numbers. The arithmetic
method developed in the previous sections provides us with the following property of the Zeta

function.

Theorem 4.1. If Re(s) > 1 then

1 = s
RO HZ::l w(n)n™%.
In particular we deduce that ((s) # 0 for o > 1, whence

C(8) _ N A
)~ 2 A

Proof
The series Y 1 pu(n)/n® has AAC at most 1, by comparison with > 7°n~7. Moreover, u*p = I.

Hence, by Theorem 3.3 we have

for o > 1. O

To extract useful information about the primes it turns out that we need to use the zeta-
function for values of s with Re(s) < 1. However, our definition ((s) = Y n~* is not helpful
for Re(s) < 1. Here we give a different formulation of the Zeta function that extends the
domain of definition of ((s). It also allows us to derive asymptotic estimates on the size of

this important function.

Theorem 4.2. For s € C and n € N define the functions

n+1
r—nNn
fuls) = [ e

and let

() = —=7 =52 fuls):
n=1

Then, for every n € N we have
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a) each fn(s) is holomorphic on C;
b) for anyn >0, > 07 fuls) is uniformly convergent on {s € C: Re(s) > n};

¢) the function (*(s) is meromorphic on the region Re(s) > 0, with the only singularity

being a simple pole at s = 1, with residue 1;

d) for all s with Re(s) > 1 we have (*(s) = ((s).

Remark. This theorem defines a function (*(s) on a region o > 0, which is strictly larger than
the domain of the original function ((s). Moreover the two functions agree wherever they are
both defined. We therefore discard our old definition of ((s) and use instead the new one,
for (*(s). This process, in which we extend the domain of definition for a function, is called

“analytic continuation”.

Proof
a) We want to show that f,(s) is holomorphic. For this, we can differentiate under the integral

sign

n+1 Tr—n
fils) = [ (loga) e

using standard results on integration theory. The conditions for this are readily checked, since

(—logz) 7t is continuous in z and s, and [n + 1,7] is finite.

b) Next we show that > 77 f,,(s) converges uniformly for Re(s) > n. For this we use the
Weierstrass M-test. When Re(s) > 1 we have

- n+1 dx B n+1 dx - n+1 dr B 1 - 1
SEICIEy S ey M= S B s

We therefore set M, = n™"71, so that |f,(s)| < M, for all s in the region Re(s) > 7.
Since >°7° M,, = Y. n~17" < 0o we may now apply the M-test and deduce that >_7° f,(s) is

uniformly convergent.

c) Let F(s) =), fu(s). Since this is a uniformly convergent sum of holomorphic functions
(for Re(s) > n) we deduce from Lemma 3.2 that F(s) is holomorphic on {s:Re(s) > n}.
However n > 0 is arbitrary, so F'(s) must be holomorphic on {s: Re(s) > 0}. It follows that

¢*(s) is meromorphic for s > 0, with the only singularity a simple pole at s = 1.
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Recall that the residue of a meromorphic function at some point sg is equal to the coeffi-
cient of the term 1/(s— sg) in the Laurent series of the function about sg. In particular, since
sF(s) is bounded at s = 1, its Laurent series has no term of the form 1/(s — 1). The only
contribution comes from s/(s —1) =14 1/(s — 1), so the residue is equal to 1.

d) Finally we show that (*(s) = ((s) for Re(s) > 1. We begin by calculating that

n+1 n+1
X n
fals) = /n ﬁdfﬂ—/n sl

1 (s el . B
N s—1{” RGN 1)}—%{7% —(n+1)7°},
whence
N
S huls) = T 06D = (4 1)
n=1

_1 ’iLVZI {n_(s_l) — n(n + 1)_3} .

s

The first sum cancels as

{1—<s—1> _ 2—(s—1>} + {2—<s—1> _ 3—<s—1>} TR {N—(s—n (N + 1)—<s—1>}
=176 (N 4+1)"67D,

Similarly the second sum is
{r-17°-1-2°}+ {2.27°-2-3}4+---+{N-N*=N-(N+1)"%}
=142+ . 4+ N 5=N(N+1)7°.
It follows that

3 S R SRR e
> hale) = — {1-w+pem}

S —

1
— {17 +27 . N - NN +1)7°}.
S

We therefore deduce that

N
S B _ S —(s—1)
Py = e

+{17°+27° 4+ -+ N°} = N(N+1)"".
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Up to this point, any s # 1 or 0 would be admissible, but we now assume that Re(s) > 1.
Then as N — 0o we have =%5 (N + 1)~ — 0. Similarly 1754+ -+ N7 — 37 n=% = ((s)
and also —N(N +1)7° — 0. It then follows that

C(S) Ngnoos—l

as required. O

By adapting this proof we can get information on the size of ((s) when Re(s) > 0. For
our purposes it turns out to be sufficient to look at the range Re(s) > 1. Notice in particular
that this includes the case Re(s) = 1 where previously we did not even know that ((s) was
defined.

Note that for s with Re(s) > 2, [((s)] < |¢{(2)|] < co. Near the line Re(s) = 1 we have the

following estimate.
Theorem 4.3. If 1 < Re(s) < 2 and |t| > 2 then ((s) = O(log|t|), and ¢'(s) = O(log? |t]).

Remark. Using only the fact that ((s) = > 7" n~°, we see that

This provides a bound for ((s), but as o | 1 the bound tends to infinity, whereas the
theorem gives a uniform bound throughout the range 1 < o < 2. Of course we have to
exclude values of s too close to s = 1, since ((s) is unbounded near s = 1. By requiring that
|t| > 2 we ensure that log|t| is bounded away from zero. Thus the terms involving log [¢| in

the O(...) notation are always at least a positive constant.

Proof

The argument used for the previous theorem shows that

N
5 _ S ~(s-1)
— szl:fn(s) — (V+1)

+{17°+27°+. ..+ N} - NN +1)7%,
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whence, setting M = N 4 1 we have

M-1

M-1
s _ S —(s—-1) —s . —s
—— s El Fuls) ——M + §1 n= — (M —1)M~,

M
= M1+ s_%} H{Don T MY M - M
1

Ms—l B
T 51 —1—271 E

n=1

It then follows that

S

) = =53 fals)
n=1

Ml_s M . [e'e)
= s_1+zl:n —s%:fn(s).

We can use this formula with any positive integer value of M, and we shall choose M = [|¢]].

This produces

. . 1 i 1
|C(0—|—zt)|§|s_1|+2n +|S|ZW’
n<[Jt] n>(Jt]
since [M'=%| <1 for o > 1, and |f,(s)| < n oL
The second term is < 3.2 n~1 = O(log |t|), whereas the third is at most

o0 [e.9]

1 1

CHIY. o < @Y. -
M M
> dx
5 =00
Overall this gives us
|C* (o +it)] = O(1)+ O(log|t]) + O(1)
= O(log [t]).

