SATELLITE RENORMALISATION OF QUADRATIC POLYNOMIALS

DAVOUD CHERAGHI AND MITSUHIRO SHISHIKURA

ABSTRACT. We prove the uniform hyperbolicity of the near-parabolic renormalisation op-
erators acting on an infinite-dimensional space of holomorphic transformations. This im-
plies the universality of the scaling laws, conjectured by physicists in the 70’s, for a combi-
natorial class of bifurcations. Through near-parabolic renormalisations the polynomial-like
renormalisations of satellite type are successfully studied here for the first time, and new
techniques are introduced to analyze the fine-scale dynamical features of maps with such
infinite renormalisation structures. In particular, we confirm the rigidity conjecture under
a quadratic growth condition on the combinatorics. The class of maps addressed in the
paper includes infinitely-renormalisable maps with degenerating geometries at small scales
(lack of a priori bounds).

1. INTRODUCTION

1.1. renormalisation conjecture. In the 1970’s, physicists Feigenbaum [Fei78] and inde-
pendently Coullet-Tresser [TC78], working numerically, observed universal scaling laws
in the cascades of doubling bifurcations in generic families of one-dimensional real analytic
transformations. To explain this phenomena, they conjectured that a renormalisation op-
erator acting on an infinite-dimensional function space is hyperbolic with a one-dimensional
unstable direction and a co-dimension-one stable direction. Subsequently, this remarkable
feature was observed in other bifurcation combinatorics (besides the doubling one) in generic
families of real and complex analytic transformations [DGP79]. A conceptual explanation for
this phenomena has been the focus of research ever since.

By the seminal works of Sullivan, McMullen, and Lyubich in the 90’s, there is a proof of the
renormalisation conjecture for combinatorial types arising for real and some complex analytic
transformations, [Sul92, McM96, Lyu02], see also Avila-Lyubich [AL11]. A central concept
in these works is the pre-compactness of the polynomial-like renormalisation; a non-
linear operator introduced by Douady and Hubbard in the 80’s [DH84]. While this provides
the first conceptual proof of the renormalisation conjecture for a class of combinatorial types,
lack of the pre-compactness of this renormalisation operator with arbitrary combinatorics is
a major obstacle to establishing the renormalisation conjecture for arbitrary combinatorics.

Inou and Shishikura in 2006 [IS06] introduced a sophisticated pair of renormalisations,
called near-parabolic renormalisations, acting on an infinite-dimensional class of com-
plex analytic transformations near parabolic maps. Using a new analytic technique in-
troduced by the first author [Chel9, Chel3] to control the dependence of these nonlinear
operators on the data, we prove the hyperbolicity of these renormalisation operators in this
paper, Theorem B. This implies the universality of the scaling laws for a (combinatorial)
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class of bifurcations. Our result covers some combinatorial types where the polynomial-like
renormalisations are not pre-compact.

Hyperbolicity versus rigidity. The proof of the expansion part of the hyperbolicity by Lyubich
relies on a major result on the combinatorial rigidity of the underlying maps. The latter
involves a detailed combinatorial and analytic study of the dynamics of the underlying maps,
successfully accomplished through a decade of intense studies [Lyu97, GS97], see also [Hub93,
McM94, LY97, LvS98, Hin00] and the references therein. As a result of this, it is slightly
short of providing the rates of expansions. In contrast, the expansion part of the hyperbolicity
stated here comes from the relations between the conformal data on the large-scale and the
small-scale, related via the renormalisations, see Theorem A. This provides basic formulas for
the rates of expansions, and in turn yields an elementary proof of the rigidity conjecture for
a class of combinatorial types, see Theorem D.

Tame and wild dynamics. A priori bounds, a notion of pre-compactness on the non-
linearities of long return maps to small scales, is a key concept that has been widely used
since the 90’s to analyze the fine-scale structure of the dynamics of real and complex ana-
lytic transformations (tame dynamics). This has also been at the center of the arguments
by Sullivan-McMullen-Lyubich. The hyperbolicity result in this paper applies to classes of
transformations that do not enjoy the a priori bounds. It also treats maps (of bounded type)
that are conjectured to enjoy the a priori bounds, but remained mysterious to date. Our
approach provides a strong set of tools to describe the fine-scale dynamics of these maps using
towers of near-parabolic renormalisations, see Theorem C. In particular, in forthcoming pa-
pers we shall construct the first examples of analytic transformations with some pathological
phenomena.
Below, we state the above notions and results more precisely.

1.2. Near-parabolic renormalisation operators. Renormalisation is a sophisticated tool
to study fine-scale structures in low-dimensional dynamics. It is a procedure to control the
divergence of large iterates of a map through regularizations. Starting with a class of maps,
to each f in the class, one often identifies an appropriate iterate of f on a region in its domain
of definition, which, once viewed in a suitable coordinate on the region (the regularization),
belongs to the same class of maps. Remarkably, iterating a renormalisation operator on a
class of maps provides significant information about the behaviour of individual maps in the
class.

Inou and Shishikura in [IS06] introduced a renormalisation scheme to study the local dy-
namics of near-parabolic holomorphic transformations. More precisely, there is an infinite-
dimensional class of maps Fy (the non-linearities), consisting of holomorphic maps h de-
fined on a neighbourhood of 0, with ~(0) = 0, #'(0) = 1, and h has a particular covering
property from its domain onto its range. For p > 0, let (the set of linearities)

A(p) ={a € C|0< |alp,|Rea| > |Imal}.
Define the class of maps
Alp)  Fo = {h(e?™2) | a € Ap), h € Fo}.

For p small enough, every a X h in the above class has two distinct fixed points 0 and
o = o(a x h), with derivatives (a x h)'(0) = e*™® and (a x h) (o) = €2™# where g =



SATELLITE RENORMALISATION OF QUADRATIC POLYNOMIALS 3

Blax h) € Cand —1/2 < Re 8 < 1/2. There are two renormalisation operators, called the
top near-parabolic renormalisation and the bottom near-parabolic renormalisation
acting on the class A(p) X Fo. They are defined as some sophisticated notions of return maps
of ax h near 0 and o, respectively, viewed in some canonically defined coordinates. We denote
these by Ryp.. and Ryp.y, respectively, and refer to them as NP-renormalisations. According
to Inou and Shishikura, the non-linearities of Ryp_.(a X h) and Ryp.,(a X h) belong to the
same class Fy, that is,

Rupala x B) = (a(a, h) % h(a, b)), Raea(a x h) = (@, h) x h(a, ),

where h(a, h) and h(a, k) belong to Fo. It follows from the construction that é(a, k) = —1/a
mod Z and &(a, h) = —1/ mod Z (so & and & are not necessarily in A(p)).

A crucial step here is to understand the dependence of these renormalisation operators
on the data. In [IS06] Fo is identified with a Teichmiiller metric in order to establish the
contractions of the maps h — h(a x h) and h — h(a x h) on Fy, for each fixed a. On the
other hand, to control the maps a — h(a x h) and a — h(a x k), from A(p) to Fo, one
faces the canonic transcendental mappings with highly distorting nature that appear as the
regularizations in the definitions of these renormalisation operators.

An analytic approach has been introduced by the first author in [Chel9, Chel3] to control
the geometric quantities, and their dependence on the data, involved in these renormalisation
schemes. That is, to discard the distortions via certain model maps, and study the differences
in the framework of nonlinear elliptic partial differential equations. We extend this approach
here to prove an upper bound on the dependence of these regularizations (and the renormal-
isations) on the data. A key step here is to study the variations of (the hyperbolic norm of)
the Schwarzian derivatives of h(a x h) and h(a x h) as a function of .

Theorem A. There exists a constant L such that for every h € Fy, the maps o — iL(a, h),
and o — h(a,h) are L-Lipschitz with respect to the Fuclidean metric on A(p) and the Te-
ichmiiller metric on Fy.

The Gauss maps &(a,h) = —1/a mod Z and &(a,h) = —1/8 mod Z make Ryp., and
Rup., expanding in the first coordinates. Combining these bounds, we build cone fields in
A(p) x Fo that are respected by the maps Ryp., and Ryp.y.

Theorem B. The renormalisations operators Ryp.. and Ryp., are uniformly hyperbolic on
A(p) x Fo. Moreover, the derivatives of these operators at each point in A(p) x Fo have
an tnvariant one-dimensional expanding direction and an invariant uniformly contracting co-
dimension-one direction.

In the above theorem, the rates of expansions along unstable directions are given in terms
of the Gauss map and a holomorphic index formula.

1.3. Polynomial-like renormalisable versus near-parabolic renormalisable. To re-
peat applying Ryp., Or Ryp., to the map Ryp. (@ X h) = & X h one requires the complex
rotation & = —1/a mod Z belong to A(p). Similarly, to apply them to Ryp., (X h) = & x h
one requires & = —1/8 mod Z belong to A(p). In general, to iterate some arbitrary composi-
tion of these operators at some « X h, one needs the inductively defined complex rotations
at 0 belong to A(p). For instance, to apply Rye., infinitely often, we require o be real and
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the continued fraction expansion of o = [a1, a2, a3, . ..] consist of entries a; > 1/p. It follows
from Theorem B that the set of a x h, where an infinite mix of NP-renormalisations may be
applied at, consists of a bundle over a Cantor set in A(p), with fibers isomorphic to the class
Fo, see Theorem 5.1.

To employ the theory, one faces the problem of whether a given map lies on the (implicitly
defined) set of infinitely NP-renormalisable maps. We discuss two strategies here: one is
based on successive perturbations, and the other is based on somehow knowing the complex
rotations of a sequence of periodic points of the given map beforehand. Below we discuss an
instance of the first strategy and in Section 1.4 we discuss an instance of the second strategy.

Let P.(z) = 22 4+ ¢, ¢ € C. The Mandelbrot set

M = {c € C| the orbit (P;"(0))o, remains bounded}

is the set of parameters ¢ € C where P. has a connected Julia set. To explain the appearance
of many homeomorphic copies of M within M, Douady and Hubbard in the 80’s [DH85] intro-
duced the foundational notion of polynomial-like (abbreviated by PL) renormalisation.
A map P, : C — C is PL-renormalisable if there exist an integer ¢ > 2 and simply connected
domains 0 € U € V C C such that P?? : U — V is a proper branched covering of degree
two and the orbit of 0 under the map P9 : U — V remains in U. Moreover, when there
is a fixed point of P, in all the domains P2*(U), for 0 < i < ¢ — 1, the PL-renormalisation
is said of satellite type. In turn, if P?? : U — V is PL-renormalisable of satellite type, P.
is called two times PL-renormalisable of satellite type. Infinitely PL-renormalisable of
satellite type is naturally defined as when this scenario occurs infinitely often. These are
complex analogues of the period doubling bifurcations (Feigenbaum phenomena), which were
successfully studied in the 90’s, while these complex analogues remained widely out of reach.

When a P, is PL-renormalisable of satellite type, the permutation of the domains P2*(U)
about the fixed point, for 0 < ¢ < ¢ — 1, under the action of P. may be described by a
non-zero rational number p/q € (—1/2,1/2]. Naturally, an infinitely PL-renormalisable of
satellite type gives rise to a sequence of non-zero rational numbers (p;/¢;)$2; in the interval
(—1/2,1/2]. This describes the combinatorial behavior of the map. We use the notation

(m; 1 bt €i4)imt,

with integers m; > 1, b;; > 2, and ¢;; = %1, for ¢ > 1 and 1 < j < m;, to denote the
sequence of rational numbers defined by the (modified) continued fractions

Di €i1 .
— = ;1> 1.
qi €i,2
b+ ———
. €i,m;
biﬂni

Theorem C. There exists N > 2 such that for every sequence of rational numbers {(m; :
bij:€i)52, with all b, ; > N there is ¢ € M such that P, is infinitely PL-renormalisable of
satellite type with combinatorics (m; : b; ; : €;.5)52, and it is also infinitely NP-renormalisable.
Moreover, the successive types of NP-renormalisations is given by

o ( ;(Pn-ﬂcn_l) o RNbe) ©:-+0 ( ri(pn.ﬂcz_l) o RNP—b) o (R;I;lt_l o RNP—b)-
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The parameter ¢ in the above theorem is obtained by an infinite perturbation procedure.
That is, by successively following the boundaries of the hyperbolic components of M bi-
furcating one from the previous one. To this end we introduce a continued fraction type
of algorithm (with correction terms satisfying universal laws) that produces the successive
complex rotations at 0 along the infinite NP renormalisations of P..

Successively applying NP-renormalisations produces a chain of maps linked via the regu-
larizations, that is, the renormalisarion tower. This allows one to study fine-scale dynamical
features of the original map. For instance, being infinitely Ryp., renormalisable has already
led to a breakthrough on the dynamics of maps tangent to irrational rotations. It was used
by Buff and Chéritat [BC12] to complete a remarkable program to construct quadratic poly-
nomials with Julia sets of positive area, see also [YamO08]. It is used in a series of papers
[Chel9, BBCO10, Chel3, AC18, CC15] to confirm a number of conjectures on the dynamics
of those maps, and is still being harvested. When Ryp., appears infinitely often in the chain
of NP-renormalisations, we are dealing with the complex analogues of the real Feigenbaum
maps. We shall use Theorem C to describe fine dynamical features of these maps in a series
of papers to appear in future.

