HAIRY CANTOR SETS

DAVOUD CHERAGHI AND MOHAMMAD PEDRAMFAR

ABSTRACT. We introduce a topological object, called hairy Cantor set, which in
many ways enjoys the universal features of objects like Jordan curve, Cantor set,
Cantor bouquet, hairy Jordan curve, etc. We give an axiomatic characterisation of
hairy Cantor sets, and prove that any two such objects in the plane are ambiently
homeomorphic.

Hairy Cantor sets appear in the study of the dynamics of holomorphic maps
with infinitely many renormalisation structures. They are employed to link the
fundamental concepts of polynomial-like renormalisation by Douady-Hubbard
with the arithmetic conditions obtained by Herman-Yoccoz in the study of the
dynamics of analytic circle diffeomorphisms.

1. INTRODUCTION

We introduce a topological object which enjoys a similar level of universal features
as objects like Jordan curve, Cantor set, Cantor bouquet, hairy Jordan curve, Lelek
fan, etc [Jor93, IMK19, Lel61) [Cha89, [BO90, Nad92l, [HO16]. These are topological
objects uniquely determined, up to ambient homeomorphisms, by some simple ax-
ioms. These objects frequently appear in dynamical systems, in particular, as the
Julia sets or the attractors of holomorphic maps on complex spaces. The object pre-
sented here has a delicate fine-scale structure, for instance, it is not locally connected.
However, due to the way these emerge in iterations of holomorphic mappings, they
turn out ubiquitous.

We start by presenting simple examples of our favourite object.

Definition 1.1. A set X in the plane R? is called a straight hairy Cantor set,
if there are a Cantor set C C R and a function [ : C' — [0, 400) such that
X={(z,y) eR? |z C,0<y<I(x)}
and the function [ satisfies the following properties:
(i) the set of x € C with I(z) > 0 is dense in C;
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(ii) if x € C' is an end point [, then

l(z) =0 = limsup I(t);
t—x, teC

(iii) if « € C is not an end point, then

limsup [(t) = limsup I(t) =(z).
t—x—,teC t—xt, teC
By property (ii) in the above definition, [ = 0 on a dense subset of C. Also,
by properties (ii) and (iii), any straight hairy Cantor set is compact. In particular,
sup,ec l(z) is finite. On the other hand, as every arc in X is accumulated from both
sides by arcs, any straight hairy Cantor set is not locally connected.
It is not immediately clear, but true, that for any closed interval I with ITNC # (),
the set {l(x) | # € INC} is a closed interval in R. Due to such features, straight
hairy Cantor sets in the plane are topologically unique.

Theorem 1.2. All straight hairy Cantor sets in the plane are ambiently homeomor-
phic.

We are pursuing topological objects in the plane which are ambiently homeomor-
phic to a straight hairy Cantor set. However, for practical reasons, one requires
an axiomatic description of such objects. Let X C R?, and consider the following
axioms:

(A1) any connected component of X is either a single point or a Jordan arc;
(A2) the closure of the set of point components of X is a Cantor set, say B;
(A3) any arc component of X meets B at one of its end points;

(A4) whenever x; — x within X, the unique arc in X connecting z; to B converges
to the unique arc in X connecting x to B, with the convergence in the
Hausdorff topology;

(Ab) for every arc component vy of X, and every x in v minus the end points of
7, x is not accessible from R? \ X;

(A6) X \ B is dense in B;

(A6’) the set of the end points of the arc components of X is dense in X;

All of the above axioms, except Ab, are well-defined for any metric space.

Theorem 1.3. Let X be a compact metric space. If X satisfies axioms Al to A4,
and A6, then X is homeomorphic to a straight hairy Cantor set.

Theorem 1.4. Let X C R? be a compact set. If X satisfies axioms A1 to A6, then
X is ambiently homeomorphic to a straight hairy Cantor set.

2 € C'is called an end point, if there is § > 0 such that either (z, z46)NC = § or (z—8, z)NC = 0.



HAIRY CANTOR SETS 3

Definition 1.5. A compact set X C R? is called a hairy Cantor set, if it satisfies
axioms Al to A6.

Combining Theorems and [[4] we conclude that all hairy Cantor sets in the
plain are ambiently homeomorphic.

The proof of Theorem is based on a careful analysis of bump-functions associ-
ated to straight hairy sets, similar to the argument in [AO93|. In contrast, the proof
of Theorem [[-4lis more involved. The main technical difficulty in the proof is to build
a Jordan curve which meets X only on the set B, and all components of X lie on
the same side of it. The proof of this appears in Section Ml and only uses Axioms Al
to A4. Then, we build a one dimensional topological foliation of a punctured plane,
equivalent to the foliation of R?\ {(0,0)} by straight rays, such that each component
of X lies in a single leaf of that foliation. The (extra portions of) leaves come from
certain hyperbolic geodesics. The topology of the leaves/geodesics are studied in
the framework of Caratheodory’s prime ends [Carl3], and using classical complex
analysis, in particular, Gehring-Hayman theorem |[GH62]. We form a uniformisa-
tion of the hairy Cantor set to an straight hairy Cantor set using hyper-spaces and
Whitney maps [Whi33].

Hairy Cantor sets have emerged in the study of the dynamics of holomorphic
maps. In the counterpart paper [CP21] (see also [Ped20]) we explain the appear-
ance of hairy Cantor sets as the attractors of a wide class of holomorphic maps with
infinitely many renormalisation structures. Roughly speaking, successive perturba-
tions of holomorphic maps with parabolic cycles leads to infinite renormalisation
structures, discovered by Douady and Hubbard in early 80s [DH85]. Although such
systems were the subject of profound studies in the 80s and 90s, recent significant
advances on the topic fuels interest in these objects. In [CP21], hairy Cantor sets
are employed to make a striking connection between the satellite renormalisation
structures, and the arithmetic conditions which appeared in the study of the lineari-
sation of analytic circle diffeomorphisms by Herman-Yoccoz [Her79, [Yoc02]. Our
results further explain the non-locally connected Julia sets by Sorensen [Sr00] and
Levin [Lev11], as well as the infinitely renormalisable maps without a priori bounds
in [CS15]. Also, the hairy Cantor sets introduced here shed light on the remarkable
examples of positive area Julia sets by Buff-Chéritat in [BC12]. That is, one of the
three types of maps identified in [BC12] has infinitely many renormalisation struc-
tures of satellite type. When the combinatorics of the successive renormalisations
involve very high denominators, the attractor of the map with positive area Julia
set is a hairy Cantor set. See [CP21], and the references therein, for further details
on this.

Conjecturally, for a dense set of maps on the bifurcation locus of any non-trivial
family of rational functions, the attractor of the map contains a hairy Cantor set.
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One may compare this to the appearance of Cantor bouquets in the dynamics of
exponential maps [DK84, [AO93| [Six18|, and hairy Jordan curves in the attractors
of holomorphic maps with an irrationally indifferent fixed /periodic point [Chel7].

2. STRAIGHT HAIRY CANTOR SETS

At the beginning of this section we prove Theorem In the second part of this
section we look at some topological features of straight hairy Cantor sets, which will
be used in the proofs of Theorems [[L3] and 4] in the later sections. First we present
an example of a straight hairy Cantor set, which essentially represents the general
form of a straight hairy Cantor set.

Lemma 2.1. There exists a straight hairy Cantor set in the plane.

Proof. For n > 1, consider the set 7,, of multi-indexes (i1,1is9,...,1,) such that for
each 1 <j<n,1<i; <2j—1. We aim to define a Cantor set

C = Np>1 Yser, I,

where each I; is a closed interval in R, and I; C Iy, for t € 7, and ' € 7,,,, whenever
n > m and the first m entries of ¢ and ¢’ are identical. For t € 71, we let I; = [0, 1].
Assume that for some n > 2, I; is defined for all ¢ € 7,,_1. In order to define I,
for s € 7,, we divide each I;, t € 7,,_1, into 4n — 3 intervals with equal lengths.
Then, starting from the left most interval, we alternate discarding one interval, and
keeping the next interval, until the last interval. In other words, with the order on
the real line, we keep the odd numbered intervals. Thus, we are left with 2n — 1
closed intervals in I;. We label these intervals as I, such that the first n — 1 entries
of s and t are identical, and use the last entry to label these 2n — 1 intervals in
an order preserving fashion. This completes the definition of I, for s € 7,,. With
this construction, every x € C has a unique address 7(z) = (t1(z), t2(z), t3(z), ... ),
where

{7} = Nz 11h (@) ,42 (@), tn (2)-

By an inductive process, we define a sequence of continuous functions I, : R —
[0,400) as follows. For n = 0, let lp(x) = 1 for all z € R. Now assume that
ln—1: R — [0,+00) is defined for some n > 1. For = € Uier, I, we let

In(z) = (1= |tn(x)/n = 1)ln-1(2).

For x € (—00,0) we let I,,(x) = 1,(0), for z € (1,4+00) we let l,,(z) = I,(1), and on
any bounded component (a,b) of R\ Ui, Iy, we use a linear interpolation of I,,(a)
and [,,(b). This gives a continuous function I,, on R. See Figure [I.
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ZQ I

I3
Iy

FiGUrRE 1. The graphs of the functions Iy, I, I3, and Iy from
Lemmal[2.Jl The vertical lines in black form the straight hairy Cantor
set determined by the functions (I, )n>1.

Note that for all n > 1, 1 < ¢,(z) < 2n — 1, which implies [¢t,(z) —n| < n — 1.
Therefore, 1,—1(x)/n < l,(x) < l,—1(x), for all n > 1 and x € R. In particular, we
may define

l(x) = lim 1,(z).

n—oo

For x € C, we have
(1) (@) =l (1 = [ta(2)/n = 1]).
Since each [, is continuous, the set
Xp ={(z,y) €R* |2 €R,0 <y < In(2)}
is closed in R?. Therefore,
Mns0Xy = {(z,y) €ER? |z € R,0< y < ()}

is also closed in R?. This implies that [ : R — [0, +00) is upper semi-continuous,
that is, for all z € R,
(2) limsup i(t) < (x).

t—x

We claim that the set
X ={(z,y) eR* |z € C,0 <y <I(x)}

is a straight hairy Cantor set.

By Equation (), for any « € C such that t,(x) = n for large values of n, we
have I(z) > 0. As the set of such points is dense in C, we obtain property (i) in
Definition 1]
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If z is an end point of C, we must have either ¢,(z) = 1 or t,(x) = 2n — 1,
for large values of n. Then, Equation (I]) implies that I(z) = 0. By Equation (2J),
0 < limsup;,, tec I(t) < I(w) = 0. Thus, property (ii) in Definition [L.T] holds.

Now assume that z € C' is not an end point. If I(z) = 0, by Equation (2]), we must
have 0 < limsup,_,,+ ;e l(t) < l(z) = 0 and 0 < limsup,_,,— ;e l(t) < I(z) = 0.
If i(z) > 0, by Equation (II), there must be ng such that for all n > ny we have
n/2 < tp(r) < 3n/2. For n > max{ng, 3} we may consider the unique point p, € C
whose address is

(1), b1 (), tn(2) — 1, b1 (@), tnga (@), - +).

Evidently, (p,) is a strictly increasing sequence converging to z. Moreover,

. Wpn) | _ . |(tn(@) = 1)/n—1]
nl—>oo ‘ I(x) 1‘ n1—>oo ‘ 1— |tp(z)/n —1] 1‘
_ ‘Itn(w)/n—ll — [tn(z)/n —1/n—1]
e [ Jtu(@)/n—1
< lim L/n =0.

T n—oo ] — ]tn(x)/n — 1’

Therefore, [(p,) — I(x). Similarly, we may define a strictly decreasing sequence {¢, }
in C converging to x such that I(g,) — I(z). This implies part (iii) of Definition [T
(]

Let us introduce some basic definitions and notations which will be used in this
section. Given a straight hairy Cantor set X, the corresponding function [ : C' —
[0, +00) determining X in Definition [[1] is unique. We refer to [ as the length
function of X, and often denote it by [X. Also, we refer to the Cantor set C C X
as the base Cantor set of X, or equivalently, say that X is based on the Cantor
set C. Note that C' is the unique minimal Cantor set in X which contains all point
components of X.

Let C C R be a Cantor set. A set P C R is called a Cantor partition for
C, if P is the union of a finite number of closed intervals in R with C' € P and
OP C C. A nest of Cantor partitions shrinking to C, by definition, is a nest of
Cantor partitions Py O P D P, D ... for C such that C = N,>0F,. When we write
a Cantor partition P for C' as P = Uleji, we mean that each J; is a non-empty
closed interval in R and J; N J; =0, for 1 <i < j < k. Also, we assume that the
intervals J; are labelled in a way that inf J; < inf J; if and only if ¢ < j.

Let X be a straight hairy Cantor set based on the Cantor set C'. For any Cantor
partition P for C, by property (ii) in Definition [LT], [X(t) = 0, for all ¢ € OP.
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Let C' be a Cantor set, and let [ : C' — [0,00) be an upper semi-continuous
function. For any closed interval [u,v] C R with [u,v] NC # (), we use the notation

Max(l, [u,v]) = max{l(z) | z € [u,v] N C}.
By the upper semi-continuity of [, there is my, ] € [u,v] N C such that
Max(l, [u7 U]) = l(m[u,v})

Clearly, my, ,; with this property might not be unique. For any such choice of my, ,,

we define
B,y [u,v] — [0, Max(l, [u, v])]
as

Max(l, [u7x]) r < M)

l _
[u,v] (x) = {Max(l, [x,v]) = > M y,0]-

We refer to B! ; as the bump function of [ on the interval [u, v] associated to

[u,v
m[u,v}.
Assume that P = UleJi is a Cantor partition for C. We may consider a bump
function on each interval J;, say Bli, and combine them to define a bump function
for [ associated to the partition P,

BL : R — [0, +00),
according to
B! if ;
By(r) = { H) TS
0 ifx ¢ P.
The following lemma is fairy easy, but will be used several times in the upcoming

arguments.

