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Introduction

Py(z) =€z 4+22:C—-C, acR\Q
P,(0) =0, P.(0)= e,

The study of local, semi-local, and global dynamics of P, has a rather
rich history. This usually involves the arithmetic of a.

Still, the dynamics of some P, are not understood at all.

Here, we look at the measurable dynamics of P, on its Julia set.
This is partly motivated by

Theorem (Buff-Cheritat 2005)
Ja (of Brjuno and non-Brjuno type) s.t. J(P,,) has positive area.



linearizable maps

P, is called linearizable at 0, if there exists a conformal coordinate ¢ near
0s.t. ¢poPyod 1(z) =22,

Example: a =[1,1,1,...]

When P, is linearizable, the maximal domain of linearization is called the
Siegel disk of P,, and « is called a Brjuno number.



Main results

To understand the long term behaviour of the orbits in the Julia set, one
needs to understand the orbit of the critical point, and the iterates of the
map on and near it.

The post-critical set of P, is PC(Py) := U,~, Pi(c.p.)

i>1 "«
With a := [ag, a1, az, . ..], we show that
Theorem
3N, such that for o with all a; > N, PC(P,) has zero area.

Moreover, PC(P,) \ A, is non-uniformly porous, where A,, is the
maximal domain of linearization.

Although P, on PC(P,) is not minimal,

Theorem
For a with all a; > N, w(z) = PC(Py), for a.e. z in J(P,).



Basic tools

— Inou-Shishikura Renormalization:

Indeed, the compactness of a sequence of normalized return maps
define on a sector containing the critical point.

— Good estimates on the perturbed Fatou coordinates:

How perturbed Fatou coordinates degenerate and converge to the
Fatou coordinates.



Renormalization: Inou-Shishikura

ho(z) = €™z 4 ...

h1 := Rhyg E(z+1)=E(2)+1



Renormalization tower

To use the tower, one needs

— Estimates on ®;

=~ Combinatorics of the tower

— Arithmetic of «




Domains where many iterates are understood
Using the tower, one introduces a nest of topological disks

Ao >0 5. > PC(P,).
= U5 PI(SS)

on — ;JzBH‘@lZnP] (Sn)




Proof of the main theorem

go
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— Given z € NOQ", we
obtain a sequence of
points (, in the tower

-{Im ¢,, }, highly depends

on the arithmetic of «



Two types of points in the tower

For some constant D, define
. D
L:={zen Q0 NPCy | I oo-ly many m with Im ¢, < —},

= {z €N NPC, | 3K s.th. Vm>KImCm2—}

Proposition

(1) PC(P,) is non-uniformly porous at every point in L.
(2) T has zero area.

Proposition

When 0 € PC(P,), PC(P,)

\ {0}
When 0 ¢ PC(P,), PC(Py)\

{0} C L
A, C L, where A, is the Siegel disk of P,.



On the set L

Level m — 1

) rop—
Fm = e2TOmiz L hooot m




On the set I

—u,rJ
_UJF

Ty

I:= U;?';Ol“j, where

IV ={2€PCo|¥m>jIm(y, > aﬂ}

I projects to I'j on level j

areal’ = 0 iff areal’; =0



On the set I';

areaT'; =0
B; =T;/Z
define bj :=sup,, ,1cp, Tm(w — w’)
claim:  sup; b; < oo
Bjt1 proof: step 1 bi_1 < a;b; +err
—
step2 by < log —4— + a log —L— + ...
P m =08 Em+1 m+1 08 Em+2
= 1 1
B (Am) by < agagyy am(log ——— 4o, 4 log ———+. .. )+ ERR,
U1 42
Bm
—

b; < (the tail of the Brjuno sum for «;) + ERR




The estimate

Proposition
VD > 0, 3C s.t. Yh in the Inou-Shishikura class, and Yw with
Imw > D/a, we have

i (1) — a] < Cae~2ratme



The estimate on the perturbed Fatou coordinates
Given h(z) = e?™iy + ...,

Fp(w) ~ w41

=
N

Ly Lp (Fp(w)) = Ly (w) +1

|Fp(w) —w — 1] < M%e—27ralmw

¢—C+1

‘L;L(w) —1 < M/%e—%ralmw




From estimate on F}, to estimate on L,

h
H:(0,1) x (0,00) = Cis C?
// vt € (0,00), F(H(0,t)) = H(1,t)
‘l Ly |0.H(z) — 1| < 2e—2madm=
—_— |0:H (2)], |8ZZH( )| < @e2malmz

H(s,t) ::A+/O X(E,t)d(—i—i(t—l—/o Y (4,t)dl), where

X (s,t) := ao(t) + a1(t) sin(ws) + az(t) cos(ms) + asz(t) sin(2ws) + as(t) cos(27ws),
Y (s,t) := bo(t) + bi(t) sin(ws) + ba(t) cos(ms) + bs(t) sin(27s) + ba(t) cos(27s),

ao(t) = Re(Fn(A+it) — A) + Re F (A +it)/x,. ..
bo(t) = Im(Fp (A +it) — A) — t + Im(Fy (A +it))/m, . ..



From estimate on F}, to estimate on L,

e
N

Ly,

G induces the map K : C — C that

10:cH(O)| =

H: (0,1

0,1) x (0,00) = C'is C*

vt € (0,00), F(H(0,t)) = H(1,t)
( |7 |azzH(z)| =< %e_zﬂ'ﬂlmz
(

1| j %6—27ra1mz

|0zH (2)
|0-H (z) —
G:=LpoH:C— CisC? with
G(z+1)=G(2)+ 1, and

G(z) =z+ 2, ifImz < —1
|0:G(2)],10::G (2)| = Fe7?mm2

« —
—l¢l*™
,

By general Cauchy Integral formula, one can show that

|0c K (¢) —

1 a
K(0)] = ~c]