1.4. Rigidity conjecture. The combinatorial rigidity conjecture in the quadratic family
suggests that the “combinatorial behavior” of a quadratic polynomial P, uniquely determines
¢, provided ¢ € M and all periodic points of P. are repelling. This remarkable feature is
equivalent to the local connectivity of the Mandelbrot set and implies the density
of hyperbolic maps within this family; a special case of a conjecture attributed to Fatou
[Fat20].

Yoccoz in the 80’s proved the rigidity conjecture for quadratic polynomials that are not
PL-renormalisable, see [Hub93]. In [Sul92], Sullivan proposed a program, based on a priori
bounds and pull-back methods, to study the rigidity conjecture for infinitely renormalisable
quadratic polynomials. This has been the subject of intense studies for real values of ¢ in
the 90’s, [GS97, Lyu97, LY97, LvS98, McM98]. The symmetry of the map with respect to
the real line plays an important role in these studies. When PL-renormalisations are not
of satellite type (called primitive type), the pre-compactness is established for a wide class
of combinatorial types [Lyu97, Kah06, KLO08|. However, when all PL-renormalisations are of
satellite type, there is not a single combinatorial class for which the a priori bounds is known.
But, it is known that for some combinatorial types this property may not hold [Sr00].

We study the rigidity problem for PL-renormalisations of satellite type via their near-
parabolic renormalisations. To this end, we need to know when all PL-renormalisable maps
of a given combinatorial type are infinitely NP-renormalisable. That is, to know, beforehand,
the location of the complex rotations of the cycles associated with the PL-renormalisations.
We gain this information using a control on the geometry of the boundaries of the hyperbolic
components of M that is proved in this paper, as well as the combinatorial-analytic multiplier
inequality of Pommerenke-Levin-Yoccoz [Hub93].

For N > 1, define the class of sequences of rational numbers

i \ 00 bii > N,bi g1 > b2 big11 > ¢2

QOn = {<%>i21 =i big e s e m 1 v
For a sequence of non-zero rational numbers (p;/q;)? ; in (—=1/2,1/2], let M((pi/q:)?,)
denote the set of ¢ in M such that P, is n times PL-renormalisable of satellite type (p;/qi)7 ;.
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Theorem D. There are constants N, C, and A € (0,1) such that for every (p;/q;)2, in
OGN, we have
diam M ((pi/qi)i=1) < CA".

In particular, if P, is infinitely PL-renormalisable of satellite type (p;/q;)2, in OGN, it is
combinatorially rigid, and the Mandelbrot set is locally connected at c.

If one chooses m; = 1, for all ¢ > 1, then a sequence (p;/q;)$2; belongs to QGy provided
g1 > N, p; ==1, and ¢;4+1 > qf, for all # > 1. Choosing a larger value for some m,; allows
us to have a rational number p;/g; of mixed type, but this requires the later denominators
become large because of the condition b;11,1 > ¢;. G. Levin had already proved the com-
binatorial rigidity under the relative growth conditions limsup,, ¢n+1/(q1¢2 - - - ¢n)* > 0 and
SUp |Pn/qnlq0q1 - - - gn—1 < 00, [Levll, Levld4]. This is a faster growth condition on the denom-
inators, but it covers rational numbers with certain numerators that are not covered in the
above theorem. For parameters satisfying these growth conditions, he controls the location of
the sequence of periodic cycles that consecutively bifurcate one from another; quantifying a
construction due to Douady and Hubbard [Sr00], to obtain non-locally connected Julia sets.
His approach is different from the one presented in this paper.

We note that the post-critical set (i.e. the closure of the orbit of the critical point) of
the maps in the above theorem do not enjoy the a priori bounds (bounded geometry) pro-
posed in the program of Sullivan. The geometry of the post-critical set highly depends on
the successive complex rotations at 0 produced by successive NP-renormalisations. Moreover,
the Pommerenke-Levin-Yoccoz inequality does not provide the kind of estimates to deduce
that the post-critical sets of all maps with the same combinatorial behavior have compara-
ble geometries. Besides overcoming this issue, our approach allows us to treat all types of
geometries at once, rather than dealing with fine geometric considerations dependent on the
combinatorics, investigated in part two of [Lyu97] and in [Chel0].

The combinatorial rigidity conjecture is meaningful for higher degree maps, and indeed
it has been successfully established for a number of classes of maps through the program
of Sullivan. Rational maps with all critical points periodic or pre-periodic are studied in
[DH85]. See [LvS98, KSvS07] for real infinitely PL-renormalisable polynomials of higher
degree, and [CvST17, CvS18] (and the references therein) for a broader result for real maps.
The papers [AKLS09, KvS09, PT15] treat higher degree complex polynomials that are not PL-
renormalisable. On the other hand, a near-parabolic renormalisation scheme for uni-critical
maps (i.e. maps with a single critical point of higher degree), similar to the one studied here,
has been announced by Chéritat in [Chél4]. The analysis of this paper may be carried out
in that setting to obtain the corresponding results for the higher degree uni-critical maps.

One may refer to the book by de Melo-van Strien [dMvS93] for historical notes on early
stages of the developments, and also for the real analysis tools that played a crucial role in
the pioneering work of Sullivan on the subject. An alternative approach to the existence
of the fixed point of doubling renormalisation was given by Martens in [Mar98]. A unified
approach to the uniform contraction of polynomial-like renormalisation for uni-singular maps
is presented in [AL11]. A number of renormalisation schemes in low-dimensional dynamics
have been studied in parallel to the one for holomorphic maps on plane-domains discussed
here. However, the issue of the pre-compactness addressed here does not arise in those cases.
One may refer to [Lan82, EE86, dF92, Yam02, dFdMO00, LS05, GAM17, KK14] for critical
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circle maps; [McM98] for linearizable maps of bounded type; [LS02, LS12] for critical circle

covers; [GvST89, DCLMO05] for Henon maps; [dFdMPO06] for C” uni-modal maps.
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FIGURE 1. The domain V, in gray, contains 0 and —1/3, but not —1.

2. NEAR-PARABOLIC RENORMALISATION SCHEME

In this section we introduce the class of maps Fy, and define the top and bottom near-
parabolic renormalisations Ryp.. and Ryp.p.

2.1. The class of maps F;y and their perturbations. Consider the ellipse

E={s+iyeC| (%&18)1(%4)%1}

and define the domain A
V = g(C\ E), where g(z) = ﬁ
The ellipse E is contained in the ball |z| < 2, and thus, the ball |z| < 8/9 is contained in V.
Consider the cubic polynomial
P(z) = z(1 + 2)*.
The polynomial P has a fixed point at 0 with multiplier P’(0) = 1, and it has two critical
points —1 € C\ V and —1/3 € V, where P(—1) = 0 and P(—1/3) = —4/27. See Figures 1
and 5.
Following [IS06] we consider the class of maps

¢ : V — C is univalent!, p(0) = 0,¢’(0) = 1, and }

_ _ -1,
Fo= {f =Pop:p(V)=>C ¢ has quasi-conformal extension onto C.

Every map in Fy has a parabolic fixed point at 0, and a unique critical point at ¢ =*(—1/3)
which is mapped to —4/27. Indeed, every element of Fy has the same covering structure from
its domain onto its range as the one of P : V' — P(V). See Figure 5.

For h € Fy and o € C we use the notation a x h to denote the map 2

(2.1) (a X h)(2) = h(e®™%), z € e 2™ Dom (h).

Univalent is a standard terminology used for one-to-one holomorphic maps.
2Dom (f) denotes the domain of definition of a given map f, and is always assumed to be an open set.
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In the same fashion, for a set A C C, define the class of maps
Ax Fo={axh|he Fy,ac A}
For r > 0, we define
At(r)={aeC|0<|a| <r,Rea>|Imal},
A=(r) = {a €C|0<|a| <r,Rea < —|Imal},
A(r) = AT (r) U A= (r).

We shall work on the class of maps A(r) X Fo, for an appropriate constant » which will be
determined in Section 2.4.
Every f € A(c0) X Fp has a unique critical point, denoted by cpy. That is,

f/(CPf) =0, flepy) = —4/27T=cvy.

For our convenience, we normalise the quadratic polynomials into the form

. 27 .
Qa (Z) _ 62771&2 + Ee47r1az2,
so that their critical values lie at —4/27 and a X Qo = Q4.
We consider the topology of uniform convergence on compact sets on the space of holomor-
phic maps ¢ : Dom (g) — C, where Dom (g) is an open subset of C. A basis for this topology
is defined by

N(h;K,e) = {g :Dom (g) - C| K C Dom (g) and sup |g(z) — h(2)] < E},
z€EK

where h : Dom (h) — C is a holomorphic map, K C Dom (h) is compact, and £ > 0. In
this topology, a sequence h,, : Dom (h,,) — C converges to h provided h,, is contained in any
given neighbourhood of h defined as above, for large enough n. Note that the maps h,, are
not necessarily defined on the same domain.

The class Fy naturally embeds into the space of univalent maps on the unit disk with
a neutral fixed point at 0. Therefore, by the Koebe distortion Theorem [Leh87], Fy is a
pre-compact class in the compact-open topology.

2.2. Teichmuller metric and the holomorphic dependence. Using the one-to-one cor-
respondence between the class Fy and the quasi-conformal mappings on C\ V one may define
a metric on Fy. This corresponds to the Teichmiiller metric on the Teichmiiller space of
C\ V. One may refer to [Leh76] for the definition of quasi-conformal mappings, and to
[GLOO], [IT92], or [Leh87] for the theory of Teichmiiller spaces. Recall that the dilatation
quotient of a quasi-conformal mapping h is defined as

Dil(h) = sup +——.
z€Dom h |hz| - |hz|
The Teichmiiller distance between any two elements f = P o go;l and g = Po cpg_l in Fo is
defined as
_ . /o ~—1, | ¢r and ¢, are quasi-conformal extensions }
dreien(f, 9) = mf{ log Dil(@g © &) of ¢ and ¢, onto C, respectively.
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It is known that the Teichmiiller space of C \ V equipped with the Teichmiiller distance is a
complete metric space, and so is Fy equipped with dreic,. The convergence with respect to
dreich on Fo implies the uniform convergence on compact sets.

Let fx : Dom (fy) — C be a family of holomorphic maps parameterised by A in a finite
dimensional complex manifold A, such that for every A € A, Dom (f)) C C. We say that the
family f is a holomorphic family of maps, if for every A\g € A and every zp € Dom f»,,
the map (z,A) — fi(z) is defined and holomorphic in z and A, for z sufficiently close to zg
and A sufficiently close to A\g. Let T : X — Y be a mapping where X and Y are some classes
of holomorphic maps. We say that the mapping f — Y(f) has holomorphic dependence
on f, if for every holomorphic family of maps fy in X, the family T(fy) is a holomorphic
family of maps.

2.3. Fatou coordinates. As we shall see in Lemma 3.10, the set of f”(0) over all f € Fy
is compactly contained in C. Thus every f € Fy has a non-degenerate parabolic fixed point
at 0. For a € C sufliciently close to 0 and f € Fy, the parabolic fixed point of 0 x f at 0
bifurcates into two distinct nearby fixed points for aeix f. These two fixed points play a central
role in this paper. Below we introduce these formally, as they are needed for the definition
of the near-parabolic renormalisations, and postpone the proofs to Section 3.

Proposition 2.1. There exist a simply connected neighbourhood W of 0, bounded by a smooth
curve, and a constant r1 > 0 such that every map in A(r1) x Fo has exactly two distinct fized
points in the closure of W.

The proof of the above proposition appears in Section 3.4.
The non-zero fixed point of f € A(r1) x Fy contained in W is denoted by o¢. There are
complex numbers «(f) and B(f) with their real parts in (—1/2,1/2] such that

f/(O) — e27ria(f) and fl(Uf) — e27ri,8(f)-

These values are related by the holomorphic index formula

1 1 1 1
2.2 — dz = , .
22) 2mi /8W z— f(2) : 1 — e2mia(f) + 1 — e2miB(f)

Proposition 2.2. There exists ro > 0 such that for every f in AY(ry) x Fo there exist a
domain Py C Dom (f) and a univalent map ®5: Py — C satisfying the following properties:
a) Py is bounded by piecewise smooth curves, the closure of Py is contained in Dom (f),
and the points cpy, 0, and oy belong to OPy;
b) Im®;(z) = +oo when z — 0 in Py, and In®(2) - —oo when z — oy in Py;
¢) ®¢(Py) contains the vertical strip Rew € (0,2);
d) ®y satisfies
Ds(f(2) =Ps(2) +1,
whenever z and f(z) belong to Py;
e) @y is uniquely determined by the above conditions and the normalisation ®y(cpy) = 0.
Moreover, with this normalisation, the map f — ®¢ has holomorphic dependence on

f.

When f = Q, : C — C, with a € A*(r2), the existence of a domain Py and a coordinate
&, : Py — C satisfying the properties in the above proposition is rather classical. Indeed,
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these are among the basic tools in complex dynamics for over a century now. However, their
existence for the maps in A(r) X Fy is highly non-trivial and is proved in [IS06]. The univalent
map ®; with the above properties is called the Fatou coordinate of f on Py. See Figure 2.

FI1GURE 2. The pre-images of the vertical lines, with integer real parts, under
¢¢. These curves land at 0 and o, and spiral about 0 and o at well-defined
speeds when Im a # 0. The cross “x” in red is the location of cps, and the
dots in red are the first few iterates of cp;.