Lemma 2.2. Let C be a Cantor set, and 1 : C — [0,00) be an upper semi-continuous
function. Also assume that (In)n>0 be a sequence of closed intervals in R shrinking
to a point z € C. Then

l(z) = lim Max(l,I,).

n—oo

Proof. For all n > 0, we have I(z) < Max(l, I,,), which gives
l(z) < lini)inf Max(l, I,).
On the other hand, since [ is upper semi-continuous, we have

l(z) > limsup Max(l, I,,). O

n—oo

The key property of bump functions is stated in the following lemma.
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Lemma 2.3. Let X be a straight hairy Cantor set, based on a Cantor set C, and with
length function IX : C — [0,00). Assume that P = UleJi is a Cantor partition for
C. Any bump function Bg : R — [0, 4+00) is continuous and piecewise monotone.

Proof. Recall that for any u € 0P, [*(u) = 0. Therefore, it is enough to show
that each Bf;; is continuous and piecewise monotone. Fix an arbitrary ¢, and let

Ji = J = [u,v] and BY = Bf,X. Assume that B is associated to some m; € .J
satisfying Max(1X, J) = 1% (m).

By definition, BY is increasing on the interval [u,m ] and is decreasing on [m., v].

Since P is a Cantor partition for C, (u,v) N C # (. Then, by property (i) in
Definition [LT], {X is positive at some point in .J, and therefore, m; € (u,v).

By the increasing property of Bf on [u,m;], and properties (ii) and (iii) in
Definition [Tl we note that

X (u) = B (u) < lim BY(t) <limsup (™ (t) = I (u).
t—ut t—ut

This implies the continuity of B§ at u. Similarly, one obtains the continuity of B§
at v.

Since I(my) # 0, by property (ii), m is not an end point of C, and by property
(iii), we have

limsup 1X(t) = limsup () =¥ (my).
t—m7 teC t—m7}, teC
Hence,
X(my) = limsup 1¥(t) < lim Bj(t) < B (my) = 1" (my),
t—m7 ,teC t—=m;
X(my) = B¥(my) > lim BX(t) > limsup 1X(t) = 1% (my).
t_>m}r t—)m}r,tEC

These imply the continuity of Bf at my.

For an arbitrary « € (u,my), if [(z) # B¥ (), then B is constant near z, and
in particular, it is continuous at z. If I¥(x) = B¥ (), then I*(z) # 0 and we have

X(z) = limsup I*(t) < lim BX(t)
t—z—,teC t—x~
< Bf(z) < lim BX(t) < limsup I*(t) = 1" (z).
t—at t—at,teC

This implies the continuity of B§< at x. Similarly, one proves the continuity of B§
on (my,v). O

The proof of Theorem will be based on the following two propositions.
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Proposition 2.4. Let X and Y be straight hairy Cantor sets based on the same
Cantor set C and with length functions lX and Y. There are nests of Cantor
partitions P = U JX and PY = Uk” for n >0, shrinking to C, such that

for all n > 0 we h(we " m’
(i) for all 1 <i <k, we have |J§Z‘ <27"|C| and |JY | < 2_"|C’|'E
(ii) foralll <i <kpy1 and1 < j < ky, JX 14 C JX z'fandonlyzf nt1i C J};j;
(iii) whenever J7 1 C J ; for some i and j, then

MaX(lY o n+1 Z)/Max(lY,J%/,j)

L2 < SR T X Max(%, 75 S .
Proof. We shall use the notations
J,)Lfi = [uii,vfi], Jrfi = [u{i,vii], forn>0and 1 <i<k,,
with
ui1<v;§1<u§72< <unk <Unkn
and

u§1<v2;1<u§2< <unk <Unkn

By an inductive argument on n, we shall simultaneously define both partitions
PX and PY. For n =0, we set kg = 1 and Jé>,<1 = JO}jl = [inf C, sup C]. That is, each
of P()X and PS/ consists of one closed interval. Property (i) in the proposition holds,
and there is nothing to verify for items (ii) and (iii).

Now assume that for some n > 0, the partitions P.X and PY are defined for
m = 0,1,2,...,n and satisfy the properties in items (i)-(iii) of the proposition.
Below we deﬁned PX and PY

Let us assume that n is even (the odd case is mentioned at the end of the proof)
Let PY i1l = U ”“J nt1, be an arbitrary Cantor partition of C' such that P, +1 is a
subset of PY and

(3) |TY ] <27 D|C), for 1 <i < kg

We shall use PY,; to construct P ;. To that end, it is enough to identify all the
intervals JX, 1, which are contained in Jffj, for each j with 1 < j < k,. Before
identifying those intervals, we note that the number of such intervals for each j
must be equal to the number of the intervals JY 10 which are contained in J}; i
This will clearly guarantee property (ii). To ensure property (iii) we need more
detailed analysis.

2We use the notation |J| to denote the Euclidean diameter of a given J C R.
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Fix an arbitrary j with 1 < j < k‘n. Recall that
X(u X (v Y(u — Y _

There are mX € (uX UX-) and mY € (uy UY ;) such that

n]’ n,J

X (myy ;) = Max(IX,7.5),  1¥(m) ;) = Max(", J) ;).

n]’

Since PY, a1 S PY there are 0 < p < ¢ < k,41 such that

Y _ Y Y _ Y
Unt1p = Unj>  Untlg = Ung-

We set

X _ X X X
Untip = Unjs  Untlg = Ung:

If p = g, then we are done. Below we assume that 0 < p < ¢ < k1. We need to
identify “§+1,z‘ and Ur)z(—i-l,i—l? for p<i<gq.
There is a unique integer [ with p <[ < ¢ such that

Y Y Y
Upy1] <My < Vpyqy

We shall determine v;* 1, and ux 1,441 recursively by going from ¢ = p to [ — 1, if
there are any such i, and independently going from i = ¢ — 1 to [, if there are any
such i, so that

X X X X X
un-l—l,p < Un—l—l,p <. < un—l—ll < m < Un—l—ll << un—f—l,q < Un—i—l,q‘

We only explain the process for p < i <[ — 1, the other case being similar.
Let us assume that for some p < ¢ <[ — 1, we have already defined

X X X
un_,_l,p < UTH’LP < un+1 i < m,, n,j

Since
Max(1¥, [0, 0351 ) = Max (¥, 25) = 1¥ (Y,

)

and m ;> un+1 ;» we have

Max (lX, [U§+1,iv U7)L(+17q]) = lX(mij)'

Thus, we may use mX to define a bump function B

X
X }ontheset[ i n+17q].

n+1,q

the value of BL. XX ](v) con-
7L+1 77 n+1 q

[un+1 77
X
By Lemmal[2.3] as we move v from u;, ; ; to mx oh

tinuously increases from 0 to Max(IX, Jgj). Therefore, since

0 < Max(l", J), 1)/ Max(I¥, J) ;) < 1,
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there must be v’ € (u,Y,  ;,m;) ;) such that

Max(ly JY 1, )/ Max (1Y, J,{j)

1— 2—(TL+3)
X (v)/ Max(I¥, JX))

< 1 + 2—(n+3)‘

Now, by slightly moving v to the right, so that it becomes an end point of C, we
may find an interval (vX Vpi14o §+17i+1) such that

X / X X X
Upy1; <V < Upyq; < Upypiipl < My s

X X X X _
V10 Unt1i+1 € O (Ungp10 Ung1,41) NC =10,

and
Y Y 7Y
| o-(n42) _ Max (1", J +1Z)/Max(l J 7]-) <14 9-(n+2)
MaX(ZX [ 5—1—1 i’ n+1 z])/MaX(lein{])

Here, v;’fﬂz = ¢ and u,,,,; = inf{t € C | t > v'}. We have used that v/ —
Max(1%, [uX 41 5 U]) depends continuously on v'. This completes the induction step
to identify v\ 41, and uX +1,+1- Note that at the end of this construction, mX €

[u 5—’-17[7 §+1,l]= thus,

Max (1Y, JY+1 )/ Max(lY, JY )

- =1.
Max (1X, )/ Max (1X, Jflfj)

n+1 l
We assumed at the induction step that n is even. For odd n, we interchange the
role of X and Y in the above process, that is, we start with an arbitrary partition
PX | for C which is contained in P;* and satisfies Equation (3)), and build P

using P ;, in the same fashion. Property (iii) guarantees that for all n > 0 and
1<i<k, Wehave‘JX|<2"|C’|and| ‘<2"|C| O

Proposition 2.5. Let X and Y be straight hairy Cantor sets based on the same
Cantor set C and let P, = Uf;l JIni, for n > 0, be a nest of Cantor partitions
shrinking to C'. Assume that whenever J,, ; C J,_1; for some integers n, i, and j,
we have

Max(lY, J..;)/ Max(l¥, Jp—1.;)
Max(lX, Jnﬂ)/ Max(lX, Jn—l,j)

1—1/2" < <1+1/2m
Then, X and 'Y are ambiently homeomorphz'cE

3Recall that two subsets of the plane are ambiently homeomorphic if there is a homeomorphism
of the plain which maps one bijectively onto the other.
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Let us denote the Euclidean ball of radius r about z € R? with D(z,7). In the
same fashion, given K C R?, let

D(K7 T‘) = UzEKD(z7 T‘).

Proof. Without loss of generality we may assume that C' C [0, 1], with 0 and 1 in C.
This may be achieved by applying a translation and then a linear rescaling. Also,
by applying two rescalings in the second coordinate in R?, we may assume that

Max (¥, [0,1]) = Max(1¥, [0,1]) = 1/2.

These changes do not alter the ratios of the maximums in the hypotheses of the
proposition.

For n > 1, we define the function 7, : R — R as follows. If t € P,, we identify
the unique integers 4 and j with ¢t € J,,; C J,,—1 5, and set
B Max(1Y, J,,.)/ Max (1Y, Jp—1.5)
N Max(lX, Jn7z)/ Max(lX, Jn_17j) ’
For t ¢ P,, we set n,(t) = 1. Clearly, 7, is constant on each closed interval of the

partition P,.
By the assumption in the proposition, for all n > 1 and all ¢t € R, we have

[ (t) = 1] < 1/2"F1,

N (t)

By an inductive argument, we aim to build homeomorphisms ¢, : R? — R?, for
n > 0, such that each ¢,(X) is a straight hairy Cantor set based on C' and its
length function 1#»(X) satisfies

(4) 19 () = Max(I”, Jp;) X (),
Max (X, Jy, ;)
whenever t € J,,; for some 4.
For n = 0, we let ¢g be the identity map on R?. Assume that for some n > 1,
©n—1 is defined and satisfies Equation (). Below we define ¢,.
Let B,, be a bump function for 1#»-1(X) associated to the Cantor partition P,.
Since 7, is constant on each interval of P,, we have

max{n,(t)Bn(t) | t € [0,1]}
= max{n, ()" X)) |t e C}

Max(1¥, J,) x 1<i<k
= g ==
e { Max (X, Jp.:) O] 125 <k

= max{Max(1", J,;) | 1 <i < k,} = 1/2.

RS Jn,i NnNC C Jn—l,j}
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In particular, for all ¢ € [0, 1],

By (t) <1/(2na(t)) < (1/2)(4/3) = 2/3.
Define H,, : R? — R? as the identity map outside of [0,1]2, and for (z,y) € [0, 1]?,
let
(,mn(2)y) if y < By (w),
Hy(2,y) = {

( 1_%@(@(1_ )) if y > By, (z).

Evidently, H,, is identity outside P, x [0,1], and also on the real slice (R,0). For
xg € P,, H, maps the line segment {xg} x [0,1] onto itself in a piecewise linear
fashion, with

Hy, ({0} % [0, By (x0)]) = {zo} X [0, (0) Bn(20)],

Hy, ({zo} x [Bn(z0),1]) = {20} X [1n(20)Bn (7o), 1].
In particular,

Hy, ({(z,y) |z €[0,1],y = Bn(2)}) ={(z,y) [z € [0,1],y = nn(2) Bn(2)}.
It follows from the continuity of B, in Lemma 23] that H,, is continuous, and hence,
a homeomorphism of the plane. We define ¢,, = Hy 0 1.

The set ¢, (X) is a straight hairy Cantor set. That is because, the homeomor-
phism H,, sends each vertical line x = zg into itself, and is the identity on the
horizontal line (R, 0).

To prove that ¢, satisfies Equation (), choose t € Jp,; C J,—1, and note that
@n = Hy 0 p,_1 implies

19 0(t) = (£)171 0 1
MaX(lY )/Max( J Lj) MaX(lY, Jn—l,j)
~ Max(IX Z)/Max( yIn—1;) Max(IX, Jp_1 )
M
M 1X(t).
Max (X, Jy, ;)
This completes the process of defining the maps ¢, for n > 0.

Next we show that the maps ¢, converge uniformly to a homeomorphism ¢ :
R? — R2. To prove this, first note that when 0 < y < B, (),

[ Hi(,y) — (2,9)] = |(m(x) = 1)y| < 1/2"F,
and when B, (z) <y <1,

| Hn(z,y) — (z,9)] = |(1 —y)(a(z) — 1)

()

Bu(x) |_ 1 2/3
1— By(z)| ~ 2+11/3

=1/2".
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These imply that
max { | (2,y) — en-1(2,y)| | (z,y) € R*}
= max {|Hp(z,y) — (z,9)| | (z,y) € R} < 1/2".

Hence, the sequence (¢,,)0%, is uniformly Cauchy. In particular, the limiting map
© exists and is continuous.
We claim that ¢ is injective. To see this, fix z € [0,1]. For any n > 1, and all y
and ' in [0, B, ()], we have
[ Ho(,y) = Ho(2,9)| = na(@)ly — o'| > (1 =27 D) (@, y) = (2,9)].
For y and 4/ in [B,(x), 1], we have

1 — nn(z)Bn(z)

| Ho(@,y) = Ho(2,y)| = —— B.2) ly—y/|
— (1 50 ) =
> <1 “ T B(o ?Té:()x)?("“v v/

> (L=2"")(z,y) = (,9)].