To handle ('(s) we differentiate our previous representation for (*(s) termwise. This is

permissible by Lemma 3.2 since the resulting infinite sum is uniformly convergent. We then
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find that

/ dMl_s < —S8 - — /
O = || = Do ntogn| = | Y fuls)] = Isl| D £i6s)|
1 M M
M logn =1 s
_ O(logM)+O<Z : >+O<Zﬁ>+0<\t\2\fé(s)|>'
1 M M
Here
d n+l .
el = [ St
n+1
= ‘—/ | log:nda:‘
n+1
= o[ )
since ‘ws—lﬂ‘ = mc,lﬂ < x—12 It follows that

M) = 0
M

In the second equality of the above equation we have used the integration by parts formula

[1d = fg— [ gf with f(z) = log(x) and g(z) = 1/a.

We also have
f: logn /'t logx
T 1

“)
)

Q

2log x

log? M

(
(log |t|)

O
= 0
O



In the second equality of the above equation we have used the integration by parts formula
[ 19 =fg— [gf with f(z) =log(z) and g(z) = log z.
We can therefore conclude that
1 log |t
IC'(s)] = O (log M)+ O (log® |¢]) + O (H) +0 <\t\ Oﬁ“ ')
= O (log?|t]).

O

Since we want to use the formula —(’(s)/((s) = Y. A(n)n~*%, we will need to know at
which points s the function ¢’(s)/((s) is regular. We have therefore to say something about
possible zeros of ((s). This is in general a very difficult issue, but we begin with a rather

simple result.
Theorem 4.4. Let so = 1 +it. Then so cannot be a multiple zero of ((s).

Proof

We argue by contradiction. Consider the Taylor series around sg, which takes the form
C(S) =ag + CLl(S — So) + ag(s — 80)2 + ...

Since ((s) is supposed to have a multiple zero at sy we must have ag = a3 = 0. Then if
s=80+0=1+it+§ with 0 < § < 1 we see that ((s) = O(6%) (where the implied constant

is allowed to depend on sg). Thus

C(1+ it + 6)
52

is bounded as § tends down to 0. However

M 0o
Z Iu(n)n—s < Z n—Re(s)
1 1

= > a0 =¢(1+9).
1

¢(s)

We now use the fact that ((s) has a simple pole at s = 1, whence ((1+ ) = O(5~!) as §
tends down to 1. It follows that 1/¢(s) = O(6~'), whence
1

1= C(S)@ = 0(6*)0(67") = 0(s)
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for s =1+ it + 0 with § | 0. This gives us a contradiction if § is small enough. O

The key facts used in this proof were that ((s) has a first order pole at s = 1, and that

‘m ‘ - ‘Z p(n)yn o~

This latter inequality can be reformulated by saying that

< ((o).

(o) [¢lo +it)| =1

for all ¢ > 1. By giving a slightly more complicated inequality of this type we can get a better

result.

Theorem 4.5. The function ((s) has no zeros on Re(s) = 1. Indeed we have ﬁ = O(log" [t|)
for 1 <Re(s) <2 and |t| > 2.

Remark. The exponent 7 on log |t| is fairly unimportant, and other arguments allow one to
remove it entirely, so that ((s)™* = O(log |t|) for 1 < Re(s) < 2 and |t| > 2. For our purposes

it will be enough to know that some positive constant exponent is admissible.

The inequality we shall use for the proof is:-

Lemma 4.6. If 0 > 1 then for all t # 0 we have

(o) [¢(o +it)|* [C(o + 2it)| > 1.

Proof
We use the Euler product and take logarithms to give

log ¢(s) = —» log(1—p~*)

for some branch of the logarithms. It will not matter which branch or branches one uses,

since we will take real parts later. The power series for log(1 —z) = —>">° | 2™ /n shows that

o8 Cl) =0 e
p m
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which is absolutely convergent for o > 1. Taking real parts we get
log [¢(s)| = Re(log ¢(s) ZZP%%

whence

1%{@WH«a+mﬁKw+%m}
Z Z {3 Re —ma) +4 Re(p—TrL(U-H't)) + Re(p—m(a+2it) )}

Z Z pT {3+ 4Re(p™ ™) + Re(p‘2mit)}
PP

with # = mtlog p. However for any real § we have

(0) + cos(26)),

3+4cos(f) +cos(20) = 3+4cos(f) +2cos?*(0) — 1
= 2+ 4cos(h) + 2cos?(h) = 2(1 + cos())? > 0.

Thus the above infinite sum is positive, which implies that
(o) [¢(a +it)|" [¢(o +2it)] > 1,

as required. O

We are now ready to prove Theorem 4.5.
Proof
We shall first show that there are no zeros for Re(s) = 1. Suppose that (1 +it) = 0 for some

t # 0. Then, using the Taylor series expansion we have

Clo+it) = C(1+it)+ (e — 1) (1 +it) + (o _2 D ¢"(1+dt) +
= 0+ (c—1)¢(1+it)+...
= O(oc—1)

as o | 1. Here we allow the implied constant to depend on ¢, but not of course on o. We also

know that ((0) =1/(c—1)+0O(1) ~ 1/(c —1) by using the Laurent series around s = 1. Thus
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¢(0) = O((o — 1)71). Finally we note that (o + 2it) — (1 + 2it), so that ((o + 2it) = O(1)
as 0 — 1. Here again we allow the implied constant to depend on t. Putting these inequalities

together we find that if {(1 + it) = 0 then

1 < o) [Clo+it)[[¢(o +2it)

— O<<0i1>3x(0—1)4x1>

= O(c—1)—0.

This gives us a contradiction if o — 1 is small enough, so that we cannot have ((1 + it) = 0.
We now give a more careful argument, in which the dependence on the size of || is made

explicit. As before we have ((0) = O((o — 1)7!), and by Theorem 4.3 we know that
C(o+2it) = O(loglt|).
It follows from Lemma 4.6 that
T <@+ 2it)| 1 = O (o= 1) (log ) 7).

We now choose a parameter oy € (1,2], which we shall specify later. From our estimate

above we see that

1 1 .
Kot~ ° (mﬂogltl) )

for og < o < 2. We write this in the form
1 < B( 1)~ 1 (log [¢]) 1
g > oo — 0og
I¢(o +it)]

with an appropriate real constant B. Thus we have
¢(o +it)| = B~ (00 — 1)1 (log [¢]) 1, (*)

for o9 < o < 2. This gives us a suitable lower bound when o is not too close to 1, but

unfortunately the lower bound vanishes as oqg | 1.
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To cover the remaining range 1 < o < gy we use a further idea. By Theorem 4.3 we have

oo+it
C(og +it) — (o +it) = / ) ('(s)ds
o+1
= O ((og—o0) log? [¢])

= O ((oo—1)log®|t]) .
If we write A for the numerical constant implied by the O(...) notation we deduce that
[C(o0 +it) = C(o +it)| < A(oo — 1) log? |1
for 1 <o < 0g. If we now use (*) with o = o9 we have

IC(e+it)| > |¢(o0 +it)| — Ao — 1)log? [¢]
> B Yoo —1)i(log |t)) "1 — A(og — 1) log? [¢].