Proposition 2.3. There are constants r3 € (0,72) and k such that for all f € At (r3) x Fo,
or f = Qq with o € AT (r3), the domain Py in Proposition 2.2 may be chosen (wide enough)
to satisfy the additional property

1
o4 (P;) {w ecC ’ 0 < Re(w) < Re k}.

The above proposition is proved in Sections 3.7.

In [Chel9] it is proved that when « is real, @;1 of every vertical line in the image of ® is
a curve which lands at 0 and o at some well-defined angles. That is, there are tangent lines
to these curves at 0 and oy. However, this is not the case when Im« # 0. The pre-images
of the vertical lines spiral about 0 and o, and the corresponding speeds of spirals depend on
Im « and Im 3, respectively. This is stated in the next proposition.

Proposition 2.4. There exists a constant k' such that for all f € AT(r3) x Fo, or f = Qq
with o € A*(r3), there exists a continuous branch of argument defined on Py satisfying the
following properties.

a) For all & in (0,Re ﬁ —k) and & > 0, we have

lim (arg @;1(51 +i&2) + 2mé Im a) =argoy + 2m&; Rea + ¢y,

§2—+00
where ¢y is a real constant which depends only on f and |cs| < k'(1 — log|al).
b) For all & in (0,Re ﬁ —k) and & <0, we have

. l_i)m (arg(@?l(ﬁl +i&) — of) — 2n& Im B) = argoy — 27& Re B+ ,
9——00 .

where ¢ is a real constant which only depends on f and || < k(1 —log|a).
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Part (a) of Proposition 2.4 is proved in Section 3.7, and its part (b) is proved in Section 3.9.

Remark 2.5. When f € A(r) x Fy tends to a map fo € Fo, the fixed point oy tends to 0,
and becomes a parabolic fixed point. Although it is not used in this paper, it may be useful
to note that as f tends to fo € Fy, appropriately normalised Fatou coordinates ®; tend to
some conformal mappings, called attracting and repelling Fatou coordinates, that still satisfy
the relation in Proposition 2.2-(d). One may refer to [Shi00] for further details on this.

2.4. Top and bottom near-parabolic renormalisations. Let f either be in A1 (r3) x Fo
or be the quadratic polynomial Q, with o € AT (ry). Let &y : Py — C be the Fatou
coordinate of f introduced in the previous section. Define the sets

A ={z€P;:1/2 <Re(Ps(z)) <3/2, 2<ImPs(z)},
(2.3) Cr={z€P;:1/2<Re(Ps(2)) <3/2, -2<ImPs(z) <2},
By ={ze€P;:1/2<Re(P;(2)) <3/2, ImD;(z) < —2}.
By Proposition 2.2, ®¢(cvs) = +1, and hence cvy € int (Cy) 3. Moreover, 0 € dA; and
of € (9Bf.
See Figures 3 and 4 for an illustration of the following two propositions.
Proposition 2.6. For every f € AT (r3)x Fo, or f = Qo with o € AT (r3), there is a positive
integer k‘} satisfying the following properties.
a) For every integer k, with 0 < k < k', there exists a unique connected component of
f~*(Ay) which is compactly contained in Dom (f) and contains 0 on its boundary.
We denote this component by A;k.
b) For every integer k, with 0 < k < k%, there exists a unique connected component of
f7*(Cy) which has non-empty intersection with A;k, and is compactly contained in

Dom (f). This component is denoted by Cf_f
c) We have

—k% —kS 1
d) The map f:C;y} — Cpyt, for 2 <k <k%, and f: A% — AR for 1 <k <k,
are univalent. On the other hand, the map f : ijtl — Cf is a proper branched
covering of degree two. '

Proposition 2.7. For every f € AT (r3)x Fo, or f = Qo with o € AT (r3), there is a positive
integer k? satisfying the following properties.
a) For every integer k, with 0 < k < kb, there exists a unique connected component of
f=*(By) which is compactly contained in Dom (f), and contains o on its boundary.
We denote this component by B]?k.
b) For every integer k, with 0 < k < kl}, there exists a unique connected component of
f7*(Cy) which has non-empty intersection with B;k, and is compactly contained in
Dom (f). This component is denoted by Cf_ﬁ.

3The notation int (C') denotes the (topological) interior of a given set C.
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FIGURE 3. A presentation of the regions associated to the top renormalisa-
tion of f. The alternating green and brown shades denote the sets A7, and

the alternating blue and yellow shades are the sets Cf_j. The grey region is
the petal P¢. Here, f = Qo and a = 0.01 — 0.021.

c) We have

kY —KY 1
d) The map f: Cyy — Ciyt, for 2 <k <K%, and f: B;* — By, for 1 <k < kb,
are univalent. On the other hand, the map f : ij; — Cf is a proper branched
covering of degree two. '

The above two propositions are appropriately adjusted and reformulated versions of several
statements which appear in Section 5.A in [IS06]. See in particular Propositions 5.6 and 5.7
in that paper. Note that here we are working with the value +2 in place of the parameter n
in that paper.

Let k; and ké’c be the smallest positive integers satisfying the above propositions.

Proposition 2.8. There exists a constant k" such that for every f € AT (r3)x Fo, or f = Qa
with o € A*(r3), we have a) k% < k" and b) ké’c <k".

Part (a) of the above proposition is proved in Section 3.7 and its part (b) is proved in
Section 3.9.

Define the set
—k! —kt b —kK4 —kK4
S}:Af Tuces,’, S;=B;7uUC;,".
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FIGURE 4. A presentation of the regions associated to the bottom renormal-
isation of f. The alternating green and brown shades show the sets B;J ,

and the alternating red and blue shades show the sets C;j .

Consider the induced maps
(24) Eb = ®pofFr0d 1l @p(Sh) = Bp(Py), ES=dpofFr0d ! dp(Sh) — 0p(Py).

By the functional relation in 2.2-(d), we have E%(w + 1) = E%(w) + 1 whenever both w and
w+ 1 are in ® f(S}). Similarly, E? commutes with the translation by +1 on the boundary of
P f(ij»).

Let us define the covering maps

(2.5) Exp'(w) = 2_;162””’ Exp’(w) = 2—;1 e~ 2miv,

The map E} : @f(S}) — ®;(Py) projects via Exp’ to a well-defined holomorphic map
defined on a set containing a punctured neighbourhood of 0. We denote this map by Ryp..(f).
Similarly, E;’c i f(S?) — @ ;(Py) projects via Exp® to a well-defined holomorphic map defined
on a set containing a punctured neighbourhood of 0. This map is denoted by Ryr.,(f). Both
of these maps have a removable singularity at 0 with asymptotic expansions

Rup(f)(2) = e 2milelf); 4 0(z%), Raea(f)(2) = e 2P, 4 0(z?),

near 0, where f/(0) = €2™@() and f'(o;) = €2>™#(/). The above asymptotic expansions
are obtained from comparing f near 0 and o to the linear maps z + 2™z and z
of +e?™PU) (2 — g4), respectively.
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By Propositions 2.6 and 2.7, each of Et and Eb has a unique critical point. As ® f(cv f)=1,
the critical values of Et and Eb lie at +1 On the other hand, as Exp’(+1) = Exp” (+1) =

—4/27, each of RNp_t(f) and RNP »(f) must have a unique critical value at —4/27.
The main result of [IS06] is formulated in the next theorem.

Theorem 2.9 (Inou-Shishikura). There exists a Jordan domain U DV satisfying the follow-
ing. For all f € AT (r3) x Fo, or f = Q4 with o € AT (r3), there are appropriate restrictions
(to smaller domains about 0) of the maps Ryp..(f) and Ryp.,(f) which belong to the classes
{a(j } x Fo and {ﬁ(j } x Fo, respectively. That is, there exist quasi-conformal homeomor-

phisms ¥, : C — C which are holomorphic on V, 1(0) = ¢(0) = 0, ¢'(0) = ¢'(0) = 1,

and
Rart(f)(z) = Pop™ e 2y vz e 2™/ oy (V)
Ruvs(f)(2) = Pop (e 2m/BN ) vz € 2mi/B D (V).
Moreover, when f € AT (r3) x Fo, ¢ :V — C and ¢ : V — C extend to univalent maps on U.

See the figure below for the covering structure of the polynomial P on the set V.

<

F1GURE 5. Illustration of the covering property of the polynomial P. Similar
colors and line styles are mapped onto one another.

Remark 2.10. The renormalisations Ryp..(f) and Ryp.,(f) are not obtained from the return
maps (iterates of f) to a region, in contrast to other notions of renormalisation in holo-
morphic dynamics, such as the PL-renormalisation [DH85] or the sector renormalisation of
Yoccoz [Yoc95]. Near 0 or oy, these renormalisations may be interpreted as return maps since
EY% and all its integer translations project to the same map Ryp..(f). That is, for w € ®;(S%)
Wlth Imw large enough, there is i, € N such that Et( )+ iy € ‘I’f(S;)? hence a return
map. But, this may not happen for every w in ® (S f) For example, when || is small with
arga = —7r/4, the oy is attracting and may attract the orbit of cpy. Then, the orbit of
cpy may not visit St, (and then “go around” 0 to return back to Py). However, this does
not contradict the above theorem and the top renormalisation is still defined. Here, Ryp..(f)
has a critical value, but it does not belong to the domain of Ryp.,(f). For such values of «,
le=27/<| is large, and hence by Theorem 2.9, Dom Ry, (f) may be small and not contain
the critical value at —4/27. As we shall see in Sections 3.10 and 6.3, in the interesting cases
where both multipliers at 0 and o are repelling, a belongs to a substantially smaller region
and this scenario does not occur.
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Definition 2.11. For every f € A~ (r3) x Fo, the conjugate map s o f o s, where s(z) =
Z denotes the complex conjugation, belongs to AT (r3) x Fyo. We may extend the above
definitions of renormalisations onto A~ (r3) x Fy by letting

RNP-t(f) = RNP-t(S ofo 5)7 RNP—b(f) = RNP—b(S ofo 5)7 Vfe A™ (7'3) x Fo.

In particular, the Fatou coordinates are also defined for maps in A~ (r3) x Fp. Similarly, one
defines the Fatou coordinates and the renormalisations for Q. with o € A~ (r3).

The following proposition is a consequence of the holomorphic dependence of the Fatou
coordinate on the map, Proposition 2.2-(e), and the definitions of the operators Ryp., and
RNP—b'

Proposition 2.12. The operators f — Ruyp.(f) and f — Rye(f) have holomorphic depen-
dence on f € A(rs) X Fo. Similarly, & — Ryp.(Qa) and a — Ryp.,(Qo) are holomorphic
families of maps, parametrized on A(rs).

Recall that 5(f) is selected to satisfy Re 5(f) € (=1/2,1/2]. A priori, this number, which
is determined by Equation (2.2), may not be a continuous function of a(f) and f. However,
when «(f) is close enough to 0, one can choose 3(f) close to 0, so that it continuously depends
on «a(f) and f. This condition is implicit in Proposition 2.12 and Theorem 2.9. That is, r3
is small enough so that 5(f) continuously depends on f and satisfies Re 5(f) € (—1/2,1/2].

The restrictions of the maps Ryp..(f) and Ryp.,(f) to the smaller domain such that they
belong to A(o0) X Fy, are called the top and bottom near-parabolic renormalisation of f,
respectively. We use the notation Ryp_,(f) and Ryp..(f) to denote these (domain restricted)
maps. Note that in this definition, Ryp..(f) and Ryp.,(f) have extension onto the larger
domain U, by the above theorem. Also, note that although the renormalisation of a map has
extension onto a larger domain (U), the renormalisations are defined only using the iterates
of the map on the smaller domain (V).

3. ANALYTIC PROPERTIES OF THE NEAR-PARABOLIC RENORMALISATIONS

3.1. K-horizontal curves. In this section we study the dependence of the operators f +—
Rur(f) and f — Ryp.(f) on the linearity of f (that is, a(f)), and the non-linearity of f
(that is, the higher order terms of f). Let us introduce some notations in order to simplify
the statements that will follow.

By virtue of Theorem 2.9, using these notations, we may write

Rap(a X h) = a&(a x h) x h(a x h),

(3.1) B
Rupn(a X h) = d(a x h) x h(a X h).

Here, é(arx h) and & (e h) are complex numbers, which depend on o and h. Also, h(axh) and
h(ax h) are elements of Fy, which depend on a and k. Indeed, by definition, &(axh) = —1/a
but &, h and h depend on both a and h. Recall from Section 2.3 that o,xn denotes the
preferred non-zero fixed point of a X h, and B(« X h) is a complex number satisfying

(Oé [>< h)/(gaxh) — eQTriB(ab(h)'

We frequently consider maps T : A — C x Fy defined on a set A C C. We may write any
such map as Y(s) = a(s) x h(s) where for all s € A, a(s) € C and h(s) € Fy. For k > 0, we
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say that Y is k-horizontal, if A is connected, Y is continuous on A, and for all s1,s2 € A
we have

dreicn(h(s1), h(s2)) < kla(s1) — a(s2)].
We call the image of any such curve a k-horizontal curve.

We aim to show that there is & > 0 such that each of the operators Ryp.. and Ryp.,,
map any k-horizontal curve to a k/2-horizontal curve. That means, these renormalisation
operators map the “cone field” of k-horizontal curves passing through an arbitrary point
ag X hg well inside the cone field of k-horizontal curves passing through Ryp..(cg X ho) and
Rur-n(ag X hg), respectively. We start with the following property.