Finally, since H,, is a homeomorphism of {z} x [0,1], for 0 < ¢/ < Bp(z) <y <1,
we have

| Hy(2,y) = Ho(2,y)| = [Hn(2,y) — Hn(, Bn(2))| + [ Hn (2, Bp(2)) — H(z,9)|
> (1 =27")(z,y) — (z,9)].

Combining the above inequalities, we conclude that for all z, y, and 3/ in [0, 1], as
well as all n > 0, we have

‘¢n(x7y) - <Z5n(337y/)’ = ‘Hn o Hn—l ©:--+0 Hl(xay) - Hn oHn—l ©:--+0 Hl(‘ray/)’
>(1—2"")|Hy—1 00 Hy(x,y) — Hy—1 00 Hi(z,y)]

(ITezr (1 =277)) |(2,y) — (z,9/)]
(T2 1 =27%) [y =&/

We note that [[zo;(1 —27%) > 0. By virtue of the above inequality, ¢ is injective.
Every H,, (and therefore every ¢,,) sends vertical lines to vertical lines in a mono-
tone fashion, and is identity on the boundary of [0,1]?. Therefore ¢ also has this

>
>
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property. This implies that ¢ is surjective. Moreover, the convergence of ¢, to ¢

implies that for all ¢t € C, we have
1) = lim 192 (¢).

n—o0

We claim that ¢(X) =Y. To prove this, it is enough to show that I¥(X)(t) = 1Y (¢),
forall t € C. Fix t € C. For each n > 0, choose i, with t € J,, ;,. By Lemma [2.2]

X(t) = lim Max(1X, Jni.), 1¥(t) = lim Max (1Y, Jpi,.)-
Therefore, if X (t) # 0, using Equation (@), we obtain

- ([ Max(1Y, Jns,) 1Y (t)
P(X) () — on(X) () — Max(T, Jniin) 1x ) = X =Y
T =g O = (MaX(lX,Jnvin) l (t)> O ) =10

On the other hand, from the hypothesis, and using log(1 + z) < z for = > 0, we
note that for all m > 1, we have

Max(1Y, i) g Max(lY, Jn,) Max (I, Jn_14, ;)
Max(IX, Jmi,,) L Max (1Y, Jp—1,4, ) Max(IX, Jp,.4,)

<TIm (1417274 < el/2,
Similarly, using log(1 — z) > —2z for x € (O 1/4), we obtain

Max(I",
m 'lm > -1 2n+1 —1 .
Max (1%, Jm.i) /

Thus, [X(¢) = 0 if and only if I¥ (t) = 0. However, since ¢ is a homeomorphism,
1X(t) = 0 if and only if 1*(X)(¢) = 0. O

Proof of Theorem[1.2. First we note that it is enough to show that any two straight
hairy Cantor sets based on the same Cantor set C' C R are ambiently homeomorphic.
That is because, for any two Cantor sets C' and C’ in R, there is a homeomorphism
¢ : R — R with ¢(C) = C’. The map ¢ may be extended to a homeomorphism of
R? through o(z,y) = (¢(x),y). Given a straight hairy Cantor set X based on C’,
¢~ 1(X) is a straight hairy Cantor set based on C.

Now consider two straight hairy Cantor sets X and Y based on the same Cantor
set C' C R and with length functions X and [, respectively. By Proposition 2.4]
there are nests of Cantor partitions PX = Uf;l[uﬁi,v;ﬁl] and PY = U™ [u y i Un ]
shrinking to C', which enjoy the three properties in that proposition. In partlcular
by properties (i) and (ii) in that proposition, there is a homeomorphism 9 : R — R
such that for allm > 0 and all 1 <i < k,,

X Y X Y
w(un,z) = un,i? w(vn,i) = Un,i‘
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Evidently, 1) maps C onto C. We extend 1 to a homeomorphism of R? through

Y(z,y) = (Y(2), ).

It follows that 1 ~!(Y) is a straight hairy Cantor set based on C. Moreover, by
part (iii) of Proposition 24} the straight hairy Cantor sets X and ¢~ (Y, as well
as the nest of Cantor partitions (P.X),>o satisfy the hypothesis of Proposition

Therefore, we obtain a homeomorphism of R? which maps X to ¢~1(Y). This
completes the proof. O

Remark 1. It is possible to give an alternative proof of Theorem using a result
in [AO93]. One may collapse the bounded intervals (and the vertical lines above
them) in the complement of the base Cantor set, so that the straight hairy Cantor
set becomes a “hairy arc”, as defined in that paper. It is proved in [AO93] that any
two straight hairy arcs are ambiently homeomorphic (with a homeomorphism which
maps vertical lines to vertical lines, and preserves the real line containing the base
Cantor set). One can show that the resulting homeomorphism can be lifted to an
ambient homeomorphism of the straight hairy Cantor sets. However, that approach
for hairy arcs cannot be used for arbitrary hairy Cantor sets in the plane, due to
the technical issue we discuss in Section @l

In the following two propositions we look at some topological properties of straight
hairy Cantor sets, which will be used in the proofs of Theorems [[.3] and [[.4l

Proposition 2.6. Let C' C R be a Cantor set, and let | : C — [0,00) be a function
such that the set

Z={(z,y) eR* |z € C,0 <y <i(x)}
satisfies the following properties:
(i) Z is compact;
(i) {(z,l(z)) |z € C,l(x) # 0} is dense in Z.

Then, Z is homeomorphic to a straight hairy Cantor set.

A set Z which satisfies the conditions in the above proposition may not be ambi-
ently homeomorphic to a straight hairy Cantor set. For instance, if X is a straight
hairy Cantor set based on C, and ¢ € C' is a point where [(c) # 0, then the set of
components of X which meet [inf C,c| satisfies the properties in the above propo-
sition, but that set is not (ambiently homeomorphic to) a straight hairy Cantor
set.

Proof. We aim to modify Z, by successively applying homeomorphisms H,, : CxR —
C x R close to the identity, so that in the limit we obtain a straight hairy Cantor
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set. That is, we build a chain of homeomorphisms as in

Ho H1 HQ H3 Hy 1 Hy Hn+1 Hn+2

A Zn—l Zn Zn+1

Zy A Zy

Each H, is a piecewise translation, shuffling the arcs in Z,_1 so that any bump
function of Z, has jump discontinuities of sizes at most 1/n. We present the details
below.

Since all Cantor sets in the real line are homeomorphic, without loss of generality,
we may assume that C' is the middle-third Cantor set. Let Py = [0, 1], and for n > 1,
recursively defindd

P,=P,1/3U(2/3+ P,_1/3).
Then, (P,)22, is a shrinking sequence of Cantor partitions for C. For n > 0, let
P, = U?Zl I, ;, where each I, ; is a connected component of F,,. We may label the
subscripts so that sup I,,; < inf I, j, whenever 1 <17 < j < 2". For p > ¢ > 0, and
1 <5 <29 consider the set

K(piq,j) ={1<i<2P|I,; Cly;} ={i e N|2P79(j — 1) + 1 <4 < 2P 95}
We divide the proof into three steps.

Step 1. There are a sequence of integers mg = 0 < m; < mg < mg < ...,
homeomorphisms H,, : C' x R — C x R, and functions [,, : C' — [0,00), for n > 0,
such that for all m» > 1, and all 1 < j < 2™»-! we have

. Hn(Imnq,j ne) = Im,1,; NG5
(ii) for all x € C, lg(z) = I(z), and I, (x) = l,,_1 o H, *(z);
(iii) for every k € {min K (my,;my_1,J), max K (my;m,_1,7)},
Max (I, I, k) < 1/n;
(iv) for all 7 satisfying min K (my,; my—1,7) < i < max K (m,;my,_1,7), we have
‘ Max(ln, [mmi) — Max(ln, Imn,i—I—l)’ < 1/77,.
Let mg = 0, Hy be the identity map, and [y = [. Fix an arbitrary n > 1. Assume

that m;, H;, and [; are define for all i < n —1, and we aim to define m,,, H,, and [,,.
Consider the set

Zn1={(z,y) eR?* |2 € C,0 <y <lh1(2)}.

It follows that H,,_10H,,_s0---0Hg is a homeomorphism from Z onto Z,,_1. Since Z
is compact, Z,_1 must be compact. This implies that [,,_1 is upper semi-continuous.

4Given ACR and k € R, we define A+ k ={a+k|ae A} and kA = {ka | a € A}.



18 DAVOUD CHERAGHI AND MOHAMMAD PEDRAMFAR

By virtue of the homeomorphism H,_q o --- o Hy from Z onto Z,_1, and the
hypothesis of the proposition, the set {(z,l,,—1(z)) | z € C,l,,—1(x) # 0} is dense in
Zn-1. Therefore, for every j with 1 < j < 2"n~1 thereis a finite set A; C I, _, ;NC,
such that

(5) D(ln-1(A;),1/(5n)) 2 [0, Max(lp—1, Im,_, 5)]-
By Lemma 22} for every z € A; we have
ln—1(z) = lim Max(ly,—1, Im,i)-

m—00,EILm ;

Therefore, we may find an integer m,, > m,,_1 such that for all j with 1 < j < 2™n-1,
we have

(©) U D(Max(ln—_1, Im, i), 1/(4n)) 2 D(l,—1(A;), 1/(5n)).
’iEK(mn?mnflvj)
We define H,, on each I,,, , ;N C, for 1 <j <2"n-1 so that it induces a homeo-

morphism of I, , ;N C. Fix such an integer j. By virtue of Equations (Bl and (@),
there is a permutation

o K(mp;mp—1,j) = K(mp;mp_1,7)
such that

e for k € {min K (m,;my_1,7), max K (m,;m,—1,7)}, we have
MaX(ln_l,ImmJj(k)) < 1/71,

e for all integers i satisfying min K (m,;m,—1,7) < i < max K(my;mp—1,7),
we have

| Max(ln—b Imn,aj (z)) - Max(ln—lv Imn,aj(i+l))| < 1/”

To identify such o, one may first list the numbers Max(l,—1, Im,, s), for i € K(mp;mpn_1,75),
in an increasing fashion, then discard those numbers in the even places from the list,
and finally re-list the discarded numbers in a decreasing fashion at the end.
Once we have o;, there is a unique homeomorphism H,, such that for all 7 in
K(mm mn—lyj)
Hn([mn,i N C) =1

m7l,<7;1(i) NC,
and each H,, is a translation by a constant on each of I,,, ; N C.

Carrying out the above process for all 1 < j < 2™n-1we obtain a homeomorphism
H,,. Then, we define

In(x) = l,_1(H, (), VzeC.

n

This completes the proof of Step 1.
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Consider the homeomorphisms ¢, : C' x R — C' x R, defined according to
¢o = Ho, ¢1=HioHy, ¢n=HpoHy10---0Hy, Vn2>2.

Step 2. The sequence ¢,,, for n > 0, uniformly converges to a homeomorphism
p:CxR—CxR.

By property (i) in Step 1, for all n > 1 and all x € C, we have
|H,(2) — x| < max{diam (I,,,,, , ;) |1 <j <21} =37 M1,
Hence,
H¢n - ¢n—1||oo = HHn —1Id Hoo < 3Tt

Therefore, ¢,, forms a Cauchy sequence, and converges to a continuous map ¢ :
CxR—=CxR.

To prove that ¢ : C x R — C x R is surjective, note that ¢(C) C C is compact.
Therefore, if there is z in C'\ ¢(C), then there is € > 0 such that

D(z,e)nC C C\ ¢(C).

Choose n > 0 so that ||¢, — ¢||cc < €. Then, we have ¢(¢,1(2)) € Dc(z), which is a
contradiction.

To prove that ¢ is injective, fix arbitrary points x # y in C'. There are n > 0 and
1 <i <4 <2™ suchthat x € I, ;and y € I, . By the above construction, there
are distinct integers j and j' in [1,2™"] such that ¢, (x) € Ly, ;j and ¢n(y) € I, ;-
On the other hand, for all n’ > n, we have

Hn/(Ian’ NnC) = M, [ C, Hn’(Imn,j’ NnC) = I, ;' N C.
Therefore, ¢p(x) = -+ 0 Hyqpo 0 Hpyq 0 ¢p(x) € Iy, ; and similarly ¢(y) € I, j+. In
particular, ¢(z) # ¢(y).
Step 3. The set ¢(Z) is a straight hairy Cantor set.
Consider the function I, =10 ¢~!: C — [0,00), and the set
Ze={(z,y) eR* |z € C,0 <y < L(x)}.