We are now ready to choose og. We select a value designed to make the first term above twice
the second term. Thus we take o9 — 1 = (2AB) *(log|t|)~®. Remember that we required oy
to lie in the range 1 < o¢ < 2. If necessary one can increase the value of A obtained from
Theorem 4.3 to ensure that og — 1 is sufficiently small.

With the above choice of oy we now get

1¢(0 +it) (log [t))~7 log |t) ™7 = ———

1 1
>_ - -
|2 8A3 B4 16 A3 B4

It follows that
IC(o +it)| > —557
for 1 < o < 0g. Moreover in the remaining range og < o < 2 we have

. 1 _
IC(o +it)] > m(bg 1)) !

by (*). Thus in either case we have

1

_ 7
RCETOR O(log" [t]),

as required. O
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5 The Proof of the Prime Number Theorem

In the proof of the Prime Number Theorem it is natural to use —¢'(s)/¢(s) = Y. A(n)n~
for Re(s) > 1. However this forces us to deal with A(n), which counts not only primes but
also prime powers. Moreover, even at primes it counts numbers with “weight” log p, rather

than 1. It therefore turns out that it is better to investigate the following function, in place
of 7(x).

Definition. ¢(z) :=>_, . A(n).
Fortunately it is easy to “translate” between m(x) and ¥(z).

Theorem 5.1. We have ( ) 51 if and only if — — 1.

:c/log:c

Proof
Since p¢ < z if and only if e < logx/logp, we have

dla) = Y An)=> logp= Zlogpzl

n<x pe<x p<zx
log =
- D[] g ()
p;c log p p;c( )logp
= m(z)logx.

On the other hand, if 0 < 6 < 1, then

W) = Y logp> Y logp> Y loga’

p<z 20 <p<w 2 <p<w
— (Bloga)(n(z) — 7(a")) = (0 log )(n(x) — 2”).
The above inequalities give

() -1 V() _ m(z)
HW—&U log x < v S 2/loga

A

We now observe that 2%~!logz — 0 as x — oo for every 6 € (0,1). Thus, if

m(x)

im =
z—oo x/log x

then

0 < liminf (@)

T—00 T
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and
lim sup ¥(z)
T—00 x

Since 6 < 1 was arbitrary we deduce that 1 < liminf < limsup < 1. It follows that the limit
we) _ .
X

<1

exists and lim, o
Similarly we have

Y@ _ @) _ )

0—1
1 .
x T x/logx — Oz oo

Thus, if ¢(z)/x — 1 then 1 < liminf :v;rl(:g):v and lim sup :v;rl(:g):v < 67! for any 0 € (0,1). It

follows that 1 < liminf < limsup < 1. Thus the limit lim x;rl(fg)x exists and is equal to 1. [

We have seen that ¢(x) ~ x implies the Prime Number Theorem. We now produce

another statement equivalent to the Prime Number Theorem.

Definition. Let

T) = ' dt.
P1(x) /0 P(t)dt
Lemma 5.2. If¢(t) ~t, then

xT) ~ mtdt =22/2

Proof
By the hypothesis, for every € > 0 there is ¢ > 0 such that for all ¢ > xg we have

(1—et <yt) <(1+et.
Hence, for all z > xy we have
o x xo l‘2
i) = [Cewder [Cvwds [Towis oo}

This implies that

. Y1 ()
lim su <l+e
x—)oop 5172/2 B
Using the lower bound on v we can see that
lim inf 71112(@ >1—e
T—00 T /2
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Putting these inequalities together we see that

() Y1(z)
Lo <l Ty Slmow s <1+
Since € > 0 was arbitrary, we conclude that
() Y1(x)
< < <
1< hgg.}f 2 S h:(I:ILSolip 22 = 1.
Therefore, lim, o 1!;12(/9;) exists and is equal to 1. O

Theorem 5.3. If ¢ (z) ~ %2 then (x) ~ x.

Proof
Note that 1(t) is increasing for ¢ > 0 (since A(n) > 0). Let 0 < o < 1 < 8 be constants.
Then
Bz Bz
Vi(Bz) —u(x) = [ P)dt = [ p(x)dt = (B — Daip(x),

xT xT

whence

¥(@) _ va(fa) — (o)
r —  (B-1)a%

We know that 1 (Bz) ~ (Bz)%/2 and ¢1(x) ~ 2%/2, and we would like to subtract the

second of these from the first. However a little care is needed when subtracting asymptotic

relations. We have
D1(Bx) = (Bx)?/2 + o((Bx)?) = (Bx)?/2 + o(z?),

since /3 is constant. Similarly we have 11 (x) = 22/2 + o(2?). Thus

x)? z?
1 (Bx) —P1(x) = {@ + 0(3:2)} — {7 + 0(3:2)} = %(52 — 1)902 + 0(952).

It follows that
Di(Bz) —i(x)  15° -1 _B+1

% =
(B —1)a2 251 2
Thus, lim sup,_, ., w;x) < % for any constant 3 > 1, whence
lim sup M <1
T—00 T
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Similarly,

Yi(z) — Y1(az) = /

axr oxr

and if ¥y (t) ~ %, we have

U@)  dale) = vi(ox)

x (1 - a)x?
Here, 1 () — 1 (azx) ~ (1 — az)%2 for any constant a < 1. So

i@ - (o)  1-a® _1+a
1-a)  20-a) 2

It follows that lim,_, o inf (2) > HT‘” for all @ < 1, and hence

P(x)

lim inf —2% > 1.
T—00 T
We therefore have
1 < liminf @ < limsup (@) <1
T T
It follows that ¢ (x)/x — 1 as required. O

This type of argument, going from information about the average of ¢ (), to information
about 1 (z), and also using monotonicity, is what is called a “Tauberian argumen”.

Our goal is now to prove that i (z) ~ “’(”2—2 This will lead to ¥ (x) ~ x, which then yields
m(x) ~ x/logx.

We begin by connecting 1 (z) with ¢'(s)/{(s).

Theorem 5.4. For any ¢ > 1 and z > 0, we have

i(z) = % / _+: (‘ Cg((j)) > s(ffl)ds

the integral being along a straight line path.

Remark. The integrand in the above integral is bounded along the path of integration. Specif-

ically, we have

¢'(s)
¢(s)

< ZA(n)n_c < 00
1

since ¢ > 1, and also |z5T!| = ¢,
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Lemma 5.5. If y > 0 and ¢ > 0, then

1 ctioco y° d 0 y <1
— —as =
270 Joioo S(s+1) 1yt y>1.

Proof
Let R > 4 and define the curves

7(R) ={c+ti,—R <t < R},
v2(R) = {s € C:|s| = R,Re(s) > ¢},
v3(R) = {s € C: |s| = R,Re(s) < c}.

The unions v; Uy and ~; U 3 are closed curves.

Y
Yy 2 as <
s+1‘$ //2R

: ‘

For y > 1 we have

el

For y <1 we have
S 277Ry— =A4r

Y
ds < —‘d < z.
‘/% Gl s(s+ 1) I R2217 =TT R R
We see that both of the above 1ntegrals tends to 0 as R tends to infinity.