Recall the constant r3 introduced in Section 2.3.

Proposition 3.1. There are constants r4 € (0,r3] and k1 > 0 satisfying the following prop-
erties:

a) for every ki-horizontal curve Y in A(ry)xFo, Rup+(T) and Ryp.,(Y) are ki-horizontal
curves in C x Foy;

b) the curves a — Ryp.o(Qo) and a — Rypr.(Qo) are ki-horizontal curves in C x Fy,
for a € AT (ry) and for « € A~ (r4).

In order to prove Proposition 3.1, we need to control the dependence of the linearities and
non-linearities of Ryp., and Ryp., on o and h. These are formulated in the following four
propositions.

Proposition 3.2. There exists a constant ca,1 such that for all h in Fo U {Qo}, and all oy
and as in AT (r3) or all @y and as in A~ (rs), we have

dreien (h(a1 x h), h(ag x h)) < ca1|ar — aal,
dTeiCh(iL(al X h), }VL(OéQ X h)) < 02)1|041 — 042|.
The above proposition is stated in Section 1 as Theorem B. The Lipschitz property of
a — h(ax h) on the real slice (—r3,0)U(0,r3) is proved in [CC15]. In that paper, it is crucial
that Ryp., is fibre preserving, that is, &(« X h) depends only on «. On the other hand, Ryp.s
is not fibre preserving and the proof of the above proposition for h(a x h) involves further
analysis carried out in this paper. Also, when « is real, P,k consists of curves landing at
0 and o, at well defined angles, and hence, we did not need to deal with the spiralling
behaviour of the Fatou coordinates in Proposition 2.4.

Proposition 3.3. There exists a constant cao € (0,1] such that for all a in A(rs), and all
h1 and ho in Fy we have

dreien (h(a 1), h(a X ha)) < ca.9 dreien(h1, ha),

deich (h(cv X h1), h(a X ha)) < ¢2,2 dreich(h1, h2).

Recall from Section 2.4 that &(a x h) = —1/B(a x h). By Proposition 2.12, for a fixed
h e FoU{Qo}, @ = &(a x h) is a holomorphic mapping from A(r3) into C.

Proposition 3.4. There exists a constant c11 > 0 such that for all h in Fo U{Qo}, and all

a1 and ag in AT (r3) or all aq and as in A (r3), we have
Jor = 0ol 50y x ) — G(ag x )| < Sutloa = 22l

01,1|a1a2| o g



18 DAVOUD CHERAGHI AND MITSUHIRO SHISHIKURA

Proposition 3.5. There exists a constant c1,2 > 0 such that for all o in A(r3) as well as all
h1 and ho in Fy, we have

|d(a X hl) — d(a X h,2)| S C1,2 chich(hla hg)

Remark 3.6. By the definitions of Ryp., and Ryp.,,, we only need to prove the Propositions 3.2-
3.5 for a € At (r3). The statements for « € A~ (r3) follow from the ones for a € At (r3).
Thus, within the rest of this section we assume that Re o > 0, unless otherwise stated.

Proof of Proposition 3.1 assuming Propositions 3.2, 3.3, 3.4, and 3.5.
Define k1 = ¢2,1/3, and choose r4 > 0 such that

12021 _ 1

3.2 4 .
( ) * 3 - 01)17‘2

Let T : A — A(ry) x Fo be a ki-horizontal curve defined on a connected set A C C.
Since Ryp.. and Ryp., are continuous operators, Ryp.. oY and Ryp., oY are continuous maps,
parametrised on the connected set A. Fix two (distinct) points ag X hy and ag X hg on T(A),
and consider the third point a; x hg in A(r3) x Fy. We denoted the images of these points
under Ryp., and Ryp., by

a1 X by = Rype (1 X ha), &1 X h1 = Ruyp (@1 % hy),
by X hg = Rxe. (a2 X ha), g X hy = Ryp(az X ha),
d3 X iLg = RNp_t(al X hg), g X h3 = RNp_b(al X hg)

First we deal with Ryp... We have

Arreien (1, ha) < dreien(Pa, ha) + dreien (3, hi2) (Triangle Inequality)
< ¢2,2dTeich (1, he) + c2.1lan — ag|  (Propositions 3.3 and 3.2)

3.3

(3:3) < egoki|ar — ag| + ca1]on — ag] (T is k;i-horizontal)
= (ca,2k1 + c2,1)|o1 — Q.

On the other hand, as & = —1/a; and &o = —1 /s, we obtain

lar — az] = |arasl|dr — Gal.

Combining the above two equations, and using ca 2 < 1, 3k1 = c2,1, |aa] < 1/2, and |as| <
1/2, we obtain

chich(}Alla }Alz) < (e2.2k1 + c21)|on — aa] = dkr|oasl|dr — Gof| < ki]dq — .

The above inequality implies that Ryp..(Y) is a ki-horizontal curve, because &; x iLl and
do X ho are arbitrary points on Ryp. (7).

Now we deal with Ryp.,. Repeating Equation (3.3) for Ryp.,, we obtain

dreien (1, ho) < (c22k1 4 c21)|ar — aal.
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On the other hand, we have

|6y — | > |da — @3] — |d — a| (Triangle Inequality)
> M — ¢1,2 dreich (P, h2) (Propositions 3.4 and 3.5)
C1,1|Oé1042|
> M — c1,2k1]on — agf (Y is k;1-horizontal)
C1,1|Oé1042|
1 €1,2C2 1)
_ 22 <1/4, 3k =
(61,17“5 5 )lon — e (lonao| < 1/4, 3k1 = c2,1)
> 4|lag — as| (Equation (3.2)).

Combining the above two equations, and using 3k; = c21, c2,2 < 1, and 3.2 we obtain,
drreicn (h1, ha) < (c2.9k1 4+ ca1)|an — aa| < 4ki|ag — ao| < kyi|dy — dol.

This shows that Ryp.,(T) is ki-horizontal.
The proof of the second part of the proposition is a special case of the above argument. O

The remaining of Section 3 is denoted to the proofs of Propositions 3.2, 3.3, 3.4, and 3.5.
In Section 3.2, we use the notion of Schwarzian derivative to reduce Proposition 3.2 to the
Fuclidean variation of the functions, stated in Proposition 3.8. The proof of Proposition 3.8
requires a rather long series of calculations. To make the main idea clear, we first analyse the
top renormalisation, in Sections 3.4 to 3.8. Then, we prove the second part of Proposition 3.2
in Section 3.9. Proposition 3.3 follows from Theorem 2.9 and an infinite dimensional Schwartz
lemma of Royden-Gardiner (further details appear later). The proofs of Propositions 3.4 and
3.5 appear in Section 3.10.

3.2. Schwarzian derivative. The Schwarzian derivative of a univalent map f is defined as

(Y Ly
DSf‘(f’) 2(f)’

where “’ 7 denotes the complex differentiation of an analytic map. This measures the
deviation of a univalent map from the Mobius transformations. We shall use this notion to
measure the Teichmiiller distance between univalent maps. See [Leh87] for general properties
of this derivative.

When the maps Ryp..( X h) and Ryp.,(a X h) belong to C x Fy, there are univalent maps
Yaxh 1 V= Cand Yaxn 1 V — C, with ¥axn(0) = Yaxn(0) = 0and ¢/, ,(0) =9/, ,(0) =1,
such that

Ruyps(a@x h)(z) =Po ﬁ;;h(ez’”—dz), Vz € eiQ”ié‘@axh(V),
Ruapn(ax h)(z)=Po Pt (627”6‘2“), Vz € 6727”.071[)(1%}1(‘/).

axh

(3.4)

In terms of our earlier notations A and h in Equation (3.1),

(3.5) H:Pod);ih, h=Poy L.
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For @ and o in A(rs) and h € Fy, consider the maps
Qa,a’,h = 1/;o¢l><h o &;/lxh : Jja/xh(v) — J)axh(v)a
Qa,a’,h = ’Jjalxh o @L;/lxh : ’Jja’xh(v) — /lLaD(h(V)-

Studying the Schwarzian derivatives of the above maps allows us to control the distances

dreich (R(a X h), h(a/ x h)) and dreicn(h(c X h), h(a/ X h)). Let flann|dz| and 7o p|dz| denote
the hyperbolic metrics of constant curvature —1 on ¥a s (V) and ¢ (V), respectively. Then

the hyperbolic norms of the Schwarzian derivatives Dg Q4. o/, and Dg Qa,a/7h are defined as

R |DSan¢/h(z)|

Dl ) _ 17s 2rosal,hA /1
|| Sila,a ,hHwa,My(V) zeﬁzjlf:(v) [axn(2)[?

5 |DSan/h(Z)|

Ds Qo o |- = T (O
H S3la,a 7hH¢a,M(V) z@;}li(v) Tlaxn (2)[?

Proposition 3.7. There exists a constant Dy such that for all h in FoU{Qo}, and all o, o’
in AT (r3), we have

IDs Qa,arnlly,,, vy < Dila =, [ Ds Qaarnllg,,, o) < Dila—a'l.

Proof of Prop. 3.2 assuming Prop. 3.7. The domain V is bounded by a smooth curve, and
hence is a quasi-circle. On the other hand, by Theorem 2.9, 1/3(1“ :V — Cand z/)a,xh :V—=C
have univalent extensions onto the domain U, which contains the closure of V in its interior.
This implies that there exists a constant K, depending only on V and mod (U \ V), such
that the boundaries of ﬁaxh(V) and Yaun (V) are K-quasi-circles.

By a classical result on the relation between Schwarzian derivative and the quasi-conformal
extension, see [Leh87, Chapter 2, Thm 4.1] or [Ahl63], there exists a constant €(K) such that
Qa,o/,h and Qa,a/, r can be extended to quasi-conformal maps of C whose complex dilatations
[ and fi, respectively, satisfy

IDs Qaarnlly,, o) IDs Qaar il vy

[0 < 1 <
Ailloo < ) s Al < )
By the definition of dreic, 0on Fo, and Proposition 3.7, we conclude that Proposition 3.2 holds
with the constant co; = Dy /e(K). O

The Schwarzian derivative satisfies the chain rule

.
. = HDSJ)aMh_DSJ)a’Kh’
wa’b(h(v) 14

By virtue of these relations, we may boil down Proposition 3.7 to the following statement.

)

o | s e o i)

Proposition 3.8. For every Jordan domain V' with V€ V' € U, there exists a constant
Dy such that for all a € A(rs), all h € Fo U{Qo}, and all z € V', we have

a) |81/}axh(z)/8a| < Do,

b) |0%ann(z)/0al < Da,.
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Proof of Prop. 3.7 assuming Prop. 3.8. By the estimates in Proposition 3.8, and the Cauchy
integral formula, there is a constant D5 such that for all z € V' we have

ot < D [aodtn ()] < Db |t )] < D4

and

| ()] < Db [t ()] < D[22
Also, by the Koebe distortion theorem, [0/, |, [0/ pls [0, and [0, | are uniformly
bounded from above and away from zero, on V', with bounds depending only on mod U\ V.
Combining these bounds together, and using Equation (3.6), one obtains the uniform bounds
in Proposition 3.7. 0

< Di.

The proof of Proposition 3.8 constitutes a series of calculations that will be presented in
Sections 3.4 to 3.8.

3.3. Preliminary estimates for the maps in Fj.

Lemma 3.9. For every o € A(1/2), the following hold:

a) for every h € Fo, a x h is defined on the ball B(0,2¢~™/V2/9) and is univalent on
the ball B(0,4e~™/V2/27);
b) for every h € Fy, the critical point of o X h, cp,},, satisfies

4e™™/V2 127 < |epyn| < 4€™/V2 /3,
¢) Qo is univalent on B(0,8¢~™/V2/27), and its critical point cp,, satisfies
8e™™/V2 /27 < |ep, | < 8e™/V?/21.

Proof. a) Let h = P o ™!, as in the definition of the class Fy. Because E C B(0,2),
B(0,8/9) C V. Applying the Koebe 1/4-Theorem to the map z — 9¢(8z/9)/8, one concludes
that B(0,2/9) C (V). Thus, B(0,2/9) C Dom h.

The polynomial P is univalent on the ball B(0,1/3) (which can be seen from the argu-
ment principle, for instance). By the above paragraph, ¢ is defined on the ball B(0,2/3) C
B(0,8/9). Thus, we may apply the classical Koebe distortion theorem to the map z —
3p(2z/3)/2, to conclude that ¢(B(0,1/3)) contains B(0,4/27). (For the simplicity of calcu-
lations we have applied the Koebe Theorem to z — 3¢(22/3)/2 instead of z — 9¢(82/9)/8.)
This means that every map h € F; is univalent on the ball B(0,4/27).

For ain A(1/2), |Ima| < v/2/4. Composing with the rescalings at 0, the above paragraphs
imply that a x h must be defined on the ball (2/9)e~™/V2, and must be univalent on the ball
(4/27)e~™/V2,

b) The polynomial P has a unique critical point at —1/3 within V. By the Koebe distortion
theorem, applied to the map z — 3¢(22/3)/2, we conclude that |p(—1/3)| € [4/27,4/3].