By Step 2, ¢ : Z — Z, is a homeomorphism.
We claim that for all n > 0 and 1 < j < 2™ we have

Max(l*, Immj) = Ma‘x(l"’ Im"vj)'

Recall that [,, = [ o ¢, 1. To prove the above property, it is sufficient to show that
¢ (I, ;N C) = ¢y (I, ;N C), or equivalently, I, ; NC = ¢ o ¢t (L, ;N C).
However, by property (i) in Step 1, for all n’ > n, H,/(I,, ;NC) = I,, ;N C. Using
¢o qﬁ;l =-.--0Hpi20 Hyyq, we conclude that ¢ o gb;l preserves I,,, i NC.
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Since ¢ : Z — Z, is a homeomorphism, the set {z € C' | l.(x) # 0} is dense in C.
This implies property (i) in Definition [T}

Let z be an end point of C'. There are p > 0 and 1 < j, < 2™» such that z €
Ol j,- Then, forall ¢ > p, z € I, ;, with j, € {min K (mg; mg—_1, jg—1), max K (mg;mg_1,jg—1)}
By property (iii) in Step 1, we have

Max(ls, I, j,) < 1/q.
Then, by Lemma we have [,(2) = limg_0o Max(l4, I;m,,j,) = 0. This completes
the proof of property (ii) in Definition [[.T1

Fix an arbitrary z € C with [.(z) > 0, and let ¢ > 0 be arbitrary. Assume that
(Jn)n>0 are the sequence of integers with z € I, j,, for all n > 0. Using Lemma 2.2]
there exists n > max(2/e,1/1,(2)) such that 37™»-1 < ¢, and

| Max(ly, I, j,) — l«(2)] < €/2.
On the other hand, since Max(Ly, I, j,.) > l«(2) > 1/n,
Jn ¢ {min K (my,; mp—1, jn—1), max K (my; my—1, jn—1)}-
Therefore,

Ty =1 Y D i1 © iy s
and by property (iv) in Step 1,
| Max(ls, I, jn—1) — Max(ly, I, i, )| < 1/n,
| Max(ly, I, j,) — Max(l, I, j.+1)| < 1/n.
Let « be a point in Ip,, j,—1 N C with l,(o) = Max(l, Iy, j,—1). Then, a < z,
la — z| < diam (I, , j, ) =371 <,
and
L (2) =l ()| = [lu(2)—Max(ly, I, j, )+ Max(ly, Im,, j,)—Max(ly, I, j.—1)| < €/2+1/n <e.
Similarly, we may find 8 € C' such that
B>z |B—2z<e |L(B)—1L(Z)<e
This completes the proof of property (iii) in Definition [T O
Proposition 2.7. Let C C R be a Cantor set, | : C — [0,4+00), and
X={(z,y) eR? |z C,0<y<I(z)}
Then, X is a straight hairy Cantor set if and only if the following properties hold:
(i) X is compact;
(ii) the set {x € C' | l(x) # 0} is dense in C;
(iii) any point in {(z,y) € X | x € C,0 <y < I(x)} is not accessible from R\ X.
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Proof. Assume that X is a straight hairy Cantor set. By the uniqueness of the
length function of X, (%, we must have X = [. Thus, properties (i), (ii), and (iii)
in the proposition hold.

Assume that X satisfies the three properties in the proposition. We get property
(i) in Definition [I.1] for free. To see property (ii) in Definition [T let = € C' be an
end point. If I(z) # 0, any (x,y) € X with 0 < y < [(x) will be accessible from
R2\ X. This contradiction with property (iii) in the proposition shows that we must
have [(x) = 0.

Now assume that x € C is not an end point. Define

It(x) = limsup I(t), [~ (x)= limsup I(t).
t—zt teC t—ax—,teC

By the compactness of X, [T (z) and [~ () are finite values. Moreover, we must have
[(z) > 1" (z) and I(x) > I (x). If [(z) > I*(z), then any (z,y) € X with [(z) >y >
[ (z) will be accessible from the right hand side. Similarly, if [(z) > [~ (z), then any
(x,y) € X with l[(x) >y > I~ (z) will be accessible from the left hand side. These
contradict property (iii) in the proposition, so we must have I(z) = [t (z) = [ ().
Thus, we also have property (iii) in Definition [L.1] O

We present the following corollary for the future reference purposes.
Corollary 2.8. Assume that
X={(z,y) eR? |z C,0<y<I(2)}

is a straight hairy Cantor set, where C' C R is a Cantor set, and | : C — [0, +00) is
the length function of X. Then, we have

(i) {l(z) | = € C} = [0, sup,ec U(2));
(i) {(z,l(z)) | z € C} is dense in X.

Proof. Ttem (i) immediately follows from the continuity of the bump functions.

To prove item (ii), let (x,y) be an arbitrary point in X, and fix an arbitrary ¢ > 0.
There are §; and dz in (0, €) such that (x — d1,2 4 d2) N C is a Cantor set in R. Let
D = (z — 01,2 + 62) N C. From Definition [[.T| one may see that the set

{(z,y) eR* |z € D,0 <y < I(2)},

is a straight hairy Cantor set. As (z,y) belongs to the above set, y < sup;cp [(t).
Applying item (i) to the above straight hairy Cantor set, we conclude that there is
2’ € D with |l(2') — y| < e. Therefore,

[(z,y) — (@', 1(2")| < |z — 2| + |y — I(2")] < 2e. O
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3. HEIGHT FUNCTIONS

In this section we use a general theory of Whitney maps to build a notion of
length for the components of X. To that end, we only use axioms Al to A4. Within
Section [Bl unless otherwise stated, X is a compact metric space which satisfies
axioms Al to A4. The unique minimal Cantor set B C X which contains all point
components of X is called the base of X. We shall often say that X is based on
the Cantor set B.

Any arc [l component vy of X has two distinct end points, one of which belongs
to B. For any such component 7, the end point which belongs to B is called the
base of 7. The other end point of v, which does not belong to B, is called the peak
of v. Abusing the notation, if ¢ is a point component of X, ¢ is both called the
base of ¢ and the peak of ¢. For z € X, the base of z is defined as the base of the
component of X containing z, and similarly, the peak of x is defined as the peak of
that component. We may define the base map and the peak map

b: X —>B, p:X—X,

where b(z) is the base of x and p(x) is the peak of x.

Let us say that x € X is a base point, if b(x) = x, and say that z € X is a peak
point if p(x) = x. Since b is the identity map on B, any element of B is a base
point. On the other hand, if z is a point component of X, then x is a peak point
of X. Axioms A3 and A4 imply that b is continuous on X. However, p is far from
continuous.

The base points of X and the peak points of X are defined solely using the
topology of X. It follows that any homeomorphism of a hairy Cantor set must send
base points to base points, and peak points to peak points.

A function h : X — [0,+00) is called a height function on X, if the following
properties hold:

(H1) h is continuous on X,

(H2) B = h~%(0)

(H3) h is injective on any connected component of X.
For instance, if X is a straight hairy Cantor set, h(z,y) = y is a height function on
X. To prove the existence of a height function on X in general, we employ a theory
of Whitney maps, which we briefly explain below.

Assume that K is a compact metric space, and let CL(K) denote the set of
all non-empty closed subsets of K. The space CL(K) may be equipped with the
Hausdorff topology induced from the Hausdorff metric. That is, given non-empty

5A Jordan arc, or simply an arc, in R? is the image of a continuous and injective map - : [0,1] —
R?. The end points of this Jordan arc are v(0) and ~(1).
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closed sets K1 and K> in K, the Hausdorff distance between K7 and K5 is defined
as the infimum of all ¢ > 0 such that € neighbourhood of K7 contains K5 and e
neighbourhood of K5 contains K.
A function p : CL(K) — [0, 400) is called a Whitney map for K, if
(W1) p is continuous on CL(K);
(W2) pu({x}) =0 for every z € K;
(W3) for every K; and K3 in CL(K) with Ky C Ko, we have pu(K7) < p(Ka).

In [Whi33], Whitney proves the existence of maps pu satisfying the above proper-
ties. The existence of a Whitney map for a compact subset of an Euclidean space
is a classical result in topology. One may refer to the general reference [Nad92,
Exercise 4.33], or the extensive monograph on the hyperspaces [IN99].

Given z and y in the same arc component v of X, we use the notation

[z, Y]

to denote the unique arc in v connecting x to y. In particular, {z,y} C [z, y].

Proposition 3.1. If X is a compact metric space which satisfies axioms Al to A4,
there is a height function on X.

Proof. Let u be a Whitney map for X, that is, u : CL(X) — [0, +00) enjoys W1-W3.
Consider the function h : X — [0, 4+00), defined as

h(z) = p([b(x), z]).
To see H1, let x; — x within X. By axiom A4, [b(x;), z;] — [b(x), x|, in the Hausdorff
topology. Thus, by the continuity of u on CL(X), we conclude that h(x;) — h(x).
Property W3 implies H3. Properties W2 and W3 together imply H2, that is,

h10)={z e X |bx) =2z} =B. O

Proof of Theorem [1.3. Fix a compact metric space X which satisfies axioms Al to
A4, and A6’. Let B denote the base Cantor set of X, and b : X — B its base map.
By Proposition ] there is a height function h : X — [0, c0).

Let C' C R be a Cantor set, and let g : B — C be an arbitrary homeomorphism.
Define the map ® : X — C x [0,00) as

O(z) = (9(b(x)), h(x)).
The map ® is injective. That is because, if g(b(z1)) = g(b(x2)) and h(x1) = h(x2),
for some 1 and xo in X, then x; and x5 belong to the same connected component
of X, and we have [z1,b(x1)] = [z2,b(x2)]. This implies that z1 = x5.
The map ® is continuous and injective on a compact set. Therefore, it is a
homeomorphism onto its image. We claim that ®(X) is homeomorphic to a straight
hairy Cantor set. To show that, we apply Proposition to the set Z = ¢(X).
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Consider the function [ : C' — [0, 00) defined according to
O(X) ={(z,y) |z € C,0 <y <l(x)}.

As ® is a homeomorphism, and X is compact, ®(X) must be compact.
Define the sets

Ey={(z,0) |z € C,l(x) #0}, E,={(z,l(z))|zeCl(x)+#0}.
By axiom A6’, E, U E, is dense in ®(X). For any € > 0,
Eyn{(z,y) |z €Ce<y<I(z)} =0,
which implies that
Ep 2{(z,y) |z € Ce <y <l(x)}.

Therefore,

B, 2 {@,y) |v € Cre<y<i(@)} ={(y) |v€C0<y<i@)}
e>0

which implies that
E, 2{(z,y) |2 € C,0 <y <li(x),l(x) # 0} 2 Ey.
Therefore, E), is dense in X. O

4. BASE CURVES

Unless otherwise stated, in Section Ml we assume that X is a compact subset of
R? which satisfies axioms Al to A4.

We say that a Jordan curve w C R? is a base curve for X, if X Nw = B, and
the bounded connected component of R? \ w does not intersect X. In particular, all
arcs of X lie on the same side of w. A main ingredient of the proof of Theorem [T.4]
is the existence of a base curve for X. To identify such a curve, the main technical
issue is to find a Jordan curve w which satisfies X Nw = B. Having all arcs on the
same side can be achieved by carefully modifying such w. We present an approach
which simultaneously takes care of both properties. This section is devoted to the
proof of the following statement.

Proposition 4.1. Any compact set in R?, which satisfies axioms Al to A4, has a
base curve.

To build a base curve for X, we first build an infinite tree in R? \ X such that
the vertices of the tree accumulate on B. Then we turn such an infinite tree into a
base curve for X by slightly thickening the edges of the tree. See Figure Bl Let us
formally present such trees.
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We say that T is an ideal tree for X, if
T = UnZQTn

where for every n > 0, T, ¢ R?\ X is a (finite) tree, such that the following
properties hold:

(T1) There are pairwise disjoint finite sets V,,, for n > 0, such that for every
m > 0, the set of vertices of T}, is equal to U]_,V;,. Moreover, Ty = V)
consists of a single point.

(T2) for every m > 1, Ty, 41 is obtained from T, by adding a collection of edges
joining elements of V,,, to elements of V4.

(T3) for every m > 0 and every z € V,,,, there is an edge of T},,+1 joining z to a
point in V1.

(T4) the maximum of the diameters of the edges in T),,1+1 \ Tp,, tends to 0, as
m — 0.

(T5) the set of accumulation points of U, >0V}, is equal to B.

It follows that every ideal tree is a connected subset of the plane, and for every
x € B there is an infinite branch of the tree which grows towards .

X .l“lu. du |||||..|l.

Vo

FIGURE 2. The figure on the left [llustrates an ideal tree for X, and
the figure on the right illustrates the thickening of a tree into a Jordan
curve.

Proposition 4.2. Every compact set in R?, which satisfies azioms Al to A4, has
an ideal tree.

Roughly speaking, our strategy for building an ideal tree for X is to form a
suitable nest U, of open sets shrinking to B, where the vertices V,, of the ideal tree
lie on OU,, and the edges of T, 11 \ T;, lie in U, \ Up+1. See Figure Bl Below we
introduce the basic objects for this approach.

Recall that a curve v : [0,1) — R? lands at 2z € R?, if lim;_,; y(t) exists and is
equal to z. A point z € R? is called accessible from Q C R?, if there is a curve
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7 :[0,1) — Q which lands at z. By a topological disk in R? we mean a connected
and simply connected open subset of R2.

An open set U C R? is called a nice partition for B, if the following properties
hold:

(P1) U consists of a finite number of pairwise disjoint topological disks, and B C
U;

(P2) for allz € X NU, [b(z),z] C U;

(P3) for all x € OU \ X, x is accessible from both of U \ X and Ri\ U;_

(P4) if Uy and Us are distinct connected components of U, then Uy N Us = ().

If X is a straight hairy Cantor set, one may consider a finite union of squares
with horizontal and vertical sides to form a nice partition for B. Ideally, one may
wish to consider nice partitions consisting of Jordan domains. However, due to
technical reasons which will be clear in a moment, it is convenient to work with
nice partitions consisting of topological disks. Because of this, we have imposed
P3, which guarantees that each point on the boundary of U \ X is accessible from
both sides (a property that is always true for Jordan domains). Indeed, the only
remarkable property in the above list is P2, which requires that arcs of X may not
leave and return back to U.

Let U be a nice partition for B. By a marking for U, we mean a set

My C oU \ X
such that for every connected component U’ of U, My N OU’ is a single point. Let
My = My NOU’.

Note that by property P3 of nice partitions, the point 9y is accessible from both
sets U’ \ X and R?\ U’. We refer to the pair (U, ) as a marked nice partition
for B.

Let (U,My) and (V,9My) be marked nice partitions for B with V' C U. Let V'
be a component of V', which is contained in a component U’ of U. We say that V'
is reachable in (U, M), if there is a curve

v:(0,1) = U\ (VUX)

such that
tlgl(l) v(t) € My, and %Eﬂ () € My,

Given marked nice partitions (V,90y) and (U, My) with V' C U, we say that (V, 9y)
is reachable in (U, M), if every component of V' is reachable in (U, My).

To construct an ideal tree, we shall first build a nest of marked nice partitions
shrinking to B, so that each marked nice partition is reachable in the previous
marked nice partition. The mark points will become the vertices of the ideal tree.
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The curves in the definition of reachable will become the edges of the ideal tree,
after a minor modification to make them pair-wise disjoint. See Figure [3l

e YA

FIGURE 3. A nest of nice partitions, the markings, and the three T5.