C

Since the integrand is analytic inside the closed curve v U o, then

ys
ds = 0.
5’%% s(s+1)

Taking limit as R — oo we obtain the value of the integral when y < 1.

On the other hand, the integrand has two singularities inside the closed curve vy; U~s. By

the residue formula,

y° 1 y° y* 1
———ds = — Resgzg ——~ + Resg=e ) ———— =1 — —.
éﬂm s(s+1) omi o s(s+ 1) = ls(s+1) y
Then, by taking limit as R tends to oo, we conclude the value of the integral in the lemma
for y > 1. O

When we replace the function —¢’(s)/¢(s) with the infinite series Y 2, A(n)n™* in the
expression in Theorem 5.4, we wish to switch the place of integral and sum. To that end we

use the following lemma from analysis.
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Lemma 5.6. Suppose that f;, for j € N, is a sequence of complex valued functions defined
on the same interval I C R such that for each j, [;|f;] is finite, and moreover Z;’il 7| fil is

also finite. Then, Z‘;‘;l fj converges at almost every point in I to a function f defined on I
such that [} |f] is finite, and [[ 3752 fi =252, [; fj-

For proof one may refer to standard books on functional analysis, for instance, real analysis
by Gerald B. Foland.
Proof (of theorem 5.4) For s € C with Re(s) > 1, by Theorem 4.1, we may write the integral
on the right as

i ctico <§o: A(n)) 251 .

270 Jeioo — n s(s+1)

We want to integrate the series termwise. By the previous lemma, it is enough to show that

the infinite sum

xZA /

converges. However this is equal to

= A(n) [ dt
ot 27/_00 e+ it)(1+c+it)]

1

(c+it)(1+ c+it)

(e /n)°+ ‘

The integral

o0 dt
/_OO [(c+it) (1 + ¢+ it)]

oo A(n)

nC

since ¢ > 1. Thus the sum of integrals converges, which suffices to show that the switch of

is independent of n, and converges to a finite value. Moreover )] also converges,

summation and integration above is permissible.

By the above argument, the integral in the theorem produces

xZA 2772 /:HOO %ds = =z Z A(n) <1— (%>_1>

teo n:Z>1

= ZA (x —n)

n<x
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On the other hand,

) = [oa= [ (S aw |

0 n<t
= ZA(n)/ 1dt =Y A(n)(z —n).
n<x n n<x
This finishes the proof of the theorem. O

Finally we can prove the Prime Number Theorem.

T
logz*

2
Theorem 5.7. We have 91(x) ~ %,

and hence m(x) ~

Proof

It will be convenient to write

¢'(s) 1
C(s) s(s+1)°

For 1 < Re(s) < 2 and [t| > 2 we have ('(s) = O(log?|t|) by Theorem 4.3, and ﬁ =
O(log” |t|) by Theorem 4.5. Thus

F(s)=0 (10’%;72’“) ~0 (|t|—%> :

1
logz*

F(s)=—

This value is chosen so that

We apply Theorem 5.4, with the special choice ¢ =1+

log
|x5+1‘ — go+l = g2l lesT _ 32 oy 8 — 2.
log

For T' > 0, we now have a bound

c+100 s+l g 5 1,
F(s)z®ds = 0O [t|”2a*dt :O(T 23:).
c+iT T

Thus, given any positive €, there exists a value T; such that

1 c+1i00
— F(s)$s+1ds < ex?,
270 J e,
and similarly
1 c—iTe

— F(s)z*Tlds| < ex?.
2mi c—100 ( )
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Notice particularly that T, may depend on €, but is certainly independent of x.

We now show that there is a number a € (0, 1) such that {(s) has no zeros in the rectangle
given by @« < 0 < 1 and |t| < T.. To prove this we argue by contradiction. Suppose that
none of the numbers a =1 — % are admissible. Then for each k, there exists a value pi such

¢(pr) = 0 and for which 1 — 1+ < Re(p) < 1 and [Im(py)| < Te. and ((p;) = 0. We therefore

have an infinite sequence py, all in the compact set
0<Re(p) <1, [m(p)| <Te.

By the Bolzano-Weierstrass Theorem, there is convergent subsequence py; — p* say. Clearly
Re(pg;) — 1, whence Re(p*) = 1. Now ((p*) = lim; o ((pr,;) = 0, which is a contradiction
since ¢(1 + it) # 0.

This proves our claim. Notice that o may depend on T¢, but is independent of x.

We now move the line of integration from its original straight line path, from ¢ — ico to

¢+ 100, to a union of 5 line segments L1, ..., Ls, given by
Ly: c—100 = ¢c— il
Ly: c—1iTl, = a—1iT,

Ly: o—iT. = a+ill,
L4: Oé‘i’?:Te—)C“_Z'TE)

Ls: c+ il — ¢+ ioco.

Our choice of « ensures that ((s) has no zeros between the original contour and the new
one, so that the only pole of F(s)z**! is at the point s = 1, where ((s) has its pole. (Note
that {(s) has no zeros to the right of o = 1, by Theorem 4.1.) It follows that

1 c+1i00 1
— F(s)z*lds = — </ —i—...—i—/ ) F(s)z*Tds
211 c—i00 27 L1 Ls

+Res (F(S)xSH; s=1).

Since F'(s) has a simple pole at s = 1 with residue 1/2, we see that the residue term above is
x2/2.
We have already shown that

< ex2

)

=,
211 L1

=,
211 Ls
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for every x, by our choice of T,. We proceed to consider the integrals along Lo, L3 and L.

Since ¢ = 1+ (log x)~! depends on z it is convenient to define extended line segments

Ly: 2—iT. — a—iT,,
Ly: a+il.—2+iT,,

which do not depend on x. We then set

M= sup  |F(s).
seLl L3, L,

Since F'(s) is continuous on these line segments (there being no poles), we get a finite number

M, which depends on €, but not on z. We now see that

1 M. [€
—/ F(s)z*tlds| < / 7o
2mi Jp, 27 S,

M, |::EJ+1 } ¢
Qe

o
Me LL’C+1
ﬁlogaz
M, ex?
27 log x

6%2

log =

IN

if x is chosen so large that logz > (e27)~'M.e. We write this latter condition as x > z.,
where z. = exp{(e2m)~ ! M.e}.
Exactly the same bound ex? holds for the integral along L,. Finally

1 M, [T
—/ F(s)z*tlds| < ot
27 Jp, 2 J_1.
= M€2T ot
2 €
< ex?

if x is so large that 2!~ > (er) "' M.T.. we may write this final condition in the form z > 2/,
where ! = {(er) " MT.}V/ (1=,

We have therefore shown that

wl(x):%f—k% </L +...+/L )F(8)$S+1d8
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with
<e?, (j=1,...,5)

1
—/ F(s)z*ds
27 L;
1,2

if 2 > max(z., 7). Since € > 0 was arbitrary we conclude that 1 (z) ~ 2%, as required. O

Before moving on, it might be useful to think further about what was involved in the proof

of the Prime Number Theorem. The main points are the following.