Recall that the critical point of h € Fy is equal to ¢(—1/3). Composing with the complex
rotations z — €™z we conclude the bounds in Part b).

c¢) The unique critical point of Q, lies at —8e?™**/27. Further details are left to the
reader. 0
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Lemma 3.10. For every h € Foy, h°"(cpy,) tends to 0 as n tends to +o00, and 2 < |h”(0)] < 7.

The above lemma is stated in [IS06, main theorem 1]. The uniform bound in the latter
part of the lemma also follows from the Area Theorem, since the conformal radius of the set
V' is strictly larger than +1.

Proof of Proposition 2.1. Although the class of maps Fy is not compact (their domain of
definitions are quasi-circles), every sequence of maps in Fy has a sub-sequence which con-
verges, in the compact-open topology, to a holomorphic map with a non-degenerate parabolic
fixed point at 0. Indeed, as we saw in the proof of Lemma 3.9, the limiting map is defined
on B(0,2/9), and by Lemma 3.10 the modulus of its second derivative at 0 belongs to the
interval [2,7].

Every map h in the closure of Fy, Fy, has a non-degenerate parabolic fixed point at 0.
That is, a fixed point of order two. Every such h has an attracting and a repelling petal
covering a punctured neighbourhood of 0. Hence, h may not have any fixed point on the
union of the petals. Using Lemmas 3.9-a and 3.10, one may find a neighbourhood W of 0,
bounded by a smooth curve, such that every h € Fy has a unique fixed point on the closure
of W.

By the Argument Principle, there is 1 € (0,1/2) such that for all & € A(r1) and all
h € Fo, a x h has two fixed points in W, counted with multiplicity. As a # 0, 0 is a simple
fixed point of o X h, and hence, there must be another simple fixed point of a x h within
wW. O

In order to analyse the dependence of h on a we need to study the definitions of Ryp., and
Rxp.p in detail. For h € Fy and a € AT (+00), it is convenient to denote (« X h) by hg, that
is,

ha(2) = h(e*™%2), z € e 2™ Dom (h).
This is consistent with the notation Qn(2) = Qo(e?™**2). For h in FoU{Qo} and a in AT (r3),
Proposition 2.2 guarantees the existence of a Jordan domain Py, and a conformal change
of coordinate
(I)axh : ,Pab<h — (Cv

which conjugates h,, to the translation by +1. We aim to study the dependence of @, on
«. It is convenient to do this in a certain coordinate called the pre-Fatou coordinate, as we
discuss in the next section.

3.4. The top pre-Fatou coordinate. Every map h, in AT (r1) x Foy or in AT (r1) x {Qo},
may be written of the form
(3.7) ha(2) = 24 2(2 — Taxn)Uaxh(2),

where uqxp is a holomorphic function defined on Dom h, which is non-zero at 0 and o,xp.
As a — 0, oaxn — 0, and we may identify a holomorphic function ugxp such that

(3.8) ho(2) = 2 + 22ugnn(2),

with ugxr(0) # 0. By pre-compactness of the class Fy, and the uniform bound in Lemma 3.10,
[tann(0)| is uniformly bounded from above and away from 0. More precisely, there is a
constant D3, independent of « in A% (r1) U{0} and h in Fy U {Qo}, such that

(3.9) D3' < uaxn(0) < Dj.
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Differentiating Equation (3.8) at 0 and o4 provides us with the formulas:
(310) Oaxh = (1 - e2ﬂ'ia)/uo¢l><h(0)7 h:l(o'alxh) =1+ Ualxhualxh(aow(h)'
In particular, there is a constant D4 such that for all « € AT (ry) and h € FoU{Qo}, we have

1
(3.11) S=lal < [oaxn| < Difal.
4

Following [Shi98], we consider the covering map 7oxp : C — C \ {0,04xn}, defined as

(3.12) Taxcn(w) = —2oxh

- 1— 672771'&10 )
where C denotes the Riemann sphere. We have,

Talxh(w + O‘_l) = Ta%h(w)’ Im(agr)ri-i-oo Touxh(w) =0, Im(agr)ri)—wTaKh(w) = Caxh

Also, Taxp maps Z/a to the point at infinity in C.

Lemma 3.11. For all h € Fo U{Qo} and all a in At (r1), we have the following estimates
a) if Im(aw) > 0, then

b) if Im(aw) < 0, then

|Oé|627r Im(aw)

|7'm><h(w) - Ua><h| < D4W'

Proof. By Equation (3.11), for w with Im(aw) > 0,

1
Irawn(w)l < Dalel ==y < Dalol ey =1
Similarly, for w with Im(aw) < 0,
- |e—27rio¢w| D 6271'Im(ozw) .
|Taxn (W) = Taxn| < |0axh|m > 4|a|w-

We may lift hy, : Paxn — C via 7oxp to a holomorphic map
Fown : T;;h(Paxh) - C,

which is determined upto an additive constant in Z/«. Since there are no pre-images of 0
and oaxp In Poxn, Faxn takes a finite value at every point in T;;h(Paxh). Being a lift, for
any choice of the additive constant in Z/«, we must have

(3.13) haoTaxh(W) = Taxh © Faxn(w), Faxn(w+1/a) = Foxp(w)+1/a, w e T;th(Paxh).

Indeed, we have a formula for F,xp, in terms of ugxp in (3.7),

(3.14) Foxn(w) =w+

og (1 Ualxhualxh(z)

_ ith 2 = Taxn (w).
1—|—zuaxh(z))’W1 2= Taxa(w)

T
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A choice of the branch of log in the above formula corresponds to a choice of the additive
constant in Z/«. In this paper, we work with the branch satisfying Imlog(-) C (-7, +7), in
order to guarantee

(3.15) lim |Fown(w) — (w4 1)] =0.

Im(aw)—+o0
This can be verified using Equation (3.10). Let Pown denote the connected component of
7';; p(Pawn) which separates 0 and 1/a. The unique critical point of h,, which lies on the
boundary of Puyxp, lifts under 7,5 to a 1/a-periodic set of points. There is a unique point
in this set which lies on the boundary of Py p,. This is denoted by CPaxh-

For r € (0,400), define the set
O4(r) = int ((C \ UnezB(n/a, 7“))

Lemma 3.12. There are constants r > 0, Ds, and Dg such that for all h € Fo U{Qo} and
a € AT(rh), Fouxn is defined and univalent on ©4(Ds) and satisfies the following properties:

a) for all w € ©4(Ds),
[Fosen(w) = (w+1)[ <1/4, [Fly(w) = 1] < 1/4;

b) for all w € ©4(Ds) with Im(aw) > 0, we have
| Fasen(w) = (w+ 1) < Delrascn(w)l,  [Foupn(w) = 1] < De|Tascn(w);

¢) for all w € ©4(Ds) with Im(aw) < 0, we have
1

2mic

|Fon(w) = 1| < Dg|Taxn(w) = daxhl-

(e

|Foxn(w) —w + log hiy(caxn)| < De|Taxn(w) — oaxnl,

Proof. By Equation (3.11), there is g9 € (0,r1] such that for all « € A*(dy) and every h
in Fo U{Qo}, 0axn € B(0,2¢"™/V2/27). Then, there is a constant C; > 0 such that for
all v in AT (8) and h in Fo U{Qo}, Taxn(©a(Ch)) is contained in B(0,4e~"/V2/27). By
Lemma 3.9, h, is univalent on B(O,4e*”/ﬂ/27). Thus, there are no pre-image of 0 and
Oaxh Within B(O,4e‘”/\/§/27), except 0 and ooxp. This implies that there is a lift of A,
defined on ©,(C4), which is holomorphic and one-to-one. Moreover, we may choose the lift
which agrees with the branch in Equation (3.14), on Poxh N Oy (Ch).

We need to repeat the previous paragraph, with more explicit constants, so that the
inequalities in part (a) hold. By the pre-compactness of the class Fy, there is a constant
C5, independent of a and h, such that for all z € To4xn(Oa(C1)), |taxr(2)] < Ci. Choose
51 € (0,80] such that 461 D4C5 < 1, where Dy is the constant in Equation (3.11). This
implies that for all « € A'(d1) and all h € Fo U{Qo}, |oaxn| < d1D4 < 1/(4C3). Now,
there is C3 > C; such that for all « € AT(1), all h € Fo U {Qop}, and all w € ©,(Cs),
[Taxh(w)] < 1/(2C5). Putting these together, we have

Tanhlaxh(Z)| _ DilalCy
14+ zuaxn(2) = 1/2

This guarantees that 1 — oaxntaxn(z)/(1 + 2zuaxn(z)) is away from the negative real axis
(=00, 0]. In particular, the branch of log with Imlog(-) C (—m, ) is defined in formula (3.14).

(3.16) <2D46,05 < 1/2, Vz € Taxh((aa(cg)).
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Similarly, we have
(3.17) |0ab<huab<h(0ab<h)| < Dy61Cy < 1/2.

Thus, by Equation (3.10), k., (0axp) is away from the negative real axis as well. In particular,
the same branch of log is defined at A/, (0axh)-

We may now use the formula in (3.14) for Fi,x in order to prove the inequalities in the
lemma. With z = 74xx(w), we have

|Foxn(w) —w—1|

‘ 1 1Og(1 Mam(z;)_l‘

(3.18) 2T 1+ ZUaxh(2
1 ’1 ( Uaxhuaxh(z)) 2mia
=——|log(1————""—"<) —loge
27|« 14+ zuaxn(2)
Let us define Cy as the maximum of the function z +— |log’(z)| = |1/z|, for z in the set

B(1,2D4C561) U{1/z | & € B(1,C3D461) U {e*™ | o € AT(61)}.

Using e*™ = 1 — g4xntiaxn(0) from (3.10), and (3.16), we have
(3.19)
}1og (1 —

TaxhUaxh(?)

TaxhUanh (%) i
<C } | — JaxhllaxhlZ)y _ omia
14+ zuaxh(2) - 4( )

) _ log eQﬂ'ia

o 04‘(1 1+ 2Uaxh z)) - (1= UO‘MUO‘M(O))‘
- __Maxn(2)

- C4|0axh|‘(1+zuMh(z)) Uouxh(o)’

S C4D4|04|O5|Z|.

A uniform constant C5 in the above equation exists because of the pre-compactness of F.
Now, we may choose 75 € (0,d;], and then choose Cs > Cs5 such that for all « € AT (r}), all
hin FoU{Qo}, and all z € 74xn(0a(Cs)), we have C4D4C5|z|/(2m) < 1/4. Then, combining
(3.18) and (3.19), we conclude the first inequalities of Parts a and b.
Using z = Taxn(w), and bl (caxn) = 1 + daxhtiaxh(Caxn) from (3.10), we have
(3.20)
1

Fown(w) — w+ 5o log h'a(aa,xh)‘

1 Uozb(hualxh(z) 1 1
= ‘ -log [ 1 — — — log ‘
2ma 1+ zuaxn(2) 2mia 14+ daxnrtiaxh(Caxh))

Cy (1 Ualxhumxh(z)> 1

~ 27| 14 2Uawn(2) ) 14 Caxnlaxh(Taxn) |
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On the other hand,
(3.21)

’ ( 3 Ualxhumxh(z)> 3 1 ’
1+Zuozb<h(z) 1+Uab<huab<h(0ab<h)
d 1 — Vo (e}
< |z—aa><h|sup{‘— ( +( —Oap)u Kh(y))

iy =toawn + (1 —t)z,t € (0,1)}

dy L+ yuaxn(y)

Uaxh(Y)® = U (Y)

(1 + yuaxn(y))?

=z —Uaxh||ow<h|sup{’ ’ ;Y =toawn + (1 —t)z,t € (0,1)}

< |z — oaxn|Da|a|CE.
The constant C} in the last inequality depends only on the class Fy. Combining (3.20) and
(3.21), we obtain the first inequality in Part c.
To prove the uniform bounds for the derivatives in Parts a, b, and c, one may use the
Cauchy Integral formula for the first derivatives, at points in 0,(Cs + 1). This finishes the

proof of the proposition by introducing D5 = Cs+1 and Dg as the maximum of CyD4C5/(27)
and C4D4Cé/(2ﬂ') ]

Lemma 3.13. There exists a constant Dy such that for all a,a’ € AT(r}) and all h €
FoU{Qo} we have the following inequalities:

a) for all w € ©4(Ds5) with Im(aw) > 0,
|Fasn(w) = Farxn(w)] < Drlo = o || 7ann(w);
b) for all w € ©,(Ds5) with Im(aw) < 0,

|F0cl><h(w) - Fa’[xh(UJ” S D7|OZ — o/|.

Proof. Consider the continuous function By : C\ (—oo, —1] — C defined through log(1+z) =
By (z), and Ba(a,w), for a € AT (r}) and w € ©,(Ds), by the formula

(1 _ 67271'&1') uozb(h(z)

By(ow) = —— (um(om T

@) — 1), z = Taxn(w).

In the proof of Lemma 3.12 we chose 75 and Dj so that for z € 74k, (©a(Ds5)), 1+ 2uaxn(z)
is uniformly away from 0. Combining this with the pre-compactness of the class Fy, we have

By(a,w)  Ba(o/,w)

Bo(on )| = (1) = Olfrasn(w)]), | 22505 — 2200

= 0(fa - o),

for some uniform constants in O.
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Let w € ©4(Ds). Using the formulas (3.10) and (3.14),

1 Taxhlaxh(?) 1 2mai
F, —w—1= 1 1-—- - 1 Tar
< (w) —w omaq 8 < 14+ zuawn(2) 08¢

1 : log 1— 1- e27rioz uOthh(Z) e—27rai
2w Uaxh(0) ) 1+ zuaxn(2)
_ 1 og (e~ 4 1 —e2ma Uaxh(2)

2movi Uanh(0) ) 14+ zuann(2)

= gray <1 (1= eT) <uw<o>ﬁx+h(2m<z>> B 1>) '

= ﬁBg(a,w)B1 (aBa(a, w)).