We present the process of building a nest of marked nice partitions in a number
of technical lemmas. It is not even immediately obvious that a non-trivial nice
partition for B exists. Let us first show that once we have properties P1 to P3 of
nice partitions, property P4 can be achieved by slightly shrinking the components.

Lemma 4.3. Assume that U is an open set which satisfies properties P1 to P38 in
the definition of mice partitions for B, and let U;, for 1 < i < n, be the connected
components of U. There are topological disks V; C U;, for 1 < i < n, such that
Ui<i<n Vi 18 a nice partition for B.

Proof. If n = 1, we let V; = Uy, and there is nothing to prove. Below we assume
that n > 2. Let J ={1,2,...,n}. We claim that for distinct 7 and j in J,

(XNU;)N(XNU;) =0.

To prove this, it is enough to show that for every i € J, if x € X N U; then b(x) € U;.
Fix an arbitrary x € X N U;. There is a sequence (x;);>1 in X NU; which converges
to x. By P2, b(z;) € U;, and hence b(x) = lim;_,o, b(z;) € U;. Since BN oU; = 0,
we must have b(z) € Uj.

The above property allows us to slightly move 0U; inside U;, in places away from
X, so that property P4 holds as well. We shall do this is two steps, first shrink
each component U; to some W;, and then shrink each W; to some V;, so that the
conclusion in the lemma holds.

Step 1. For i € J, if for all j # i we have OU;N (X N U;) = 0, then we let W; = U;.
If for some ¢ € J there is j € J with OU; N (X NU;) # 0, we shrink U; to W; so that
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for all j # i in J we have

oW; N (X N Uj) = 0.
To do that, first note that X N U; and Uje y\ (13 (X NU;) N OU; are compact, and by
the above paragraph, are disjoint. Let P, be a finite union of Jordan domains such
that P; contains Uje i1 (X NU;) N OU;, but P; does not meet X NU;. We may
choose P; (for example, a finite union of cross-cut domains) such that the set

W, =U;\ P,
is a topological disk. Using OW; C U; and W; C U;, we have
oW;N(XNT;) CUNXNTy) = (U;N(XNT;)u(U:N(XNT;)) € KUl =P,
and since P; is an open set, we have
OW;N(XNU;) COW; NP, =0.

Moreover, we note that since for all i € J, BN(X NU;) = ), we have W;NX = U;NX.
We repeat the above process for all ¢ € J and obtain the topological disks W; C U;.
With these modifications, for distinct ¢ and j in J, we have

GWiﬂ(XﬂWj)g(‘)Wiﬂ(XﬂUj):@.

Step 2. Fix an arbitrary ¢ € J. If 0W; does not meet OW; for all j # i, we
let V; = W;. If there is j # i such that OW; N OW; # ), we further modify W;
as follows. By the above paragraph, the sets OW,; N (UjeJ\{i}8Wj) and X NW; are
disjoint. Then, there is a finite union @); of Jordan domains such that @Q; contains
OW; N (Ujen (1y0W;) and Q; does not meet X N'W;. We may choose the set @Q; (for
example, a finite union of cross-cut domains in W;) such that in addition,

Vi=W;\ Qi

is connected and simply connected. Repeating the above process for all i € J we
obtain the desired topological disks V;.

By construction, V,ﬂvj = (), for distinct 4 and j. Moreover, since Q; (X N W;) =
(), we must have V; N X = W; N X = U; N X. This implies that B C U;c;V; and
P2 holds. As U;cjU; satisfies P3, and each of P, and Q; is a finite union of Jordan
domains, U;c jV; also satisfies property P3. O

Lemma 4.4. For any € > 0, there is a nice partition for B which is contained in
the € neighbourhood of B.

Proof. Fix an arbitrary € > 0. Let U be a finite union of Jordan domains such that
B C U, U is contained in € neighbourhood of B, and the closures of the connected
components of U are pairwise disjoint. Below, we modify U so that it becomes a
nice partition for B.
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By Proposition B.1] there is a height function h : X — [0,400). Since U is open,
B C U, and h=1(0) = B, there is t > 0 such that h='([0,#)) C U. Let us define

X' ={z € X | h(zx) >t}
This is a closed set in R2 with X’ N B = (). Define
V=U\X.

There are several possibilities for the components of X’. Each component of X’ may
be either completely contained in U, completely contained outside U, leave U and
never return back to U, or leave U and rerun back to U. The set V' may not be
simply connected, for instance, due to removing the components of X’ which are
contained in U. We can add those holes back into V. That is, let () denote the union
of V and the bounded components of R? \ V. Then, every component of @ is full,
and hence is simply connected. The set ) is the smallest open set which contains V'
and its components are simply connected. Since V' C U and every component of U
is simply connected, @) is contained in U. As we only need the nice partition to cover
B, let W denote the components of () which meet B. Because B is compact, W has
a finite number of connected components. These show that W satisfies property P1.

Fix an arbitrary z € X N W. Then, either z € XNV or x € X N (W \ V). First
assume that x € X NV. Then h(z) < t, and hence [b(z),z] C h=1([0,t)) CU\ X' =
V. In particular, since [x,b(z)] is connected and meets B, [z,b(x)] is contained in
W. Now assume that x € X N (W \ V). We have = ¢ V, b(z) € V, and for every
y € [z,b(z)] NV, [y,b(x)] C V. This implies that there is z € [z,b(x)] such that
[z,b(z)] NV = [z,b(z)] \ {z}. Now, [z,z] NV =0, and since € W, the connected
set [z, 2] must be contained in a bounded component of R?\ V. Thus,

[z, b(2)] = [z, 2] U ([z,b(z)] \ {z}) ¢ W
This shows that W satisfies property P2.
Because X has no interior points, we have U\ X = U. Then, using U \ X C
V C Q C U, we conclude that U\ X = Q = U. Also, since U \ Q C X, we have
(R2\ Q) \ X = (R?\ U) \ X. Combining these we obtain

0\ X =(@NER\QN\X =Q@N(R*\Q\X)=UN(R*\U)\ X) =9U\ X.
Because, OU is a finite union of Jordan domains, every point in OU \ X is accessible
from both U\ X and R?\ U. By the above equation, 0Q\ X = dU \ X, we conclude
that every point in dQ \ X is accessible from both Q \ X and R?\ Q. In particular,
every point on W \ X is accessible from both W \ X and R?\ W.

Above, we have shown that W satisfies properties P1 to P3 for the nice partitions.
If necessary, we may employ Lemma [£.3] to obtain a nice partition for B which is
contained in W. O
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Lemma 4.5. If U is a nice partition for B, and U’ is a connected component of U,
then U\ X is path-connected.

Proof. By the properties of the nice partitions, B’ = BN U’ is a Cantor set. Let
X' = b~1(B’), that is, the set of all components of X which meet U’. We have
U'\ X =U"\ X’ and, since b is continuous, X’ is compact.

Because U’ \ X' is open, in order to show that U’ \ X’ is path connected, it is
enough to show that U’ \ X' is connected. To prove that U’ \ X’ is connected, we
use a criterion of Borsuk [ES52, Chapter XI, Theorem 3.7]. That is, for a closed set
Y in the Riemann sphere C, the set C \ 'Y is connected if and only if any continuous
map from Y to the circle

St={zeC;|z| =1}

is null-homotopic. Here, we identify R? with the complex plane C, so C is the one
point compactification of R?. Note that
C\(U'\X")=(C\U)UX'

Thus, it is enough to show that any continuous map

g: (C\UHYUX" —s!
is null homotopic. Equivalently, we need to show that any such map g can be lifted to
a continuous map § : (C\U)UX' — R, that is, e9(®) = g(a) for all @ in (C\U")UX".
Because U’ is connected, by Borsuk’s criterion, g : C \ U’ — S! is null homotopic.
This implies that ¢ can be lifted to a continuous map § : (C\ U’) — R. We need to
extend § onto X’ NU’. On the components of X’ which exit U’, there is a unique
choice for extending g. That is because by property P2 of nice partitions, any such
component, once it exits U’, it stays outside U’ where ¢ is defined. There may be
many other components of X’ which are in U’ and accumulate on the components
which exit U’. We need to extend § on X’ in a consistent fashion. The main idea is
to decompose X’ into a finite number of disjoint “thin clusters of hairs” so that we
can extend § on each such cluster by treating it as a single arc.

Let dx denote the spherical distance on C. Because g is continuous on the compact
set X', there is 4; > 0 such that for every a and b in X’ with de(a,b) < 41, the arc
length between g(a) and ¢(b) is at most 7 /2.

Let B"” C B’ be the set of points z € B’ such that b=1(z) € U’. The set B” might
be empty, in which case some of the arguments below can be skipped. We note that
since X’ and C\ U’ are compact, and b : X’ — B’ is continuous, B” is (closed and
hence) compact.

There is a unique extension of the map § : C\ U’ — R onto B”. That is because,
for every z € B”, b71(2) is an arc and § is already defined at one end of b=1(2).
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Thus, we may extend § on all of b~!(2) in a continuous fashion. In particular, this
defines g on 2. In the next few paragraphs we show that g : B” — R is continuous.
By Proposition 311 there is a heigh function h : X — [0,1]. Consider a closed set
E C B'. There is a component vz of b~!(E) such that the maximum of h on b=!(E)
is realised at the peak point of yg. There is a projection map 7g : b~1(E) — g
defined according to h(z) = h(rg(z)) for all x € b~!(E). By the properties of the
height functions, 7 is a continuous map, which is identity on the component vg.
There are a finite number of disjoint closed sets Bg’ , for 1 < i < n, such that
B" = Up_ B} and for every 1 < i < n the projection map mpr : b~ (B}) — vp»
is 81 /2-close to the identity map on b~1(B/). That is because otherwise, one can
identify a nest of closed sets E; C B” shrinking to a single point e, and a sequence
of points x; € b™(E;) so that da(mg, (z;), ;) > 61/2. Without loss of generality,
we may assume that x; converges to some z € X', and 7g,(x;) converges to some
y € X'. We must have da(z,y) > 01/2 and h(z) = h(y). As z; and 7g, (z;) belong to
b~1(E;) and E; shrink to e, by Axiom A4, we must have b(y) = b(z) = e. However,
by the injectivity of h on each component of X, we cannot have h(y) = h(x) and
To show that ¢ : B” — R is continuous, let z; — z in B”. Without loss of
generality, we may assume that all of z; and z belong to Bf. For each i, there is
yi € b71(2) \ U'. Tt is enough to show that for every subsequence of (2;);>1, say
(ziy )k>1, there is a subsequence of (z;, )r>1 on which § converges to §(z). Fix an
arbitrary subsequence of z;, say z; for simplicity. Since ® \ U’ is compact, there
is a subsequence of y;, say (y;,)r>1, which converges to some y € C \ U’. By the
continuity of the base map b, b(y) = z. By the continuity of g on ® \ U’, there is
N such that for all & > Ny, [§(vyi,) — §(y)| < 7/2. By the choice of B/, there is
a map of the form 771511, ompy from [y, b(y;,)] to [y,b(y)] if h(y) > h(yi,), or from

[y,b(y)] to [vi,,b(yi, )] if h(yi,) > h(y), which is §;-close to the identity map. By the
choice of 41, this implies that one can lift g along [y;, , b(y;, )] and [y, b(y)] using the
same choices of the inverse branches of the projection. In particular, [§(z;, ) — §(2)|
is equal to the arc length from g(z;, ) to g(z), which tends to 0 as k — oc.

Since B” U (C \ U’) is compact, there is 8y > 0 such that for every a and b in
B" U (C\ U’) with de(a,b) < 02, [g(a) — g(b)| < 7/2. Let 6 = min{dy,da}.

There are a finite number of disjoint closed sets BZ{, for 1 < ¢ < m, such that
B’ = U™, B} and for every 1 < i < m the projection map T b 1(B)) — VB is
§/2-close to the identity map on b—1(BY).

It follows that for each i = 1,2,...,m, the diameter of B/ is less than 6. This
implies that for each i, g(B}) is contained in a single arc of length at most 7/2 on
St. Also, if B/N B” # ), §(B!) is contained in an interval of length at most /2.
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These show that there is a continuous lift of g on each B/ which agrees with g. That
is, one can use a single continuous inverse branch of the projection to define § on
each Bj.

Now that ¢ is defined on B’, and we know that every connected component of
b=1(B’) = X' is an arc, we may extend § on each component of X’. If a connected
component b~!(z) of X’ exits U’, by the above construction, the map § on b~!(2)
agrees with ¢ on C \ U’, where they meet. And if a component does not exit U’,
there is no obstruction to the choice of the lift.

We need to show that § : (C\ U’) U X’ — R is continuous. We already know that
g is continuous on C \U’. So, let y; — y in X’. Without loss of generality, assume
that all b(y;) and b(y) are contained in Bj. By the above paragraph, there is a map
of the form 771531 omp; from [y;,b(y;)] to [y,b(y)] if h(y) > h(y;), or from [y, b(y)] to
[y, b(y;)] if h(y;) > h(y), which is é-close to the identity map. This implies that one
can lift ¢ along [y;,b(y;)] and [y, b(y)] using the same choices of the inverse branch
of the projection. Since §(b(y;)) — §(b(y)), we must have §(y;) — g(v). O

Lemma 4.6. Let (U, M) be a marked nice partition for B, and V' be a nice partition
for B satisfying V. C U. There exists a marked nice partition (W, My ) for B such
that W C V' and (W, My ) is reachable in (U, My).

Proof. Let V' be a component of V', which is contained in a component U’ of U.
Let us say that V' is an accessible component of V' in (U, 9y ), if there is a curve

Ay (0,1) = U\ (VUX)

such that
lim Ay (t) € My,  and  lim Ay (¢) € OV’ \ X.
t—0 t—1

If every component V'’ of V is an accessible component of V' in (U, My ), we define
W =V, and choose My as a collection of limy_,1 A\y/(t) over all components V' of
V. If V has non-accessible components within (U, M), we modify the components
of V so that all components of V' become accessible. We explain this process below.