1. We reduce the problem to proving that 1 (x) ~ z, and then to 9 (z) ~ 22/2. This is

done via a Tauberian argument.

2. One has the formula

i) = 5 [ o (-5 s

2 i
which holds for any ¢ > 1.

3. As far as z is concerned, the size of the integrand depends on |25+ = zRe(*)*1 n order
to make this as small as possible we choose ¢ close to 1. The choice ¢ = 1+ 1/logx

gives |25t | = ex?.

4. We plan to show that if € > 0 is given, then |¢1(z) — 22/2| < 5ex? for large enough
x. The parts of the integral in which [Im(s)| > T. will be satisfactory, if we choose Tt
appropriately. Here we use bounds for ¢/(s) and ((s)~!, and the latter comes from our
Theorem 4.5, and is related to the fact that ((s) # 0 for Re(s) = 1.

5. The remaining integral runs from ¢ — i1, to ¢ + i1, where T, depends on ¢ but not x.
The central idea is to reduce the size of the factor 27! in the integrand by moving the
path of integration to Re(s) = o < 1. In doing so we pick up a residue at s = 1, which
provides us with the main term z2/2 in our asymptotic formula for ¢ (z). However in
order to move the line of integration in this way we need to know there are no other

singularities of ('(s)/((s). This entails producing a rectangle containing no zeros of {(s).

6. Since there are no zeros with real part equal to 1, a compactness argument shows that

there is an « strictly less than 1, that we can use.
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Thus the fundamental point is that we can move the line of integration just a little to the
left of Re(s) =
We illustrate all this with another application of these ideas.

Theorem 5.8. The series Y 1~ @ is conditionally convergent, with sum equal to 0.

Remark. It may be instructive to examine a fallacious proof of the above:- We know that

TO uin) C(S) Substitute s = 1, and use the fact that C( y=0ats=1.

ns

This does not work since we have only proved that  {° 155) C( ) for Re(s) >

The fallacious argument is analogous to using the sum
[e.e]

>
0

and taking = =1 to deduce that Y (—-1)" =1/2!

We begin the proof of Theorem 5.8 with the following analogue of Lemma 5.5.

Lemma 5.9. If y > 0 and ¢ > 0 then

1 C“OOy_SdS logy y=>1,

211

c—100 s? 0 y <1

Proof

Define the curves

71 ={s € C:Re(s) =¢,—R <Im(s) < R},
72 ={s € C:|s| = R,Re(s) > ¢},
v3 ={s € C: |s| = R,Re(s) < c}.

S
2y
73§ 3

Similarly, for y < 1 we have
v’ i y° y°
‘ ds / v / Y_\ds| < 2nRZ.
/72 o |82 e B2 R?
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_[/ 2\ds]<27TRR2.




Hence, the integrals on 72 and 73 tend to 0 as R tends to co. Since, the function y°/s? has
no singularity inside the closed curve 1 U v, the integral over this closed curve is equal to 0
for all R. This implies the value of the integral for y < 1.

On the other hand the function f(s) = y* is defined on the complex plane and has no
singularity inside the closed curve 77 U~3. Then by the Cauchy Integral formula for the first

derivative, we have

1 y° /
2m %Eﬂuﬁ/z (S — 0)2 y f (S) s=0 08y s=0 08y
This implies the value of the integral for y > 1, by taking limits as R tends to co. O

Theorem 5.10. For any ¢ > 0 and x > 0 we have

,u(n) E B i c+1i00 1 x_s
Z n 10g<n) - 2mi /C_,-OO C(s+1) szds

n<x

Proof

Recall that by Theorem 4.1, for Re(s) > 1 we have 1/{(s) = > 2| u(n)n~*. Then,
1 c+100 1 s 1 ctioco X
_ T ds=— —s—17T d
2 /c_ioo Cs+1) 27 2mi /H-OO 2 °

n=1
At this point we would like to switch the place of integral and infinite sum. By virtue of
Lemma 5.6, we need to show that the infinite series

c+i00 1

c+100
Z‘/ S ds‘ <ch+1/ |s2||d3|

is convergent. However, each of the integrals [ ctico

oo ‘52| |ds| is finite and is independent of n.

So the series is convergent since Re(c) > 0.

Now, using the previous lemma,

1 ct+ico 133 e N n 1 c—i—zoo
—- a1 s = Y- M [
27 c—i00 ; EZ: n 2w c—100

= 5> g
=~ n
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Theorem 5.11. The sum

2t es ()

n<x
tends to 1 as x — oo.
Proof (of Theorem 5.11) Apply Theorem 5.10 with ¢ = 1/log z. Note that |z°| = 2 = e and

that

1
== = O(log"[t]) (0<Re(s) <1, [t|>2)

C(s+1)
by Theorem 4.5. It follows that
> log t
~0 < / = >
T t
o ") =0 (1)
= - = ,

1 c+1i00 1 s
2mi Jopir C(s+1)s
whence the integral is at most € in modulus, if T'= T, is large enough.

We next find «a, as before, so that ((s) has no zeros in the rectangle

Define line segments
Ly c— 100 = ¢ — i1,
Loy: c—i1T, —a—1—1iT,
Ly: a—-1—il, >a—1+1il,
Ly: a—1+1T, — c+ T,
Ls : c+ 1T, — c+ 100,

and

'2: 1—dT, - a—1—1T,

Ly: a—1+iT, — 1+iT.
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If we now set F'(s) := y we see that F(s) is continuous on L}, L3, L/}, so that we can set

S S
s2¢(s+1

Me= sup |F(s)|

s€Ll,Ls, L,
which will depend on € but not .
We may now replace
1 c+1i00
— F(s)x®ds
2mi c—100

by
1

5 </L1+...+/L5>F(s)xsds+Res(F(s)xs;S:O)

since F(s)z® = ”s”—;, has a pole at s = 0, and no other poles between the contours,

1
C(s+1)
(because (s + 1) has no zeros there). We easily calculate that Res(F(s)z®;s = 0) = 1, using
the fact that ((s) has a first order pole at 1 with residue 1.

For the line segment Ly we have
(&

§M€/ xgdUSMe - :Mg .
a1 log x log x

e

F(s)x®ds

Lo

It follows that this is at most € if > x(€). We may treat the integral along L, similarly.

1
= | F(s)z®
57 /L3 (s)x®ds

Since ae — 1 < 0 the above will be at most € if > a/(e).

We therefore conclude that

Z@loggzur%m</L1+...+/L5>F(s)x3ds

Finally

Te
< - / oty = 2eMe o
2 —T. 2T

n<w
with
%/Lj F(s)z®ds| <€
for x large enough. This suffices for the proof. O

Proof (of Theorem 5.8) We shall use a Tauberian argument.
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Define S(y) = >, <, #(n)/n.Then

[ - [(ge)e

n<y
-y / "y
n<w n Jn Y
= 3 g (2,
n n
n<x
Hence .
lim S(y)@ = 1.
In particular, for any fixed § > 0 we have
x(14-0) d
/ S(y)?y—>0 as T — 00.
Suppose then that
x(146) d
/ S(y);y <e

for all x > z(e).