Define the set
O = 004(Ds) U{w € 04(Ds) | Im(aw) = 0}.
For o sufficiently close to «, |Taxn(w)|/|Tar xn(w)] is uniformly bounded from above and away
from 0, independent of w € O and h € Fy. For w € O,

|Fal><h(’w) - Fa’xh(’w)l = %‘BQ(Q,M)BI(QBQ(Q,U})) _ B2(a/7w)Bl(a/Bz(o/,w))’
< %|B2(a,w)|’31(a32(a,w)) _ Bl(a/BQ(O/,w))’

1
+ E'Bl (o’ Ba(a,w))|| Ba(ar,w) — Ba(a', w)|
< Clraxn(w)lla = o' + C'a = o [|Taxn (w)]-

The constants C' and C’ depend only on the class Fy. Below we use the maximum principle
in the w variable in order to prove the estimates in (a) and (b).

By the above equation, the estimate in (a) holds on d{w € ©,(Ds) | Im(aw) > 0}. It also
holds as Im(aw) — 400, since |Foxp(w) — Forxn(w)| = 0 by Equation (3.15). This implies
that the uniform bound must hold for all w in ©,(D5) with Im(aw) > 0.

On {w € O | Im(aw) < 0}, |Taxn(w)| is uniformly bounded from above. Hence, by the
above equation, |Fyxpn(w) — Forwpn(w)] is bounded by a uniform constant times |a — o/|. We
need to look at the asymptotic behaviour of this difference as Im(aw) — —oo. That is,

lim N [Fasn(w) — Forwn(w)]

Im(aw)——
_ 1og <1_ Uaxhuaxh(o'mxh) ) _ 1 log (1_ Ua/[xhua/[xh(aalxh) )
2mai 1+ Gaxhanh(Taxh) 2mali 14 0o whtiarwh(Tarxn)
1 1
= }%ai log(1 + oaxntiaxn(Gaxn)) = 5—-log(1 + Ua’xhua/lxh(o'allxh))}
< C"a - d|,

for some constant C”" depending only on the class Fy. By the maximum principle, the uniform
bound in (b) must hold for all w € ©,(D5) with Im(aw) < 0. O

Recall that the map « X h has a unique critical point in its domain of definition. This
point may be lifted by 74xp to a critical point for F,; which lies on 0Py . We denote this
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point by c¢p, - By Proposition 2.2, several iterates of ¢, under F,yxp remain in Pasch,
and there is the first moment when an iterate exits 750“X n. Once the orbit exits this set, it
falls in the connected component of C\ Pax containing 1 /a. In particular, by Lemma 3.12,
there is the smallest i, € N such that

Re Faoll:tljh(cbaxh) € (V2D5,V2Ds + 2).

Here we are assuming that Re a~! > 24/2D5 + 2 so that such a point exists. This can be
guaranteed by assuming that r4 is small enough.

By the pre-compactness of AT (r4) X Fo, iaxp is uniformly bounded from above independent
of a and h. The integer ioxpr may be chosen so that it is locally constant near a given
a € AT (rh) and h € Fy. We set the notation

Vaxh = F;;afjh’ (Cpocxh)'
This point shall be used as a reference point for the normalisation of a number of maps we
aim to introduce in order to study the dependence of @, on a.
Lemma 3.14. There exists a constant Dg such that for all a,a’ € AT(r}) and all h €
FoU{Qo}, we have

|Uo¢l><h - Uo/b(h| < D8|CY — Oél|.

Proof. By the definition of Fiyy, Uaw s, is the pre-image of he'*™" (¢poup) = polioxn=h) (—4/27).

Also, by the pre-compactness of the class Fo, |hg(iw<h_l)(—4 /27)]| is uniformly bounded from
above and away from 0. Then, the uniform bound in the lemma may be obtained by a
argument similar to the one in the proof of Lemma 3.13. O

3.5. Quasi-conformal Fatou coordinates. Consider the univalent map
(3'22) Laxn ZT;ihO‘I);;h : (I)alxh(,])alxh) _>75a1><h7

where T(;;h is the inverse of the map Toxn : 75a,xh — Paxh. Since O, xp conjugates a X h to
the translation by +1, for every £ € ®,upn(Paxn) With € + 1 € ®oxpn(Paxn), we have

(323) Laxh(€+1) :Faxh(Laxh(g))-

The map Ly, may be extended onto the boundary of @, xp(Paxn). It follows that Laxp(0) =
Puxn- Then, by the above functional equation, Laowpn(iaxh) = Vaxh, where igxp and vaxp
are defined at the end of Section 3.4. Let Y5 denote the set of w € C such that either

arg(w — V2Ds) € [~37/4, 37 /4] + 277,
arg(w — 1/a + V2Ds) € [x/4,Tr /4] + 27,

Using (3.23) and Lemma 3.12-(a), one may extend L;i , to a univalent map

LY, 22— C.
-1

One may refer to [Chel9] for a more detailed discussion on extending the domain of L_ ,.
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Lemma 3.15. There is a constant Dy, independent of a and h, such that for all w in 3o we
have

1/Dy < |(Lgp)' (w)] < Dy.

Moreover, as Imw — 400 within $a, (L}, ) (w) — +1.

Proof. First assume w € X3 so that B(w,3/2) C Xs. By the Koebe distortion theorem
applied to L}, on B(w,3/2) we know that L, is uniformly close to a (complex) linear
map on the strictly smaller ball B(w,5/4). By Lemma 3.12-a, |Foxn(w) —w — 1] < 1/4.
Hence w and Fyxp(w) lie in B(w,5/4), and are mapped by L;ih to a pair of points apart
by +1. This implies that (L}, )’ (w) must be uniformly bounded from above and away from
Zero.

For w near the vertical line Rew = Re(1/(2«)) and with Imw large, there is a ball of
radius comparable to Im w, centred at w, which is contained in 5. By the Koebe distortion
theorem, L;;h tends to a (complex) linear map on B(w,3/2), as Inw — +00. Meanwhile,
the points w and F,xp(w) that are nearly apart by one, are mapped to two points exactly
apart by one. This implies that (L.}, ) (w) — 1 as Imw — +oo.

An arbitrary w € Y5 marches under the iterates of Fyxp to a point near the vertical
line Rew = Re(1/(2a)), where (L_},) is uniformly bounded from above and away from
zero. Moreover, this derivative tends to +1 as Imw — +oo. By the uniform estimate in
Lemma 3.12-a, the number of forward or backward iterates required to reach the proximity
of the vertical line is linear in Imw. Moreover, |F), ;| is uniformly bounded from above and
away from 0 on ¥, and also F , tends to +1 exponentially fast as Imw — +o0. Using this
and the functional equation (3.22), we conclude that (L1, ) (w) is uniformly bounded from

axh
above and away from zero, and must tend to +1 as Imw — +oo within . O

Remark 3.16. The proof of the above lemma provides us with a uniform bound on |(L}, )" 1|
of order 1/Imw. An exponentially decaying bound on |(L}},)" — 1| is obtained in [Chel3],
which requires more involved analysis. We do not need that finer estimate here.

We shall analyse the dependence of L,x, on « by comparing it to two quasi-conformal
changes of coordinates denoted by H! , and H2 ,. For a € AT (r}) and h in Fo U {Qo},
define the map

H! , :{C€C|ReC€[0,1]} = Ou(Ds) C Dom Fuyp
as
Hay,(€) = (1 = Re Q) (vann +i1Im¢) + (Re () Faxn(vaxn + i Im().
When Re ( = 0, we have

Halclxh(c + 1) = Faxh(Hixh(<))'
We have normalised Héxh by Héxh(O) = Vaxh-

Lemma 3.17. The map H},, is quasi-conformal and its complex dilatation satisfies

a?Holth(C)/aCHixh(C) < 1/37 V¢ € Dom H01¢l><h'
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Proof. 1t follows Lemma 3.12-a that H! , is a homeomorphism. The first partial derivatives

of H! , exist and are given by
(3.24)
OcHY 1 (O) = (Faxn(@axn +1Im¢) — (vaxn +3Im¢) + 1+ Re ((F) i, (Vaxn +iIm¢) — 1)) /2

OeH o, (C) = (Faxh(Vaxn +i1m¢) — (vaxn +iIm¢) — 1 — Re g( wh (axn +iIm¢) — 1)) /2.

By the estimates in Lemma 3.12, the complex dilatation of H_,, satisfies the bound in the
lemma. Evidently, H! axh 18 absolutely continuous on lines. O

By the formulas in (3.24), and Lemma 3.12-(b)-(c), we have
—if ImHL ,(¢) >0, then

axh

|&<Héb<h(<)| < D6|Tab<h(va><h —|—’LIHl<)|7

(3.25) 1 .
10cH o, (C) = 1| < Dg|mawh (Vaxh + iIm )|,
—if Im H,,,,(¢) <0, then
1 .
’3— m><h(<) +3 2 + 4 1Ogh (Uaxh)’ < D6|7'a><h('Ua><h +'LIH1<) - 0'm><h|7
(3.26)

1 .
laCmeh(C) - -+ log h,, (Uaxh)’ < Dg|Taxn(Vaxn + i Im¢) — oaxnl.

Define the homeomorphism

G!

471'0(

oH} p:{C€C|ReC €[0,1]} = Pasch(Panh)-

axh — ab<h
Using the complex chain rule, Lemma 3.15, and (3.25)-(3.26), we obtain:
— if ImH} ,(¢) >0, then

(327) |(%Go¢l><h( )| S D6D9|To¢l><h(vo¢l><h +ZIIHC)|,

— if ImH} ,(¢) <0, then

1
(328)  [0:Ghun() 45+

Note that the chain rule does not automatically give us a similar upper bound on |9, G}w n—1].
However, it implies that

(3.29) [(Gawn)'|=0(1), and  lim (Gau)'(¢) =1,

Im (—+4o0

logh (Umxh) < D6D9|Tal><h(vab<h +’LIH1<) - Uab<h|-

with a uniform constant in O independent of o and h.
We do not a priori know the image of the map G
have

(3.30) Gouen(C+1) = Gaepn(Q) +1.

However, (3.27), (3.28), and (3.30) make this map to be almost an affine one. The precise
statement is formulated in the next lemma.

ks €xcept that when Re ¢ = 0, we must
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Lemma 3.18. There exists a constant Dg, independent of o and h, such that for all { with
Re¢ €10,1] and Im ¢ > -2,
|G (€) = €| < Dio(1 — loglal).
Moreover, limiy, ¢ +00(GL 1, (C) — €) exists and is a finite number.
Proof. Fix real numbers d; and do such that §o > §; + 1 > 1, and define the set
A={(e€C|Re¢€0,1],Im( € [d1, 2]}
By the uniform bound in (3.27), we have

(3.31) ‘/ 0G e ( )dCdZ’ SDGDQ/A|7’m><h(val><h+ihn<)|d<dz.

By the pre-compactness of Fy, |vaxr| is uniformly bounded from above, independent of «
and h. By Lemma 3.11, there is a constant C, independent of « and h, such that the right
hand side of the above inequality is bounded by

2 1
ol dt
+|a] /51+1 e2mt|alcos(arga) _ |

1
<Cl1 - - @ (1 1— *27rt\a|cos(arga))
- < + |a|27r|a|cos(arga) < og(l —e

t=—+o0
<C|1l4+—= 1 1— —27t|a cos(arg o)
( * 7T\/_ <( Og( € ) t=061+1

<C(1- lo —277(51+1)|a\cos(arga) > )
- ( m/— (1 - )

t=0o
t=061+1

(3.32)

In the above inequalities we have used arga € [—7/4,7/4] and so cos(arga) < v/2/2. Since
r1 > 0, we have

ﬂ(51+1)\a|cos(arga)> <1- log (1 _ 67271'\&|cos(arga)> < C’(1—10g|a|),

W\/_ log (1 - W\/_

for some explicit constant C’ independent of &. Combining the above inequalities we conclude
that the right hand side of Equation (3.31) is bounded from above by a uniform constant
times 1 — log ||

On the other hand, by the Green’s integral formula, and using the relation in Equa-
tion (3.30) on the vertical side of A where Re ( = 0, the integral in the left hand side of (3.31)
is equal to

1 1
(3.33) 7{ GL (¢ (52—51)¢—/ G;M(agwt)dw/ GL_, (5vi+ 1) dt
0 0

The derivative |9; G, ()] is uniformly bounded from above independent of o and h, because
of the bounds in Equations (3.25)-(3.26) and Lemma 3.15. This implies that

’/ Ghoer (B2 + 1) dt = Gl (027) ‘/ Gl (Bui + 1) dt — Gl (511)

are uniformly bounded from above, independent of o and h.
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Let us choose 97 = 0 and a point ( € A with Re( = 0. By the above arguments we
conclude that |GL, ,(¢) — ¢| < C'(1 —log|al) + |GL,.,.(0)]. However, |GL, ,(0)] = liaxnl

axh axh axh
is uniformly bounded from above, independent of o and h. This implies the desired upper
bound in the first part of the lemma at (. Now, the uniform bound in (3.29) may be used to
establish the first part of the lemma at other points ¢ € Dom G, with Im¢ > —2.
Let ¢ and (5 be two points with Re(; = Re(a = 0 and § = Im (s > §; = Im (3. By the
asymptotic estimate in Equation (3.25) and in Lemma 3.15, 9:G} ., (¢) — 1 as Im { — +o0.

axh

This implies that the integral in (3.33) tends to (¢ —GL,., (¢2))— (¢ =G, (¢1)) as Im ¢, and

axh

Im (7 tend to +00. On the other hand, as d5 and §; tend to +oo, the right hand side of the first
“<” in (3.32) tends to 0. This means that the difference ({o — GL,.;,(¢2)) — (G2 — GL .1, (¢1))

axh
satisfies the Cauchy’s criterion, and hence the limit of (¢ — GL, ,(¢)) exists as Im{ — 400
along the line Re ¢ = 0. Finally, since d:GL,, ,,(¢) — 1 as Im — +oco within Dom G, ,,, the
limit must exist as Im ¢ — +oo within Dom G, ;. O

Proposition 3.19. There exists a constant D11 such that for all « € A*(r}), h € FoU{Qo},
and all £ € Dom Lgyyp with Im€& > —2 we have

|Laxn(§) — & < D11 (1 —log|al).
Moreover, the limit limym ¢ +oo Laxn(§) — & exists.