Let V' be a non-accessible component of V. Let U’ be the component of U which
contains V'. Let Q;, for 1 < i < m, denote the components of V which lie in U’.
Rearranging the indexes if necessary, we may assume that Q; = V’. Recall from
Lemma that U’ \ X is path-connected. Also, recall that 9 is accessible from
U’ \ X. These imply that there is a curve

A:(0,1) = U\ (VTUX)
such that lim; 0 A(t) = My and limg_ A\(t) € OV’ \ X.
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For 2 < i < m, let Q) denote the union of the connected components of @; \
A((0,1)) which intersect X. We define

P = (V\ Ua<icm@i) U(U2§i§mQ;) C VAA((0,1)).

Since each Q; is a topological disk, the connected components of @)} are topological
disks. As X NA([0,1]) =0, foreach i, Q;NX =Q/NX,and VNX =PNX. It
follows that P satisfies properties P1 to P3 of nice partitions.

At this stage, the set P might not satisfy property P4 of nice partitions. However,
we may employ Lemma [£.3] to shrink the components of P so that P4 holds as well.
Let L denote this modified nice partition obtain from employing that lemma. Note
that the number of components of L is the same as the number of components of P.

If A((0,1)) meets some Q;, for 2 < i < m, then every component of @} is an
accessible component of P in (U, M) (via a portion of the curve A((0,1))). Also,
if some @Q;, for 2 < i < m, is an accessible component of V' within (U, 9 ), and
A((0,1)) N Q; = 0, then Q; is an accessible component of P within (U, ). More-
over, as V' N A((0,1)) = (0, V' is an accessible component of P in (U, My ), via the
curve \.

By the above paragraph, the number of non-accessible components of P within
(U, Myr) is strictly less than the number of non-accessible components of V' within
(U, My). On the other hand, if L’ is a component of L which is contained in a
component P’ of P, and P’ is an accessible component of P within (U, 9y ), then
L’ is an accessible component of L within (U, 9y ). Therefore, the number of non-
accessible components of L within (U, ) is strictly less than the number of non-
accessible components of V' within (U,9y). Recall that V' has a finite number of
connected components. By repeating the above process, we may reduce the number
of non-accessible components of V' until all its components become accessible. [

Corollary 4.7. Let X be a compact subset of R? which satisfies axioms Al to A4.
There are marked nice partitions (Uy, My, ), for n > 1, such that the following hold:
(1) mnzlljn = B;
(ii) for n > 1, Up4q is compactly contained in Uy ;
(ili) forn > 1, (Ups1,My,,,) is reachable in (U,,My,,).

Proof. For n =1, let U; be a Jordan domain which contains X. Let 9%, consist of
an arbitrary point on 9U;. Evidently, (U, My, ) is a marked nice partition for B.

Assume that (Up,, My,,) is defined for all 1 < m < n, for some n > 2, and satisfy
properties (i) and (iii) in the corollary for values of m < n — 1. Below, we build
(Un? mUn ) .

Let

o1
€, =2 inf{|z —w| | z € QU,_1,w € B}.
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By LemmalL4] there is a nice partition U], for B which is contained in €, neighbour-
hood of B. In particular, U/ is compactly contained in U,,_;. By the induction hy-
pothesis, (Up—1,My,_,) is a marked nice partition for B. Therefore, by Lemma [£.6]
there is a marked nice partition (U,, My, ) for B such that U,, C U}, and (U, My,,)
is reachable within (U,,—1, My, ;).

For n > 2, €, < diam (U;)/2"~!. As U, is contained in ¢, neighbourhood of B,
(i) holds. O

Proof of Proposition [{.3. By Corollary L.7], we have a nest of marked nice partitions
(Upn, My, ), for n > 1, such that U, shrinks to B. Recall that U; is a Jordan domain
containing X. To simplify the forthcoming presentation, let us choose a Jordan
domain Uy which contains Uy, and let My, C Uy contain a single point. For each
n > 0, let Uy, for 1 <7 < k,,, denote the connected components of U,,. We have
ko = k1 = 1. Also, let w,; denote the unique point in My, N OU,, ;. For n > 0 and
1 <i < ky, define J,,; as the set of integers j with 1 < j < k,,11 and U415 C Up;.
For each n > 0, (Uy41,My,,,, ) is reachable in (U,,, My, ). Therefore, there are

Mnyij : (0,1) = Uni \ (Ujes, ;Uns1,; U X),
such that
}i_lj(l) Mnyij (1) = Uni, lim My j (1) = Unt1,j

forall 1 <i <k, and j € J, ;. We may extend 7, ; ; onto [0, 1] by setting 7, ;(0) =
Un,i and 7 ;(1) = upy1,5. If necessary, we may modify these curves such that
Ty, ((0,1)) N1y 4. 52((0,1)) = @, for distinct values of j and j'.

For m > 0, let T}, denote the union of the curves n,; ;([0,1]), for all 0 <n < m,
1 <7<k, and j € J,;. Bach T, forms a finite tree embedded in the plane. It
follows that

T= UmEOTm

is an idea tree for X. O

Proof of Proposition [{.1. By Proposition[£.2] there is an ideal tree T for X. We aim
to turn 7" into a base curve v for X. The curve v will be the limit of a sequence of
curves 7, where -, is obtained from slightly “thickening” the tree T,,. We present
the details of this construction below. We will continue to use the notations in the
proof of Proposition

Note that the curves 1, ;((0,1)) are pairwise disjoint, for distinct values of the
triple (n,4,7). Hence, there are tubular neighbourhoods of these curves, which
are pairwise disjoint, and do not meet X. In other words, there are orientation
preserving, continuous and injective maps

ﬁn,i,j : (0, 1) X [—0.1, 0.1] — Un,i \ (UjeJn,iUn+1,j U X),
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such that for all (t,y) € (0,1) x [—0.1,0.1], we have
T, (£ 0) = i (2),
L (. 9) = 10 (0) = s
}/1_% Mg (8 Y) = Mnji (1) = Ut
and for distinct triples (n,4,j) and (n’,7, ;") we have

7in,i,((0,1) x [=0.1,0.1]) () fln 7,7 ((0,1) x [<0.1,0.1]) = 0

We may extend 7,,; onto [0,1] x [=0.1,0.1] by setting 7, ;(0,y) = up,; and
Tnij(1,Y) = tnq1j, for all y € [-0.1,0.1]. Consider

M=) U U nai(0.1] x [-0.1,01]) ) B.

n>01<i<kp j€Jn i
This is a compact set in R?, with M N X = B.

Fix n > 1 and 1 < i < k,. There are 2(|J, | + 1) curves on M which land
at u,;. These are the curves 7, ;([0,1] x {—0.1}) and 7, ;([0,1] x {4+0.1}), for
J € Jni, as well as 7,1, ,;([0,1] x {=0.1}) and 7,,—1,:([0,1] x {40.1}), for some
1 <4 < kpoy with i € J,_1. Let ji, j2, ..., jm denote the elements of J, ;,
labelled in such a way that the curves 7, ; ;,([0, 1] x {=0.1}), for 1 <1 < m, followed
by 7n—1,i7,:([0,1]x{—0.1}) and then 7,1  ;([0, 1] x {+0.1}) land at u, ; in a clockwise
fashion.

FIGURE 4. Turning the tree 77 (red curves) to the Jordan curve 7o
(black loop) through a thickening process.

Let €, € (0,1/4) be small enough, and consider pairwise disjoint curves
Togg + (0,1) = R*\ M,
for 1 <1 <m — 1, such that

W 7y,5.5,(8) = i gy (€n, —=0-1), - 7355, (8) = 70 g1 (€0, 0.1).



36 DAVOUD CHERAGHI AND MOHAMMAD PEDRAMFAR

Similarly, let p,;1:(0,1) = R2\ M and p, ;2 : (0,1) — R?\ M be such that

im pp, 5.1(t) = Nn—1,i7,i(1 — €,,0.1), Eﬂ)i Pr,ii(t) = iy (€n,0.1),

t—0

Wan pri2(8) = i (€0, =0-1), - 1 pyio(t) = 7lp—1,ir,6(1 = €, =0.1).

Let €, be a decreasing sequence of positive numbers tending to 0 such that the
closures of the disks D(uy,, €],) are pairwise disjoint, and are disjoint from X, for all
n and i. We may choose the above maps so that the union of the curves 7, ; ;({€n } ¥
[_0'17+0'1])7 for JE€ Jn,ia 'F/n—l,i’,i({l - En—l} X [_0'17+0'1])7 Tn,i,jz((ov 1))7 for 1 <
I <m—1, pp;1(0,1), and p,;2(0,1) forms a closed loop which encloses the mark
point u, ; and is contained in D(uy, ;, €,,). See Figure [l

Recall that S! € R? denotes the circle of radius 1 about (0,0). We may choose
closed and connected sets Cj,; C S!, for n > 1 and 1 < i < k,, satisfying the
following properties:

e C,; is contained in the interior of C,, ; if and only if U,,; C U, j;
e if i # j, then C,,; N C,, ; = 0;
e the Euclidean length of C,, ; is bounded by 27".

Forn>1,let C, = U?QICW- and define
C = ﬁnlen.

It follows that C is a Cantor set on S!. We aim to build a Jordan curve 7 : St — R?
such that v(S') N X = B, and ~(¢) € B if and only if t € C. The map v will be
defined as the limit of a sequence of maps 7, : S' — R2, for n > 1. We define v,
inductively as follows.

For n = 1, we define the injective map 7; : S' — R? such that

’}/1(0171) = ﬁ071,1({1 — 61} X [—0.1, +0.1]),
1 (S'\ C11) = 70.11([0,1 — €1) x {~=0.1}) Uio.1,1([0,1 — €1) x {+0.1}).

The choice of the parametrisation of this curve is not important; any choice will
work.

Now assume that the curve =, is defined and injective for some n > 1. We define
Yna1 as follows. On St\ C,, we let 7,41 = 7,. On each Ch.i, we define 7,41 in such
a way that for all j € J,,;

Yrt1(Cnt1,5) = i j ({1 — €, } x [-0.1,40.1)),



HAIRY CANTOR SETS 37

and ¥, 41(Cni \ Ujes, ;Cny1,5) becomes

U inig((en 1= en) x {=0.13) {J i ((en, 1 =€) x {+0.1}])

J€JIn,i J€Jn,i

U (101D pria (10, 1) | pnz2([0, 1))

1<i<m—1

Due to the choices of these curves, 7,41 can be chosen to be injective. Again, the
specific parametrisation of the curve 7,.1 is not important. This completes the
definition of v, for all n > 1. Note that for all n > 1 and 1 < i < k,, we have

(7) Y (Chi) C D(Upi, ).

Now we show that v, : St — R2, for n > 1, forms a Cauchy sequence. Fix [ > 0,
and assume that m and n are bigger than [. If = ¢ C}, we have v, (z) = ym(x). If
z € Cy;, for some 1 < i < k;, by Equation (@), v(z) € D(Uy;,€;). It follows from
the construction that 7, (z) and v, (x) also belong to D(Uj ;,€;). Therefore, for all
x € S, we have

[V (2) — ym ()| < diam (Uy;) + 2€].

However, as Np>1 Uf;l Uni = B, diam (U;;) tends to zero as [ tends to infinity.
Hence, the sequence of maps 7, converges uniformly on S' to a map v : S! — R2.
In particular, v is continuous.

We claim that v(S) N X = B. If z ¢ C, there are n and i such that z ¢ C, ;.
This implies that for all m > n, v, (z) = v, (xz) ¢ B. Therefore, v(z) ¢ X. If
x € C, there are arbitrarily large n and 1 < ¢ < k, such that x € C,;. By
Equation (), vn(x) € D(Up.,€),). Since Ny>1 Ui<i<k, D(Uni, €,) = B, we conclude
that vy(z) = limy— 00 Yn(x) € B. On the other hand, for every z € B there is z € C
with y(z) = 2. To see this, choose 1 < 7, < kj, such that N,>1U,;, = z. There
is xp, € Oy, with v, (xy) € DUy, €),). If Tp; is a convergent subsequence of zp,
converging to some z € S, we obtain v(z) = lim;_cc Yn; (Tn;) = 2. This completes
the proof of the claim.

To see that v is injective, let « and y be distinct elements of S!. If z and y belong
to C, then there must be n > 1 and ¢ # j such that x € C,,; and y € C,, ;. By
Equation (7)) and the decreasing property of €, for all m > n, v, (x) € D(Uy4, €),,)
and Y (y) € D(Uy, j,€h,). Since Uy, ; N U, ; = 0, we must have y(x) # v(y). If z and
y do not belong to C, then there is n > 1 such that x ¢ C,, and y ¢ C,. Then,
Y(z) = yn(x) # (y) = v(y), by the definition of v, and the injectivity of 7,. If
exactly one of x and y belongs to C, say € C' and y ¢ C, by the above paragraph,
v(z) € B and y(y) ¢ B. Thus, y(z) # ¥(y)-
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There remains to show that X does not meet the bounded connected component
of R?\ y(S'). To see this, note that v, (S') may be continuously deformed into the
tree T,,_1 in the complement of X. This implies that X does not meet the bounded
component of R? \ 7, (S!). Since +,, converges to v uniformly on S!, one infers that
X does not meet the bounded component of R? \ y(S'). O

5. UNIFORMISATION OF HAIRY CANTOR SETS

In this section we prove Theorem[[.4l Here it is convenient to work on the complex
plane C and the Riemann sphere C = CU {oo}. We use the notations d¢ and diamg
for the distance and the diameter, respectively, with respect to the spherical metric
on C.

Throughout this section X is a compact subsets of C which satisfies axioms Al
to AG6.

By Proposition 1], there is a base curve w for X. Recall that the bounded con-
nected component of C\w does not meet X. Let U’ denote the bounded component
of C\ w.