Now the function S(y) varies rather slowly for large values of y. More precisely, for y > x,

S - s@l < Y -

r<n<ly

= {roeyrrr0(5) - flogarrro(3)}
() o(l)

where

See Problem 3 in Problem sheet 2 for more details on the above inequality. When x < y <
(14 6)x we deduce that

1
|S(y) — S(x)| <log(l1+6)+ O <E> < 2log(1+ )
if x > x(9); that is, if x is sufficiently large in terms of d.
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It follows that

z(14-0) dy
S(x)—
LS

IN

z(14-0) dy
S(y) =2
/x (y) "

z(14-0)
< e—i—/ 210g(1+5)d—yy

< e+ 2log*(1+9)

if x > max {z(e),x(9)}.
We now choose § = eV — 1 > 0, so that log(1 + ) = \/e. We then have

m(1+5)dy
Sa:/ —
o4

This yields |S(z)log(l+6)| < 3¢ or equivalently |S(x)y/€] < 3e. Thus finally we have
|S(z)| < 34/€ for sufficiently large x. It follows that S(z) — 0 as claimed. O

< €+ 2e.

A brief history of the Prime Number Theorem:

The first published statement close to PNT came in 1798 by Legendre. He asserted that
m(z) is of the form x/(Alogx + B) for constants A and B. This was based on numerical
works. He later refined the formula to

X

m(@) = logz + A(z)’

where A(z) is approximately equal to 1.08366. Presumably he meant that

lim 1(z) = 1.08366.

T—00

He also asserted that there are infinitely many primes of the form [+ kn, fron =10,1,2,3,...,
provided the necessary condition (I, k) = 1 holds. Dirichlet gave the first proof of this state-
ment in 1837. His method, a refinement of the proof of the infinitude of primes by Euler,
introduces key ideas into number theory, in particular that of analytic methods (real analysis).

There are unpublished works by Gauss around 1792-3 which show that he studied the
problem of the distribution of primes as a hobby. He made tables of the primes and their

distribution up to primes less than equal to 3,000,000. There are very few errors in his table!
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His numerical observation anticipated the error in the Legendre’s formula, and remarked that
Li(x) is a good approximation for m(x).

A major progress towards PNT is due to Tchelycheff in 1851. He introduced the real

= logp,6(x) = > logp,

p<lz pm<zx

functions

and proved that PNT is equivalent to the statements ¢(x) ~ x and (x) ~ x. Indeed, he
proved that if the limits exist they must be equal to 1. Furthermore, he proved that

92129 < liminf (@) <1 <liminf m(2)
z—oo x/logx z—oo x/logx

< 1.10555.

His method were elementary with combiantorial nature. They were not powerful enough to
prove the full statement.

The next major step towards PNT came from B. Riemann in 1860. He introduced the
function now known as the Riemann-Zeta function, and the Euler product formula. He
understood the relations between the zeros of the zeta function, and the growth of 7(z). He
made a number of remarkable conjectures that will lead to refinements of PNT. In particular

he came up with the precise relation

vy =r— 3 log(am).
p:¢(p)=0 P
Here ((s) is a meromorphic function defined on the complex plane with only a single pole at
s=1.

Although Riemann could not prove the statements on the zero’s of ¢ (some of these are
still open), his method could still be used to derive PNT. The first proof using this method is
due to Hadamard and Poussin in 1896. In 1949, Erdos and Selberg gave the first elementary
proof of PNT; it relies on the earlier works such as the one of Tchebycheff.

The proof presented in this lecture notes is close to the one given by J. Newman in 1980.

It uses Ikehara’s Tauberian argument, and the Cauchy integral formula.
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6 Further Properties of ((s)

Following the discussion in the previous section, an important question now is what zeros
might ((s) have in the critical strip 0 < ¢ < 17 This has important repercussions for the
behavior of 7(x). Suppose for example that we knew that ((s) # 0 for o > % say. When we

proved the Prime Number Theorem we had

o= [ () e

If there are no zeros with o > 2/3 then the only pole of ('(s)/{(s) with Re(s) > 3/4 is at

s = 1. We could then hope to move the line of integration to Re(s) = 3/4 to get

_ l’2 1 %—I—ioo C/(S) . ds
mle =g Gl

2 2mi 3 oo

the term %2 coming from the residue at s = 1 as before. Now |:E8+1‘ = 27/* and we might

expect that

feo (58) e =ow™

4
This would lead to an asymptotic formula

x2
i(x) = 5 + 0™

with a good explicit error term, and hence to a correspondingly good asymptotic formula for
m(x).

This is necessarily somewhat vague, but the key point is that the behavior of the zeros of
C(s) is reflected in the accuracy of the asymptotic formula for w(x). So we need to investigate
((s) further.

Definition. Define the Gamma function

for Re(s) > 0.

This is absolutely and uniformly convergent in any set a > Re(s) > 8 with o > > 0. It
follows as usual that I'(s) is holomorphic for Re(s) > 0.
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Theorem 6.1. For Re(s) > 0 we have that sI'(s) = I'(s + 1). Moreover, I'(1) = 1, whence
I'(n) = (n—1)! forn e N.

Remark. Since I'(1) = 1 it is natural to define 0! = 1.

Proof
Integrate by parts, to give

X ¥ X
/ e gty = [—e_xxs]o +s/ e T2t da.
0 0
However e~ *2%|,—9 = 0 for Re(s) > 0, so that the right hand side is
X
—e XX+ s/ e Tz .
0

Taking X — oo we deduce that I'(s + 1) = sT'(s). O

Corollary 6.2. The function I'(s) has an analytic continuation as a meromorphic function
on C, the only singularities being at s = —k € Z<o. These singularities are simple poles with
residue (—1)*/k! at k.

Proof
For all n € N, if Re(s) > 0 then

I'(s+n)={s+(n—-1)}{s+(n—-2)}...{s+ 1} sI'(s)
and so

s)={s+n—-11 " s+n-—2}1. . st Ooe_xa;”"_lx

I'(s)={s+ 1} {s+ 2} /0 d

However, the right hand side defines a meromorphic function for Re(s) > —n, which is regular

apart from possible simple order poles at
0,-1,-2,...,—(n—1).

If T',,(s) is the extension we produce, then I',,(s) = I'),(s) = I'(s) when Re(s) > 0. Hence,
by the identity theorem, I';,(s) = I';,,(s) whenever Re(s) > —min(m,n). It follows that this

series of extensions I'y,(s) give us a well-defined meromorphic function on the whole of C.
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We now consider at lims_,_x(s + k)['(s). Applying the previous formula with n = k + 1,

we have

1 > —x, .8
(S+k)r(8):(s+k—1)...(s+1)s/0 e e o

As s — —k, the right hand ride approaches

1 > g 1
(—k+k—1)...(—k+1)(—k)/0 ¢ e = oy b

as required. O

We are now ready to give a new expression for ((s).