Proof. Recall that H! , (0) = vaxn, and |vaxp| is uniformly bounded from above independent
of a and h. This implies that |[H? , () — | is uniformly bounded from above, independent

axXh
of a, h, and ( € Dom H}! Indeed, H! ,(¢) — ¢ converges to vaxp as Im(¢ — +oo.

axh* [eY
Combining with Lemma 3.18, we obtain the uniform bound on |Laxp(§) — £| on the image
of G}wh. Finally, the functional relation in (3.22) and the estimates on F,xp in Lemma 3.12
may be used to prove the proposition at points & € Dom Lk with Imé > —2. In the same

fashion, the latter part of the proposition follows from the latter part of Lemma 3.18. O

The quasi-conformal change of coordinate H Clw » allows us to analyze the behavior of Lawp
near the left hand side of @y xp(Paxn). For example, it shall allow us to study the spiraling
behavior of ®_!, (z + iy), as y tends to 400 or to —oo, for small positive values of z. On
the other hand, we do not a priori know the size of ®,up(Paxh), say, its vertical width
in terms of 1/a. We also need to understand the behavior of L,y near the right side of
Doxn(Paxn). However, a large number of iterates of Fywp, (about Re(1/a) near +ioo),
on the image of H!_, are needed to cover Puyp. For this reason, it is not possible to use
the functional equation (3.22) and the uniform estimates on Fi, x5 in Lemma 3.12 to derive
estimates on L, p, near the right hand side of ®,up(Paxn). For this purpose we need to
define an alternative quasi-conformal change of coordinate for the right-hand side. But, the
issue here is that there is no reference point similar to v, near the right hand side of Posch.
However, as F,x;, commutes with the translation by 1/«, we expect that the behavior of
Lowxn near the left hand side and the right hand side of ®4xp(Paxn) should be similar in
nature. This is investigated through the quasi-conformal change of coordinate

H2, ., :{C€C|ReC€[0,1]} = Ou(Ds) C Dom Fynp
defined below.
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FIGURE 6. Schematic presentation of the quasi-conformal change of coor-
dinates H2,,. It is defined as interpolations of some analytic and quasi-
conformal mappings.

Recall that H} ,(0) = vaxn and |vaxp| is uniformly bounded from above. Since Fiup is

uniformly close to the translation by one, and G, , is quasi-conformal with a uniform bound
on its dilatation, independent of o and h, there is a constant tg > 0 and a positive integer @
such that

VE € {toi, 1 + toi, —toi, 1 — toi}, Re F.}, (Laxn(€)) € [~ Re(1/a) + D5, —Ds),

and for all £ with Re& € [0,1] and |Im&| > to, F_ih(La,xh(é“)) is defined. Indeed, by making

aX
to large enough, the four points F}, (Laxn(toi)), F, ¢ n(Laxn(toi + 1)), 2 (Laxn(—toi)),
and F Dﬁh(LaKh(—toi + 1)) become arbitrarily close to the vertices of a parallelogram whose

two sides converge to two horizontal segments of length one.
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Let us define the curves (see Figure 6)

o—t to+1

(0 = (5 F i L t00) + (5D F (Laen(tod) for t € [t ol
Y2(t) = ( t)E g (Laxn(toi)) + tEy 5, (Laxa((to +1)i)), for t € [0,1]
’73( ) = (1 - t)Faxh( OMh( tol)) tFaxh( ((_tO - 1)2)) for t € [07 1]

v4(s) = F Ly (Laxn(s + (to + 1)i)), for s € [0,1];

v5(s) = F.1 (Laxn(s + (=t — 1)i)), for s € [0, 1];
Y6(s) = (1 — 8)F L, (Lawn(toi)) + sEL L, (Laxn (1 + (to + 1)i)), for s € [0,1];
(

1+ )

v7(s) = (1 = 8)E L, (Lawn(—tod)) + sF. L, (Laxn (1 + (—to — 1)i)), for s € [0, 1].
For ty large enough, independent of o and h, the curves 7y, s, F;;h(La,xh([O, 1] 4+ toé)) and
F L (Laxn([0,1]—toi)) are nearly horizontal. The curve g has slope close to 1, and the curve
77 has slope close to —1. In particular, for large enough o, the curves 4 and 7 intersect only
at their end points F !, (Laxn(1+ (to +1)i)), wile the curves 45 and -7 intersect only at the
point F', (Laxn(1 — (to + 1)i)). The curves v and F. ", (Laxnr([0, 1] + toi)) only intersect
at their staring points, and similarly the curves 47 and F, ", (Laxs([0, 1] —toi)) intersect only
at their starting points.

Define the map H?2_, (s + ti), for s € [0,1] and ¢ € R, as follows:

E L (Lawn(s + i), if [t| >t +1

(1= 8)71(t) + sFann(71(t)), if [t| < to

(L5he=s)yy(s) + Le=ttlyg(s), if s € [0,1],t € [to + s,t0 + 1]
(= to 1)76(15 —to) + == Fawn(12(t)), ift € [to,to +1],s € [t — to, 1]

(= t )5 (s) + t“f_tjlw(s), if s €[0,1],¢ € [—to — s, —to — 1]
(t —L 1)77(15—150) + = Faxn(3(1), if t € [~to, —to — 1], s € [t — Lo, 1].

It follows from the above definition that
H2, (L4 ti) = Foup(H2, (1)), Vt € R.
Moreover, from the construction, one can see that the following lemma holds.

Lemma 3.20. The map H?, is quasi-conformal on the strip Re ¢ € [0,1] and the size of its
dilatation |({% 2 n]OcH2 .| is uniformly bounded from above at almost every point on this
strip. Moreover there is a constant Do such that for all o, 5 in A(r}), all h in Fo U{Qa},
and all ¢ with Re¢ € [0,1] we have

|H2 0 (C) = HE 1, (Q)] < Dizla - Bl.
For ¢ € C, we denote the translation by ¢ on the complex plane with
T.(w) = w+ ¢

Since Fi, i}, is periodic of period 1/« the quasi-conformal mapping T} /aoH 1, also conjugates
the translation by one to the action of F,xp. We shall compare the map L,xpn to this
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coordinate by studying the map
Gayn=T-1/a0L Ly 0T /q0H2,, : {C€C|Re(€[0,1]} - C.

By the periodicity of F,xp and the functional equations for L, xp and Hixh, we must have

G, (C+1) = G%,,(¢) + 1, whenever Re( = 0. We shall use this map to analyze the
conformal change of coordinate L, near the right hand side of its domain of definition.
By the definition of this map, G2, is quasi-conformal with |8?GZD< 1/ 0cG? | uniformly
bounded from above. Moreover, it is normalised by making

(3.34) lim [Im(G3,,(¢) — Q) = 0.

Im (—+o0

The above normalisation, and the uniform bound on the dilatation of the map allows us to
prove a uniform bound on the dependence of this map on a.

Lemma 3.21. For every D5 > 0 there is a constant D13 such that for all o, 8 in A(r}) and
all ¢ with Re¢ € [0,1] and |Im (| < Di5 we have
a)
|G © (Ghp) ' (€) = €| < Disla — .
b)
|G2, 0 (G%,h)_l(f) —¢| < Disla — fl.
Proof. Part a) Let pioxp denote the complex dilatation of the map G, ,. By Lemma 3.17,

|ttaxnr| is uniformly bounded from above, independent of « and h, by a constant < 1. The
complex dilation of the composition G, o (G}a ») ! at ( is given by the formula

axh — 18,1 ( aCG%%,h(C) )2
1= pgnFrasch MG 5, ()]
On the other hand, as G, , = L_}, o H! , and Lawy is holomorphic, by the chain rule, the

axh

complex dilation of G, is equal to the complex dilatation of H} ,. Combining with the
above equation, and the formulas in Equation (3.24), we conclude that the size of the complex
dilation of G, ., o (G} ;)" is bounded from above by a uniform constant times |o — f.

Recall that G, (0) = iaxn, and iqxp, is locally constant. Thus, for @ and 3 sufficiently
close, Gixh o (Géyh)_l(iaxh) = iaxh- By the classical results on the dependence of the
solution of the Beltrami equation on the Beltrami coefficient, see [AB60, Section 5.1], |G}, o
(Gh.) (&) = €], for € in a compact set, is bounded from above by a uniform constant times

| — 3|. This finishes the proof of the first part.

Part b) The proof is similar to the one given for Part a, except that we use the normalisation
of the maps at infinity instead; Equation (3.34). O

3.6. Dependence of the Fatou coordinate on the linearity.
Proposition 3.22. For all D}, > 0 there exists a constant D14, independent of o and h,
such that

a) for all & in Dom Ly N B(0,Dy,)

0

o Lann(€)] < Dua,
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b) for all w in Dom L}, N B(0,D1,),
0 . _
|a Lalxh

¢) for all & in (Dom (Lowp) — 1/a) N B(0, DYy,),

(w)| < D1a.

|%(T—1/a © Lawn 0 T1/a)(§)] < Dia.

Proof. Part a) We have
[Lawn(§) = Lpn(§)] < |H, l><h o (Gaxh) (f) Hllxh © (Gﬁ B~ (§)|
+ |H, l><h 0 (GB B~ (5) - H/a h© (G,B R~ (§)|
<SUP|DH xh'suplD(Gaxh) YOI - Gaxh(G}s,h)_l(fﬂ

+ [HY o (2) — HB,h(Z)|
< Cla—p.
In the last line of the above equation we have used the uniform bound in Lemma 3.21, and
a uniform bound on the dependence of H! , on a. The latter bound is obtained from the
definition of the map H!,, and the uniform bound on the dependence of the map F,wp and
the point v, xp on a obtained in Lemmas 3.13 and 3.14.

Part b) With w = Lg, h({“) we have

| Lon(w) = Ly 3 (w)| = |L3 5, (Lpn(€) — Lo yp(Laxn(€))]
< SuP|( o) W) Laxn(€) — L (6]
< C’C'|o¢ - Bl

In the above inequalities, the uniform bound on |(L_ !, )/ (w)|, when w is restricted to B(0, D1,),
may be obtained from the pre-compactness of the class of maps Fy, and the continuous de-
pendence of Lyxp on « and h. The constant C' is the one introduced in the proof of Part

a).
Part ¢) The argument here is similar to the one in part a) withe difference that we use the
maps H2 , and G2, . That is, with w = H2_, (¢), we have

axh
(T-1/a © Laxh 0 Tija)(€) = (T-1/5 0 Lg,n o Th/5)(E)]
= [Hp 0 (Gan) "1 (€) — HE o (G5 ) 7€)
<|H xho(Gaxh) (f) Htho(G,@ n)~ (§)|
| Hin 0 (GE)7HE) = HE o (GF) 1 (©)]
<supLDlY xﬂsupLD(Gaxh) HOIIE — Gaun(GE) 1O

+|HZ, () — Hﬁ,h(z)l
S C|CY - B|7

for some constant C', independent of @ and h. In the last line of the above inequalities we
have used the uniform bounds in Lemmas 3.15, 3.21. 0
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3.7. Geometry of the petals.

Proof of Proposition 2.3. Let r3 be the constant 4 introduced in Lemma 3.12. We shall
continue to use the notation a x h for the maps f in the class AT (r}) x Fy, introduced in
Equation (2.1). Recall the covering map 7,xp, defined in (3.12), the lift Fjyxp of ax h defined
in Equation (3.14), and the univalent map L5, which conjugates the translation by one with
Foxn. Then, @;ih is the same as the composition 7oxn © Laxh-

Let us define x4xp as the supremum of the set of x > 0 such that L.« has a univalent
extension onto the set (0,z) 4+ iR, and Ly, maps this infinite strip into o U ’ﬁaxh, where
¥, is defined before Lemma 3.15 and Paxy, is the lift of Puwn separating 0 from 1/a. By
Proposition 2.2, zaxpn > 2. Also, Lawxn(Zaxn + iR) intersects the right hand side boundary
of X5 at some point whose imaginary part is uniformly close to Im(1/«).