Briefly speaking, we plan to extend the base map b : X — B to a continuous map
b:C\U — w, so that the pre-image of any point in w is a curve (homeomorphic to
[1,400)) whose one end lands at a point in w at the other end converges to infinity.
Moreover, the collection b~!(x), for 2 € w, forms a foliation of C\ U’ homeomorphic
to the trivial foliation of C\ID(0, 1) by straight rays. This allows us to brush the hairs
of X so that it becomes a hairy Cantor set with straight hairs. The analysis required
to extend b onto C\ U’ will be carried out in the framework of Carathéodory’s theory
of prime ends, which relates the geometry of a plane domain to the topology of its
boundary. For the general theory of prime ends one may see the classic references
[Car13] and [Koel5], or the modern treatment [Pom75]. However, we shall briefly
recap the basic notions and statements of the theory which are employed here.

Within this section we will use the notations

(8) X,=XUw, X:'=X,UU, U=C\X), U*=UuU{x}cC.
Proposition 5.1. The set U* is connected and simply connected.

Proof. We use Borsuk’s criterion, as in the proof of Lemma In order to prove
that U* is connected, it is sufficient to show that any continuous map g : X — S!
is null-homotopic. Below we construct a homotopy between a given such map g and
a constant map.

By Proposition Bl there is a height function A on X, which after rescaling we
may assume h : X — [0,1]. Let ¢ : B — ¢(B) be a homeomorphism from B
onto a Cantor set in the line {(z,y) € R? | y = 0}. We extend the map 1 to
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Y X —(B) x [0,1] C R?, according to
¥(2) = (¥(b(2)), h(2))-

As 1) is continuous and injective on a compact set, it must be a homeomorphism
onto its image.
Consider the family of maps H; : (¢(B) x [0,1]) x [0,1] — (B) x [0,1], defined
as
Hy((z,y),t) = (z,min(y, 1 — 1)).
Define the family of maps G7 : X x [0,1] — S!, as

_ ST i (w(2), 1) if 2 € X,
Gil=t) = {g(z) if z ¢ X.

One may see that G is continuous. Moreover, G1(z,0) = g(z), for all z € XJ.
Hence, G; is a homotopy between ¢ and the map

g (XouU) =S, ¢(2) = Gilz1).

Note that ¢'(2) = g(z), for all z € U’, and ¢'(z) = g(b(z)), for all z € X.

Now we construct a homotopy between ¢’ and a constant map. The set U’ = U'Uw
is homeomorphic to the closed unit disk (0, 1). Hence, the map ¢'|;7 = g|g7 is null-
homotopic. Therefore, there is a continuous map Hy : U’ x [0,1] — S! and a constant
6 € S' such that Hy(z,0) = g(z) and Ha(z,1) = 6. Now define G5 : X x [0,1] — S!
as Ga(z,t) = Ha(b(2)),t). Evidently, G is continuous, and for all z € X we have
G2(2,0) = g(b(2)) = ¢'(2) and Ga(2,1) = . Hence, g is null-homotopic.

Because the complement of U* in C, X}, is connected, U* must be simply con-
nected. O

Lemma 5.2. We have X, = 0U*.

Proof. Let z € QU*. Since U* and U’ are open in (@, and U*NU’ = ), z may not be
in U*UU". As C=U*UU'UX,, z € X,,. Therefore, 9U* C X,,. For the opposite
inclusion, let z € X,, and » > 0. Since U’ is a Jordan domain, D(z,r) \ U’ is a
non-empty open set. As X,, has empty interior, D(z,r) \ U’ may not be contained
in X,,, and hence, must meet U*. This implies that z € QU*. Thus, X, C oU*. O

Let V c C be an open, connected, and simply connected set whose boundary
contains at least two points. A fundamental chain in V is a nest of open sets
(€4)i>1 in V satisfying the following properties:

e for i > 1, 0Q; NV is a simple curve in V, which is homeomorphic to (0,1),
and its closure contains two distinct points in OV;
° (892'0‘/)0(89]'0‘/):@, for 1 <1< j;
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o fori>1, Q11 CQy;

e diamga (9§ NV) — 0, as i — +o0.
Note that by the Jordan curve theorem, 0€2; NV divides V into two connected
components. Equivalently, some authors define the notion of fundamental chains
using sequences of Jordan arcs in V' with end points in 9V

Two fundamental chains (€;);>1 and (});>1 in V are called equivalent if every
; contains some Q; and every Q; contains some §2;. Any two fundamental chains in
V' are either equivalent or eventually disjoint, that is, £2; N Q; = () for large enough
i and j. An equivalence class of fundamental chains in V' is called a prime end of
V.

The impression of a prime end of V, represented by a fundamental chain (£2;);>1,
is defined as M;>19;. This is a non-empty compact and connected subset of V. Evi-
dently, the impression of a prime end is independent of the choice of the fundamental
chain (£2;);>1. Any point on OV is contained in the impression of a prime end of V.

We say that = € 0V is the principal point of a fundamental chain (£2;);>1 in
V, if diamg ({2} U (092; NV)) — 0. In general, equivalent fundamental chains might
have different principal points. The set of principal points of a prime end is
defined as the set consisting of all principal points of the fundamental chains in the
class of that prime end. Every prime end of V has at least one principal point. By
the theory of prime ends, p € 9V is accessible from V', if and only if, there is a
prime end of V' whose impression contains p, and p is the only point in the set of
principal points of that prime end. Abusing the terminology, we say that a prime
end is accessible if it has a unique principal point.

Recall the base map b : X — B and the peak map p : X — X defined in Section Bl
We may extend these maps to

b: X, —w, p:X,— X,

by setting b(z) = p(z) = z, for all z € X, \ X. Also, for z € X, \ X, we set
[b(x),p(x)] = {x}. As b is continuous on both X and w, and X and w are closed
sets, b is continuous on X,,.

We present the properties of the prime ends of U* in the following lemma.

Lemma 5.3. The following properties hold:

(i) For any prime end P of U* there is z € X, such that the impression of P
is equal to [b(2),p(2)]. On the other hand, for any z € X,,, there is a prime
end of U* whose impression is equal to [b(z),p(z)].

(ii) Ewvery prime end of U* is accessible. Moreover, w € X, is accessible from
U* if and only if w = p(2) for some z € X,,.

(iii) Distinct prime ends of U* have disjoint impressions.
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Proof. (i): By Lemma [(5.2] oU* = X,,. Therefore, any z € X, belongs to the
impression of a prime end of U*. That is, there is a fundamental chain (€;);>1 in
U* whose impression contains z. We aim to show that N;>1; = [b(2), p(2)].

For i > 1, 9Q; N U* is a Jordan arc connecting two points on X,,. Let «; and ;
denote those points. Since Q; N X, is connected, for all i > 1, b(2; N X,,) is a closed
arc on w, which is bounded by b(«a;) and b(53;). As z belongs to 9€; N X,,, we must
have b(a;) < b(z) < b(S;), with respect to a fixed cyclic order on w. On the other
hand, as i — oo, diamg(9€; N U*) — 0, which implies that da(as, 3;) — 0. By the
uniform continuity of b : X, — w, we conclude that

lim b(a;) = b(z) = lim b(3;).
11— 00 1— 00
By axiom A5, the only accessible points of X from C\ X belong to b(X) U p(X). It

follows that c; and 3; belong to b(X,,) Up(X,,). Using (0Q; N U*)N (0 NU*) = 0,
for j > i > 1, one concludes that for all 7 > 1,

9) bla;) < b(z) < b(B;).

In particular, [b(2),p(z)] C Q, for all i > 1, and hence, [b(z),p(2)] C Ni>1€;. On
the other hand, for all w € M;>1Q;, b(a;) < b(w) < b(B;), for all i > 1. By the above
paragraph, b(e;) — b(z) and b(3;) — b(z), which leads to b(w) = b(z). Therefore,
Ni>1% C [b(2), p(z)]. Combining the two relations, we obtain N;>1; = [b(2), p(2)].

(i1): Let P be a prime end in U*, and let (£););>1 be a fundamental chain in U*
in the class of P which has a principal point, say y € X,,. We aim to show that
p(y) =y

Assume in the contrary that p(y) # y. In particular, b(y) # p(y), and [b(y), p(y)]
is a Jordan arc. We may extend [b(y), p(y)] into U’ so that we obtain a Jordan arc
in [b(y),p(y)] UU’ with one of the end points of v in U’. There is a Jordan domain
D such that [b(y),y] C D, p(y) ¢ D, dD Nw consists of two points, and D \ v has
two connected components.

Let a; and f3; denote the landing points of 9Q; NU* on X,,. Since y is the principal
point of (£2;);>1, we must have a; — y and 3; — y, as i — co. Moreover, since y
belongs to the impression of (£;);>1, as in Equation (@), we have b(a;) < b(y) <
b(5;), for all i > 1. By the choice of D, this implies that for large enough i, o; and
B; belong to distinct components of D \ 7. On the other hand, «; and (; belong
to 0Q; NU*, with 9Q; NU* Ny = () and diamg(0Q; N U*) — 0. This implies that
for large enough i, both «; and f; belong to the same component of D \ ~. This
contradiction shows that we must have p(y) = y.

Let P be an arbitrary prime end of U*. By part (i), the impression of P is of the
form [b(2), p(z)], for some z € X,,. By the above argument, if y is a principal point
of P, we must have y = p(y). Since y € [b(z),p(z)], and there is a single point y in
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[b(z),p(z)] with p(y) = y, we conclude that P has a unique principle point. Thus,
P is accessible. On the other hand, by Part (i), for any z € X,,, there is a prime
end of U* whose impression is equal to [b(z),p(z)]. By the above argument, p(z) is
the unique principal point of that prime end. Therefore, the set of principal points
of the prime ends of U* is equal to {p(z) | z € X, }.

(iii): Assume in the contrary that there are distinct prime ends P! and P? in
U whose impressions intersect. By part (i), the impressions of P; and P, must be
equal to [b(y),p(y)], for some y € X,. Let (Q});>1 and (2?);>1 be fundamental
chains in the classes of P! and P2, respectively. Since P; and P are not equivalent,
there is j > 1 such that le N Q? = 0. For i > 1, choose y; € Q. We have

Let a; and (3; denote the landing points of 89? NU* on X,,. We may relabel these
points so that b(a;) < b(y) < b(B;), with respect to a fixed cyclic order on w. The
open set L

Wj = int (Q? U 7)
is a Jordan domain, which is bounded by
O NU U [aj,b(ay)] U [B1,b(8;)] U{w € w [ b(B;) < b(w) < b(ey)}).

In particular, [b(y),p(y)] € W;. Since d(y;, [b(y), p(y)]) — 0, as i — oo, there must
be i > j such that y; € W;, and hence y; € W; NU = Qg Therefore,

1 2 1 2 _
which is a contradiction. O

Let V be a connected and simply connected domain in C whose boundary contains
at least two points. Let ¢ : D(0,1) — V be a Riemann map, that is, a one-
to-one and onto holomorphic map. By the general theory of prime ends, for any
fundamental chain (Q;);>1 in V, (¢ 71(€;))i>1 is a fundamental chain in D(0,1).
This correspondence induces a bijection between the set of prime ends of V and the
set of prime ends of (0, 1).

The prime ends of I(0,1) are easy to understand. Any prime end of D(0,1) is
accessible, and distinct prime ends of D(0, 1) have distinct principal points. The map
which sends a prime end of (0, 1) to its unique principal point induces a bijection
between the set of prime ends of D(0,1) and 9D(0,1). Combining with the above
paragraph, ¢ induces a one-to-one correspondence between 9D(0,1) and the set of
the prime ends of V. Let P be a prime end of V which is the image of ¥ € 9D(0, 1)
under this bijection and P has a unique principal point in V. Then, the radial
limit lim,_,;— 1 (re®) exists and is equal to the principal point of P. See Corollary
2.17 in [Pom92].
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By Proposition B.1], the set U* is connected, and simply connected. We may

consider a Riemann map
®:C\D(0,1) — U*,

with ®(c0) = co. By the above paragraphs, ® induces a bijection between the set
aD(0,1) = (C\D(0,1)) and the set of the prime ends of U*. By Lemma[5.3] every
prime end in U* is accessible, and has a unique principal point which belongs to
{p(2) | z € X, }. Thus, there is a bijection between 0D(0, 1) and p(X,). For every
0 € R, the radial limit lim,_,;+ ®(re??) exists and belongs to p(X,,). Moreover, for
0 # 6 in R/(27Z), lim,_,1+ ®(re’?) # lim,_,,+ ®(re'?).

We extend the base map b: X, — w to

(10) b:UUX, > w
as follows. For an arbitrary x € U we let §(x) = arg(®~1(z)) € R/(27Z), and define

- i i0(z)
b(w) = b(_ lim @ (re)).
For each w € w, there is a unique # € R/(27Z) such that lim,_,;+ ®(re??) = p(w).
Then, for all w’ on the curve ®({re? | r > 1}), b(w’) = b(p(w)) = w. This implies
that for each w € w, the set b~ (w) in U U X, is a Jordan arc consisting of [w, p(w)]
and ®({re?® | r > 1}). This curve meets w only at w.

Proposition 5.4. The map b: U U X, — w is continuous.

Proof. We aim to prove that b=1(I) is closed in U U X,,, for every closed set I C w.
Since w is a Jordan curve, it is sufficient to prove that b=!(I) is closed whenever
I C wis a Jordan arc. If w € w, b~ (w) is a Jordan arc tending to infinity, and
therefore is closed. Let I C w be a Jordan arc and let a and § be its end-points.
We know that b~!(a) and b~1() are disjoint Jordan arcs which land at o and 3 on
w. Therefore, b= (a) U b~1(B)) divides U U X, into two disjoint Jordan domains,
denoted by V; and V5. The sets Vi Nw and Vo Nw are Jordan arcs in w with end
points at a and 3. Hence, one of these sets, say V} Nw, is equal to I. On the other
hand, U U X, is a disjoint union of b=!(w), for w € w. Therefore, V; is a disjoint
union of such arcs. This implies that

Vi=b"' (1) = b (Vinw) = b7 '(D). .