From now on we fix the continuous branch of log z defined on C\ [0, 00) as log |z| + i arg z,
with 0 < arg z < 27. This allows us to define a continuous branch of 251 = exp {(s — 1) log 2}
defined on C\ [0, c0).

For p € (0,27), and € < p let C;,e be a line segment above the real axis at height € up to
the circle of radius p. Similarly, let C;)’,e be the complex conjugate of C;M. Let D, be part of

the circle of radius p connecting the curve C,, . to C, .. Define the closed curve

! "
Cpe =Dy UC, UCH,,

equipped with a direction inducing positive orientation on the arc of the circle.

/
Che

D, s
N

NI

1/
Coe

Theorem 6.3. For every Re(s) > 1 we have

51 )
I(s) :== /C dz = (e*™ — 1) T(s)((s).

e —1
P
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Proof
The integrand is meromorphic on C \ [0,00), with poles at 2min, for every nonzero integer
n. If we vary p within the range 0 < p < 27 (with € < p) the integral does not change, by

Cauchy’s theorem. On D, . we have |z| = p and

2 3

24z z lz|  p
SPTIN U TP SO 1 B
e ] z—|—2+6+ ‘ || tg+ 25 =3
if p is small enough. Moreover
|z5_1‘ = |exp{(s —1)logz}| =exp{Re((s —1)logz)}
= exp{(c—1)log|z| —targz} <exp{(c —1)logp+ 2|t}
— po—le27r|t\'
Hence
s—1 o—1 ,2x|t|
/ : dz| < 2mp P le = 477,0”_162”‘t| —0
e —1 5
Dp.e 2P

as p — 0, since ¢ > 1. Thus, as p and ¢ tend to zero,

Zs—l zs—l
I = d d
(=) /c;mez—l Z+/c -1

1"
pye

-1 -1
_ /OO fd dx + e27ri(s—1) /OO de,
0 et —1 0 et —1

as € — 0, we have

since on C”

p,€?
zs—l _ e(s—l)(log\z\-{—iargz)
_ e(s—l)(log x+2m7)
_ $s—le27ri(s—1) _ e27ris‘
Hence
) 0 xs—l
I(s) = (™ —1) / dx.
0 e —1
Finally,
1
—— =Y '+Y T+
v _1 + +



for Y > 1 so that

00 xs—l 00
/ dr = / 51 {e_x—l—e_%—l—...}d:z:
0 1 0

e o0

= Z/ ¥ e dy
n=1"0

providing that we can interchange summation and integration. This is permissible if

e [e%S)

Z/ |$s—le—mv‘ dz

n=1"0

converges. However

o0 o0 oo
/ |a:8_1e_m‘ der = / 2 ey = n_U/ v le Vdy = n °T(o),
0 0 0
and Y n~7 < oo, since o > 1. We are therefore able to deduce that
0o $s—1 0
/ dr = / e e+ da
o e"—1 0

x 00

= Z/ e dy
n=1"0
o0 (3]

= Z n_s/ Yy le Ydy
n=1 0

= ((s)I(s).

The theorem now follows. O

Previously we showed how to extend our original definition of ((s) from the region o > 1
to the larger region o > 0. We can now go much further, by providing a meaningful definition

over the whole complex plane.

Corollary 6.4. The function (627”"" — 1) C(s)T'(s) has an analytic continuation as an entire
function on C. Thus ((s) has a continuation as a meromorphic function on C, the only

possible poles being the points where (627”"" — 1) I'(s) =0.

Proof

First we show that the integral I(s) represents a well-defined function of s (with finite complex

o8



values). Recall that the value of the integral is independent of the choice of p € (0,27), so
we may as well work with some value of p > 1. Indeed, we show that the integral converges
uniformly in any disc |s| < R.

Fix s € C with |s| < R. Since for z € C,, |z| > 1, we have

Zs—l

e —1

|Z|a—1e27r|t\ |Z|R—1e27rR

o ler—=1] T ez —1]

|z|B=1e2™R|e* — 1|71 has a finite integral along the paths

R—1_27R
/ |Z|7‘B|dz|
p,. €7 —1]

pe

R—1_27R oo .R—1_27R
e <o g e
/ |€Z — 1| 0 et — 1

1"
pe Or Cfle

Moreover the function

and

are finite.
In general if G(z,s) is an entire function of s that has uniformly bounded integrals
fy G(z,s)dz on some curve v C C, the function H(s) = fy G(z,s)dz is an entire function

of 5. Here, since z°~!/(e* — 1) is an entire function of s, we conclude that I(s) is entire. [

One can check that the function z*5 + § is an even function of z. Define the Bernoulli
Numbers B,,, by

z 1 22 24 6

V4
=14 B — By 4+ By — .
s 1 " 9f T Lt Pigr T By T by

We can also check that B,, are all rational numbers and that

In fact the numbers B, are all positive. The Bernoulli numbers appear in subjects of combi-

natorics, probability, and number theory.

Corollary 6.5. We have,

a) C(O) = _%;

b) ((—2m) =0 for all m € N;
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c) ¢(1—2m)= %, for all m € N.

Remark. The above result shows in particular that ((—k) € Q for all k € Z>g.

Proof
Take k € Z>g. By Corollary 6.2 T'(s) has a singularity of order 1 at —k, with residue (—1)%/k!.

Also €?™ — 1 has a simple zero at —k, with 62::,; L 5 97mi as s — —k. Hence as s — —k we
have
T 27is 1 27”(_1)k
(S) (e — ) — T

Now I(s) = I'(s)(e*"* — 1)((s) and I(s) is continuous at s = —Fk, so that

k!
C(—k) = WI(—k)-

However

k=1
I(—k) :/ ——dz
c, € —

with C, as before. Since k is integer, the function 27*~1 extends from C — [0,00) to C — {0}

as a continuous function and

+p k-1 +oo ,—k—1
dz = — dz.

arg z=0 arg z=27

It follows that

Z—k—l
I(—k) = yg dz
ol=p € — 1

where ¢ is the coefficient of z7* in
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It follows that

1
o k = 07
c=40, k=2m >0,
%Bm, k=2m—1>0.
Hence ((—k) = (_2172?16![(—19), which is —1, or 0 or (_217)1m By, in the three cases. O

We next give an alternative evaluation of I(s), which leads to a new connection with the

zeta-function.
Proposition 6.6. If o < 0 then I(s) = e™/2(e™ — 1)(21)°¢C(1 — s).