For w € w, b~*(w) is a Jordan arc in U U X, which lands at a single point on w.
For z and y in b~ (w), we define [z,y] to be the unique Jordan arc in b=!(w) which
ends at  and y. When x = y, we have [z,y] = {z}. Note that if  and y belong to
X, Nb~(w), this notation is consistent with our earlier notation [z, ].
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Proposition 5.5. If x; — = in U U X,,, we have
lim [z, b(x)] = [, b(x)],
1— 00

in the Hausdorff topology.

When z; € X, for all ¢ > 1, we already have the convergence of [z;,b(x;)] to
[z,b(x)] by axiom A4. When z; ¢ X, [x;,b(x;)] is the union of [b(x;),p(x;)] and
[p(zi), zi] \ {p(x;)}, where the latter set is a hyperbolic geodesic in U*. For the
above proposition, we need to show that such a sequence of hyperbolic geodesics
may not have pathological behaviour. We control the location of those hyperbolic
geodesic by employing a theorem of Gehring and Hayman, see [GH62] or [Pom92,
Page 88]. That is, let V C Chbea simply connected domain whose boundary contains
at least two points, and let z and y be distinct points in V. Assume that A is an
arbitrary curve in V' connecting x to y, and + is a geodesic in V', with respect to the
hyperbolic metric on V', connecting = to y. By Gehring-Hayman theorem,

diamg (v) < Cap diamg (A),

where Cgy is a universal constant independent of V', z, y, and A.
For r > 1, let

(11) A, =2({weC|l<|wl <r})UX,.
This is a compact annulus in C.

Proof of Proposition [5.3. For any w € w, b~ (w) C UU X,, is a Jordan arc which is
homeomorphic to [0,1). So there is a linear order on each b~!(w), where w = b(w)
is the smallest point.

Let us fix R > 1 such that for all ¢ > 1, z; € Ar, where Ag is defined by
Equation (IIl). Then, for all ¢ > 1, [x;,b(z;)] C Ag. The set of non-empty compact
subsets of Ar with respect to the Hausdorff topology is compact. Therefore, to
prove the proposition, it is sufficient to prove that if [z;, b(x;)]);>1 is a convergent
sequence in the Hausdorff topology, then [z;, b(x;)] — [z, b(z)].

Assume that ([z;,b(z;)])i>1 converges in the Hausdorff topology, and let K denote
the limit of this sequence. Then,

K={yecAr|y= lim y;,y; € [x;,b(x;)],Vi > 1}.
21— 00

By Proposition 5.4l b : U U X, — w is continuous. This implies that K is contained
in b71(b(z)). On the other hand, since each [z;,b(z;)] is connected, K must be
connected. Therefore, K = [y,b(z)], for some y € b~'(b(x)). Moreover, since
x; — x, we have x € K, and hence x < y, with respect to the linear order on
b=1(b(z)). We need to show that # = y. Assume in the contrary that y > z. We
shall derive a contradiction by considering two cases.
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Case (i): Assume that y > z and y € U. Define

_Jle )l + e @))/2 ifrel,
(|2~ (y)| +1)/2 if z € X,,.

Consider the compact annulus A, defined by Equation (II). Since x € int(A4,) U w,
and x; — x, there is an integer ig such that for all ¢ > iy, x; € A,. In particular,
for i > g, [x;,b(z;)] is contained in A,. As A, is compact, the Hausdorff limit
of [z;,b(x;)], that is K, must be contained in A,. But, y € K and y ¢ A,, since
|®~1(y)| > r. This is a contradiction.

Case (ii): Assume that y > z and y € X,,. By passing to a subsequence, we may
assume that (b(z;));>1 is monotone on w, that is, for all i > 1, b(x;) < b(x;41) < b(x),
with respect to a fixed cyclic order on w. Define

vy=b"tb(x)) N Ag, i =0b"t(b(x;))N AR, Vi>1.
By virtue of the continuity of b : Ag — w in Proposition 5.4, v; — v, as ¢ — oo,
with respect to the Hausdorff topology.
The Jordan arcs v and 1 divide Ag into two Jordan domains. Let
E = {w € int(Ag) | b(a1) < b(w) < b(z)} [

Since x < y, we may choose two points z and w in 7y such that z < z < w < y.
There are Jordan arcs A* : [0,1] — E and A" : [0,1] — E such that

A0)em, MN(1)=zev, MN(0,1) CE,
AY0) €y, A(1)=weny, A¥((0,1)) CE,
and
A*([0,1]) M A ([0,1]) = 0.
Let us fix y; € [z;,b(x;)], for i > 1, such that y; — y as i — co. Let t; denote the
unique point in v; N ®(OD(0, R)). Then, v; = [t;,b(t;)] = [ti, b(x;)], for all ¢ > 1.
The curve A*((0,1)) divides F into two connected components. As y; — v,
r; — x, and r < w < y, there must be i; > 1 such that for all ¢ > i1, z; and y;
lie in distinct components of £\ A¥((0,1)). In particular, for every i > iy, both of
the curves [b(z;), x;] and [x;,t;] meet the curve A*((0,1)). It follows that for ¢ > iy,
the sets Cj1 = [b(x;), z;] N AY((0,1)) and Cj2 = [z, %] N AY((0,1)) are non-empty
compact sets in A ((0,1)). Since C;; N C; 2 = (), there must be a Jordan arc
Al [0,1] = A*((0,1))
such that
)\;-“U(O) € C,’71, )\;-“U(l) € CLQ, )\;U((O, 1)) N (Cz',l U Ci,z) = 0.

6int(A) denotes the topological interior of a given set A C C.
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Fi1GURE 5. Ilustration of the curves and points in the proof of Propo-
sition The black curves lie in X, while the blue curves lie in U.
The green Jordan arcs denote the curve A7, A\, .. ..

Note that the last property in the above equation implies that A\¥((0,1)) N~; = 0.
Then, the union of the Jordan arcs A¥([0,1]) and [A¥(0),A\¥(1)] forms a Jordan
curve in the plane. Let W; denote the bounded component of the complement of
that Jordan curve. Thus, we have

(12) Wi = AP((0,1)) U A (0), A (1)].
and
(13) Win~; =0.

The closure of the Jordan domain W; is homeomorphic to D(0,1). Moreover, as x;
belongs to [A¥(0), A\’ (1)], W; contains x; and A’([0,1]). Since z; and A{’([0,1]) lie
on distinct components of E'\ A*((0,1)), the curve A\*((0,1)) must divide W; into at
least two connected components. It follows that there is a Jordan arc

A7 [0,1] — W; N A%((0,1))
such that
(14) A7 (0) € [A7(0), i), AT(L) € [z, AP (L)), A7((0,1)) € Wi,

and A?([0,1]) divides W; into two components, one of which contains z; and the
other one contains A ([0, 1]).
We claim that for every ¢ > 41, the Jordan domain W; enjoys the following

property:
(15) if ¢ € A7((0,1))NX, then [b(C),¢]NAY((0,1)) # 0.
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To see this, fix an arbitrary ¢ € A?((0,1))NX. By Equation (I4)), ¢ € W;, but b(¢) ¢
W;. Therefore, the Jordan arc [¢,b(¢)] must cross W; = A¥((0,1)) U[A¥(0), A% (1)].
However, [¢,b(¢)] N [A¥(0),\¥(1)] = (. That is because, [b(¢),¢] C b=1(b(¢)) and
[AY(0), A¥(1)] C 7, while b=(b(¢)) and y; = b~ (b(x;) are either disjoint or identical.
But, ¢ belongs to b=1(b(¢)), and by Equation (I3)), ¢ ¢ 7; (since ¢ € W;). This
completes the proof of the claim.

Since all the points A¥(0), A¥(1), A?(0), and A?(1) lie on v;, we may compare
them using the linear order on ;. We have

(16) b(zi) < AP(0) < A7(0) <z < A7(1) < AP(1) < ts.
Since A’(0) and A{(1) belong to A ((0,1)) N ~y;, we must have
(17) lim A (0) = lim A\Y(1) = w.

1— 00 11— 00
Similarly, as A7(0) and A7(1) belong to A*((0,1)) N~;, we must have
(18) lim A7(0) = lim Af(1) =z

1— 00 1— 00
In particular, we have
(19) lim diamg (A7 ([0,1])) = 0.

11— 00
Moreover, since x; € [A7(0), A7(1)],
(20) liminf diamg ([A7(0), A7 (1)]) > da(z,2) > 0.

11— 00

Now note that at least one of the following three possibilities occurs:
(a) there are infinitely many ¢ with A\?([0,1]) N X = 0,
(b) there are infinitely many ¢ with {\7(0),\?(1)} N X # 0,
(c) there are infinitely many ¢ with A?((0,1)) N X # 0.
Below we show that each of the above scenarios leads to a contradiction.

If (a) occurs, let (ix)r>1 be an increasing sequence such that A7 ([0,1]) N X = 0.
In particular, the points A7 (0) and A7 (1) do not belong to X. Then, the Jordan
arc [A7 (0),A7 (1)] does not meet X, and hence, it is a hyperbolic geodesic in U.
Therefore, according to the Gehring-Hayman theorem discussed before the proof,
for k£ > 1, we must have

diamg ([A7, (0), A7, (1)]) < Can diame (A7 ([0, 1])).
This contradicts the limiting behaviours in Equations (I9) and (20]).

If (b) occurs, let (if)x>1 be an increasing sequence with {7 (0),A7 (1)} N X # 0.
By Equation (I6), we must have )\fk(O) € X. Therefore, by axiom A4, and Equa-
tion (8], [A7_(0),b(x;,)] converges to [z,b(x)]. On the other hand, by Equation (I6]),
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we have AP’ (0) € [A7 (0),b(x;)], and by Equation (I7), A}’ (0) — w, But w ¢ [z, b(x)],
which is a contradiction.

If (c) occurs, let (i)g>1 be an increasing sequence with A7 ((0,1)) N X # 0.
Let z;, € A} ((0,1)) N X. By Equation (I5), [2i,,b(z;,)] N AP ((0,1)) # 0. Let
wi,, € [z, b(2i, )N AY ((0,1)). As w;y, € AP ((0,1)), from Equation (7)), we conclude
that w;, — w as k — oo. On the other hand, since z;, € X, by axiom A4, we have
(i, b(2i, )] = [2,b(2)]. But, w;, € [2,,b(%,)] and w;, — w ¢ [z,b(z)]. This is a
contradiction. 0

Proof of Theorem[1.7} By virtue of Theorem [[.2] it is sufficient to prove that every
hairy Cantor set in the plane is ambiently homeomorphic to a straight hairy Cantor
set in the plane. Let X be an arbitrary hairy Cantor set, with base Cantor set B,
that is, B is the closure of the set of point components of X. By Proposition [£.1], X
admits a base curve, that is, a Jordan curve w such that X Nw = B and the bounded
component of R? \ w does not meet X. Then we define the sets in Equation ().

Let A, denote the closed annulus defined by Equation (IIl). The base map b :
X — B extends to the map b : Ay — w; see Equation (I0). By Proposition [5.4]
b: Ay — w is continuous. On the other hand, following the discussions in Section [,
we may consider a Whitney map p for the set As. Then, we define

h: Ay —10,00), h(z)=u(lzb(z)]).

By virtue of Proposition and properties of Whitney maps, h : Ay — [0,00) is
continuous. Moreover, if b(z) = b(w) and h(z) = h(w) for some z and w in A, by
the properties of height functions, we have [z, b(z)] = [w, b(2)], which implies z = w.

Let I C w be a Jordan arc such that b(X) = B C I. Consider a homeomorphism

u:l— {(z,y) eR® |y =0,z €[0,1]}.
Then, we may define the map
U:{z€Ay|b(z) eI} — {(z,y) €eR? |y >0,z €[0,1]}

according to
U (z) = (u(b(2)), h(z2)).

By the above paragraph, ¥ is continuous and injective. As {z € Ay | b(z) € I} is a
compact set, ¥ must be a homeomorphism from its domain onto its image. Since
the domain of ¥ is a Jordan curve, its image must be a Jordan curve. Therefore,
one may extend ¥ to a homeomorphism of the plane.

There remains to show that ¥(X) is a straight hairy Cantor set. To prove that,
we employ Proposition 2.7 Let C' = u(B). Since u is a homeomorphism, and B is
a Cantor set, C' must be a Cantor set. Define [ : C'— [0, 00) according to

l(z) =max{y e R | (z,y) € ¥(X)}.



HAIRY CANTOR SETS 49

As ¥ (X) is compact, I(z) is well-defined and non-negative for all z € C. We have
V(X) ={(z,y) €R* |3 € C,0 <y <)}

We need to verify the three conditions in Proposition 271 Evidently, ¥(X) is com-
pact, so we have condition (i) in Proposition 2.7l By axiom A6, X \ B is dense in B.
This implies that the closure of ¥(X \ B) contains ¥(B) = C. In particular, we have
condition (ii) in Proposition[2Z71 Axiom A5 implies condition (iii) in Proposition 2.7
Therefore, by Proposition 2.7, Y is a straight hairy Cantor set. O

Axiom A6’ is stronger than axiom A6. But it turns out that any compact set
X C R? which satisfies axioms Al to A6, also satisfies axiom A6’. We state the
following corollary for future applications.

Corollary 5.6. For any hairy Cantor set X C R? the set of peak points of X is
dense in X.

Proof. By Theorem [[L4], X is ambiently homeomorphic to a straight hairy Cantor
set. By Corollary 2.8 for every straight hairy Cantor set, the set of peak points is
dense in that straight hairy Cantor set. Therefore, the set of peak points of X must
be dense in X. O

In [DR14], the authors propose a topological model for the attractor (post-critical
set) of a especial class of infinitely satellite renormalisable maps. The main object in
that paper is built as the intersection of a nest of plain domains. However, they do
not study the topological features of the model presented in the paper. It is likely
that the topological model presented in that paper is a hairy Cantor set.
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