Proof
Fix € < 1. We define a new contour C,,, for n € N, starting at +o0o-+€i, running to (2n+1)7+e€i

(above the real axis), along the line segments
Cn+)m+e— 2n+Dr(1+10) — 2n+ )w(—1+1)

= 2n+Dr(-1—-1) = 2n+1)w(l —i) = 2n+ 1)7 — €,

and back to +00 — €i just below the real axis. It will be convenient to write S,, for the part

of the contour running around the square from (2n + 1)7 + €i to (2n + 1)7 — €.
zs—1

We now replace the contour C), by C,,. The integrand £— has poles at 27wik for k € Z—{0}.

e*—1

Hence, by Cauchy’s residue theorem, we have

Zs—l
I(s) = / ——dz
Cpe —1
s—1

Zs—l ‘ > ‘
= /nez—ldz_ Z 2mRes<m;z:2mk>.

1<[k|<n

However, if £ > 0,

s—1 s=1(, _ 9ms (s—1)(log 27k+iZ)

e? z—27ik er —1 1

and similarly, for k£ > 0,

Zs—l .
Res 2 = —2mik | = els~Dlog2mk+3i3)
ez —1’
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It follows that

s—1 n ' '
I(s) = / - 2mi » (2mk)* ! (e(s_l)”/2+e(5—1)3”/2)
Cn 1

e —1

Cn 1
Zs—l

— / — + (27‘(’)5 ( s z7rs/2 st 1
Cn €

We now allow n to tend to infinity. On the contour C,, the function 62—1_1 is bounded from

above independently of n or z, since e* — 1 is bounded away from zero. Moreover

|ZS_1| _ eRo((s—l)logz) _ e(o—l) log |z|—targ z < e(o—l) log\z\+27r|t\’

whence [2571] < €2™4|2/~1. So on S, which was the square part of the contour, we have

|25~ = O(n°~1), whence

/ calll dz = O(nn”‘l) =0(n?).
S,

e# —1
n

This tends to zero as n goes to infinity, since o < 0. Moreover, whether we take arg(z) = 0

00 Zs—l 00
/ dz = O / 12|77 dz
@ni)r €7 — 1 2nt1)m
(o)
2n+1)7
a < (2n+1) >

= O(((2n+ )7

or 27, we will have

= 0

and this also tends to 0 when o < 0.
We therefore conclude that

Zs—l
dz— 0 as n—
Cnez—l

so that

e}

I(s) = (2m)%e™/? (e —1) Z kS7L

1
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This completes the proof, since Y 7°k*~! = ((1 — s) for Re(s) < 0. O

Corollary 6.7. (The Functional Equation for ((s)). We have

C(1—s)=2"%1"%cos (%S) I'(s)((s)

for all s € C— {0}. Moreover ((s) is meromorphic on C, with the only singularity being a

simple pole at s = 1.

Proof
If ¢ < 0 then

1
eiws -1

((1—s) = (2m) e/ 1(s)

when £s ¢ Z. According to Theorem 6.3 and Corollary 6.4 we have I(s) = (€2 — 1) I'(s)((s)

on the complex plane, so that

ei7r51_ 1 (e2ﬂ'is - 1) F(S)C(S)
= (2m) 5™ 4 e (5)((5)

= 217 cos(S)D(s)C (),

((—s) = (m)seim/?

using the definition cos(z) = (€** + ¢7%)/2 on the complex plane.

Now define f(s) = ((1—s) —2"*1* cos Z2I'(s)((s). This is meromorphic and it vanishes
on D(—1,1), for example. Here D(—1,1) denotes the open disk of radius +1 about —1 within
C. Hence, by the Identity Theorem we have f(s) =0 for all s € C.

Finally, from Theorem 4.2 we know that ((s) is meromorphic for o > 0, with the only
singularity being a simple pole at s = 1. Thus when ¢ > 0 the function ((s) cos % is holomor-
phic, since cos Z¢ has a zero at s = 1. It follows that 2'* cos ZT'(s)((s) is holomorphic for
o > 0. We deduce that ((1—s) is holomorphic for s > 0. This means that {(s) is holomorphic
in the region o < 1. Since ((s) is also regular for o > 0, apart from the pole at s = 1, we

deduce that ((s) is regular everywhere, apart from the point s = 1. O

Corollary 6.8. If ((s) = 0 then either s = —2,—4,—6,..., or s lies in the “critical strip”
0 < Re(s) < 1.
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Proof
If 0 > 1, then ((s) # 0, by Theorem 4.1 (for o > 1) and Theorem 4.5 (for o = 1).

If {(s) = 0 with 0 < 0, then Corollary 6.7 tells us that either {(1 — s) vanishes, or
217577 cos Z2T'(s) has a pole. However ((1 — s) # 0 since Re(1 — s) > 1. Moreover the only
possible poles of 217*77% cos T°T'(s) are those of I'(s), which lie at s = 0, —1,—2,.... When
s = —n with n odd, the pole of I'(s) is cancelled by a zero of cos %, so that the only possibility
left is that s = —n with n > 0 even. According to Corollary 6.5 these points are indeed zeros
of {(s). O

Going back to the starting argument on the zeros of ((s) at the beginning of the section,
of course all this effort would be pointless if ((s) had no zeros in the critical strip, but in
fact there are infinitely many such zeros, and they are a fundamental obstruction to our
understanding of the primes.

We can say a little more about the zeros of ((s). In particular,

Corollary 6.7 tells us that if s is in the critical strip then ((s) = 0 if and only if ((1—s) = 0.

However something further is true.

Theorem 6.9. We have ((3) = ((s) for all s € C — {1}.
Lemma. If f(s) is meromorphic on C, then so is f*(s) := f(3).

Proof

Easy exercise, using the fact that

We can now prove Theorem 6.9.
Proof
Set F(s) = ¢(s) — ¢(3), which will be meromorphic on C by the above lemma. When s is real
we have s = 0, and F(0) = ((0) — ((0) = 0. Thus F(s) vanishes on the real axis, and hence
by the Identity Theorem F'(s) = 0 for all s. O

64



Corollary 6.10. If ((p) = 0 with p in the critical strip, then each of p,1 — p,p and 1 —p is
a zero of ((s).

Proof
This follows from Theorem 6.9 and Corollary 6.7. O

We conclude with various remarks:- Corollary 6.10 suggests that the zeros occur in groups
of 4, unless p is real or Re(p) = 1/2. In fact one can show that{(s) # 0 for real s € (0,1).
Indeed it appears that all zeros in the critical strip have Re(s) = 1/2 (so that the zeros are
only in pairs, s and 1 — s (=73)).

It is known that ((s) has infinitely many zeros in the critical strip. Up to height Im(s) =T
there are around % log T' such zeros.

The first zero is about % + (14.13...)7 and the next ones are roughly

1
£ (21.02...)i, 5 % (25.01..)i,

N —

1 1 1
5+ (3042, )i, 5 & (32.93..)i, 5 & (37.58..)i.

They are irregularly spaced.

Calculations show that Re(s) = 1 for all zeros in the critical strip with 0 < Im(s) < 10'2,
in which range there are over 10'® zeros.

All this evidence points to the following statement, whose proof would have far-reaching

consequences for our knowledge of prime numbers.

The Riemann Hypothesis If ((s) =0 and 0 < Re(s) < 1 then Re(s) = 1/2.
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