Consider the sets

By ={({€C|Ref€[0,1]}, By ={£ € C|Ref € [zann — 1, Taxn]}-

We aim to show that the curve Lywp(Zann +iR) is within a uniformly bounded distance from
a translation of the curve L, wp(iR). Next we show that the translation constant is Re(1/a).
As F,xp tends to the translation by one near +ioco, the functional equation (3.22) implies
that zqxp is uniformly close to Re(1/a).

There is a constant 77 > 0 such that every £ € By with || > 1, Lawn(€) belongs to X —1/a.
Indeed, by the pre-compactness of the class Fy, n may be chosen independent of a and h.

The uniform estimate in Lemma 3.12 also hold on s — 1/a, since F,xj is periodic of
period 1/a. This implies that for every Lown(€) with [Im¢| > n and Re¢ € [0,1], there is
je € Z with F.%% (Lawn(€)) € Laxn(Bs2) — 1/a. For € € By with |¢] > 5, define the map

aXh
H(¢) = L;ih o Tl/a o F;)ifh 0 Laxn(§).

The map H may have discontinuities on its domain of definition, but since it commutes with
the translation by one, it induces a continuous map from the top and bottom ends of the
cylinder Bi1/Z to the cylinder By/Z. By the pre-compactness of the class of maps Fyup,
applied on a compact neighbourhood of 0, the map H may be extended to a quasi-conform
mapping from By /Z to Bs/7Z, whose complex dilatation is uniformly bounded away from the
unit circle. Comparing the asymptotic expansions of the maps, near the top end Im H is
asymptotic to the translation by Im(1/«a). Note that since H is conformal near the two ends
of the cylinder, it maps every vertical line in By /Z to a curve in By/Z, going from one end
to the other, and spirals around the cylinder by a uniformly bounded amount. This implies
that the lift of H to a map from C to C is uniformly close to a translation.

By the above paragraph, the map T}/, © ;fjh is uniformly close to a translation, as a map

from Loxn(B1) to Lawn(Bz). Thus, F%%¢ from Lawn(B1) to T_qq 0 Laxn(B2) must be close

axh
to a translation. However, since |j¢| is uniformly bounded form above for when Im ¢ = 7, and
each iterate of F,xp is uniformly close to the translation by one, F ;ifh must be uniformly
close to the identity map. This implies that, L, wp(B2) is uniformly close to Ty/q0 Lown(B1).
By Proposition 3.19, the sets Lowr(B1) to Laxn(B2) are asymptotically vertical, and also
Foxn tends to the translation by one near +i00. Thus, the number iterates by F,x; required
to go from Luyxp(B1) to Laxp(B2) must be uniformly close to Re(1/«). By the functional

equation (3.22), Toxp is uniformly close to Re(1/a).
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Recall that 7, is periodic of period 1/a. Finally, since Lo xh(Zaxr+iR) is uniformly close
the Laxh(iR)+Re(1/a), by subtracting a uniformly bounded number from 241, if necessary,
we may assume that 7, is univalent on Lo xp((0, Zaxp)+iR). Thus, the composition 745 ©
Loxp is univalent on the set (0, zoxr) + ¢R). This finishes the proof of the proposition. O

Proof of Proposition 2.4 — Part a). We continue to use the notation « x h for the maps f in
AT (rh) x Fo. Recall that r3 is the constant 4 obtained in Lemma 3.12. We shall use the
decomposition of @;;h as Taxh © Laxh-

Let £ = & + &2, and w = wy + dwe = Laxn(§), with &, &, wi, and we in R. By
Proposition 3.19, for a fixed & € (O,Re% — k), as & tends to +oo, wy tends to a finite
constant say w}, and & — wy tends to a finite constant say wj. Indeed, we have

(3.35) &1 — wi| < D1i(1 —loglal), wh| < Dii(1 —log|al),

where D17 is independent of o and h.

When & — 400, |e—27riaLm><h(£)| — +o00. Hence, e—2mioLaxn(€) and —1 + e—2miaLaxn(€)
have the same argument modulo 27 as & — +o00. Therefore,

lim (arg(Ta,xh 0 Laxn(€)) + 2m& Im a)

§a—+o00

+ 27wy Im a) + lim 27(&% — we)Ima

= argoaxh + fgll)IEoo (arg 1— e*zﬂiaLalxh(f) 25400

=argoaxn + ) lim (7r — 2mws Im o + 27wy Re oo + 2mwo Ima) + 27ru/2 Im «
2—+400

= argoaxn + 7 + 2mw) Re o + 27w) Im av
= argoaxn + 2m& Rea + 7 + 27(w) — &) Rea + 27w, Im av.

We define conp as ™+ 2m(w) — &) Rea + 2rwh Im . Since Rea € (0,1/2) and Ima €
[—v/2/4,/2/4], by Equation (3.35), |caxs| is bounded from above by a uniform constant
times (1 — log |a]). O

Proof of Proposition 2.8~ Part a). Recall the set S’ , defined in Section 2.4. By the defini-
tion, ®oup (5L, ) is contained in the set {£ € C | Re& € (0, Re 2 —k)}. First we note that the
projection of this set onto the real line must have uniformly bounded diameter, independent
of o and h. That is because, by Theorem 2.9 and the Koebe distortion theorem, the set of
maps Ryp..(a X h), over all « € At (r3) and h € Fy U {Qo}, forms a compact class of map.
In particular, the pre-image of a straight ray landing at 0 under any of these maps, spirals at
most a uniformly bounded number of times about 0. Lifting this property by Exp’, we con-
clude that @axh(S};K »,) must have a uniformly bounded horizontal width. As kéx 5 1s chosen
as the smallest positive integer satisfying Proposition 2.6, ®qxp(S%, ;) must be contained in
the set

{§€(C|Re§€(Reé—k—d,Reé—k)},

for some ¢ independent of o and h.

On the other hand, kfwh is the number of iterates by F,x, required to go from Lgyp ©
Donn (St ) to Laxn({€ € C | Re€ € [1/2,3/2]}) + 1/a. By Proposition 3.19, Laxp ©
Doxn(Paxn) is bounded by two curves that are asymptotically vertical near the top end.

Sine L/, tends to +1 near the top, see Lemma 3.15, the width of the top end of Laxp o
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Do xn(Paxn) tends to Re é —k. By the same lemma, Lowxp(Paxn(Sh,,)) is contained within
uniformly bounded distance from the left side of Lawn © Poxn(Paxn). The lift Fixp is
uniformly close to the translation by one. Thus, the number of iterates by F,xn required to
go from Loxp 0 Pown(Saxh) t0 Laxn({§ € C| Ref € [1/2,3/2]}) + 1/a is uniformly bounded
from above. That is, k!, is uniformly bounded from above, independent of a and h. O

We shall prove the other half of the proposition, the uniform bound on kl} at the end of
Section 3.9.

3.8. Ecalle map and its dependence on a. Recall the notation h, = a X h, as well as let
S! . and St denote the sectors S), and Sj_, respectively, defined in Section 2.4. Similarly,
let k!, , denote the positive integer introduced in Propositions 2.6, for the map f = h,. The
map

ok? _
E};xh = (I)ozb(h o ha axto (I)al>1<h : (I)axh(séxh) — q)axh(,])axh)a

induces, via the projection Exp(£) = (—4/27)e?™, the renormalisation Ruyp.,(a x h). Recall
the domains V' € U introduced in Section 2. By Theorem 2.9, Ryp..(a X h) has a restriction
to a domain that belongs to the class {—1/a} x Fy. With the notations in Equation (3.4),
this implies that

ezm/a"/;alxh(v) - Expt(q)akh(sélxh))'

By Theorem 2.9, z/;a,xh has univalent extension onto U. Let V'’ be an arbitrary Jordan
neighbourhood of 0, cf. Proposition 3.8, such that

(3.36) VeV el.

The set 2™/ 1,1, (V') may, or may not, contain Exp(®qxn(SL, ,))-

By the above paragraph, there is a connected set Xowpn C Paxn(Paxn), that is equal to the
set ®qx s (SY,,),) above some horizontal line, and projects under Exp’ onto V’\ {0}. Moreover,
the map E’ , has holomorphic extension onto Xoxp With Eqxp(Xaxn) C Paxh(Paxh)-

In the pre-Fatou coordinate, Eoxn : Xaxn — C corresponds to the map

I n = Laxno Bl oLty Laxn(Xaxn) = Dom Foup,.

A key point here is that I,k is given by a uniformly bounded number of iterates of F,xpn
plus a translation. This is stated in the next lemma.
Lemma 3.23. There exists a constant D15 > 0 such that for all o € AY(r}) and all h €
FoU{Qo}, we have the following:
a) for all w € Lown(Xaxn),
ok, 1
I (1) = Fosi(w) = .
b) for all w € Loxn(Xaxh),

ok!

axh
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-1

owne Forall w € Loxn(Xaxn), we have

Proof. Recall the covering map Toxp = @;i nol
t Okgxh, —1 -1
TaKhOIaxh(w) = ha ofbaxhoLaxh(w)

t
= horext o Taxh (W)

ok! X
= Taxh © Fo.5 h(w)
Since Tawp is 1/a-periodic, the above equality implies that the difference between I' , (w)

ok? . . ..
and F_ 5" (w) is equal to a constant in Z/a, and the value of the constant is independent

of w. However, since F,xp is asymptotically equal to the translation by one near +ioco,

F:Z‘;f "(w) belongs to Pawn + 1/a. Thus, the difference is equal to 1/a. This finishes the
proof of the first part of the lemma.

The positive integer k!, , is uniformly bounded from above independent of o and h. This
part of the Proposition 2.8 is proved earlier. On the other hand, by Lemma 3.13, 0, Foxp, is
uniformly bounded from above on Dom F,xp, and by Lemma 3.12, |0y, Fox 1| is also uniformly

bounded from above on Lywpn(Xaxn). This implies the second part of the lemma. O

Proof of Proposition 3.8- Part a. Let V' be a Jordan neighbourhood of 0 satisfying (3.36)
and assume X,y is the lift of V'’ defined in the paragraph after Equation (3.36).
For w in Xoxp — 1/ we have

—1
axh

Eown©Tija = Loyy © Ik © Laxn © Tija

= Lil oT‘—l/oz OkaXh © Laxh oTvl/oz

axh axh

N T Fkaxh o Tfl/a o Laxno Tl/a-

axh axh

Let us fix a constant C' > 0 large enough such that Exp’{w € Xaxs | |Imw| < C} contains
the annulus V' \ V. The existence of a uniform C, independent of « and h, is guaranteed
by the Koebe distortion Theorem applied to the map 1/3(1“ : U — C. Now, assume that
w belongs to Xoxp — 1/, and |Im(w — 1/a)| < C. Then, by Proposition 3.22, there is a
constant D14, depending only on C, such that [0(T_1 /4 © Laxn © Tt /o) (w)/0a] is uniformly

bounded from above. By Lemma 3.23, |OF, j;ih /0a| is uniformly bounded from above. Also,

since k., is uniformly bounded from above, see Proposition 2.8, the iterates F 3" displace a
point by a uniformly bounded amount. Thus, we may apply Proposition 3.22, with a constant

D}, depending only on C and the uniform bound on k! to conclude that [OL ", /0a] is

axh? axh

t
uniformly bounded from above at Fj;”;lh 0T _1/00LaxnoT/o(w). Combining these argument
we conclude that for every w in Xonp with |[Imw| < C,|

0
(Bl © T (w))

is uniformly bounded from above. The map Euxpn 0 T1/ projects via Exp’ to the map z/;a,xh.

Therefore, |84 x /0| must be uniformly bounded from above on V/\ V. By the maximum
principle, this it must be uniformly bounded from above on V. 0
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3.9. Analysis of the bottom NP-renormalisation. For h € Fo U{Qo} and o € AT (r3),
we continue to use the notation (a x h) for the map h, defined as ho(z) = h(e?™%z).
By Proposition 2.2, there is a Jordan domain, P, and a conformal change of coordinate
DPyxn : Po — C conjugating the dynamics of h, on P,y to the translation by one. Let oqxp,
denote the non-zero fixed point of h, obtained in Proposition 2.1. Recall that the complex
rotation of hy at oaxp, is denoted by B8 = B(a x h), that is, bl (Gaxn) = €2™.

Consider the covering

. Taxh

Tozb(h(w) = m-

This is periodic of period 1/8, where +ioco corresponds to 0 and —ioco corresponds to oaxh.
The petal Py p lifts under 7, x, to a periodic set, one of its connected components separates

0 from —1/8. Note that when o € A*(r3), by Formula (2.2), Re(—1/8) > 0. We denote this

component by Paxn. The map hy on P,y lifts under 7« to a univalent map Fonp defined

on %_[th (Pawxn)- This lift satisfies,

haofaxh(w):%axhopaxh(w)v Faxh(w‘i‘l/ﬂ):ﬁ‘axh(w)‘Fl/ﬂ, WE%;;h(Paxh);
and is given by the formula,

. 1

Ualxhuow(h(z)
FO[ = _—
(W) =w+ 2mif3

1+ zuaxn(2)

log (1— ),With z = Taxn(w).
As in the previous case, we work with the branch of log with Imlog(-) C (—7, +m). With this
choice, F,xp is asymptotic to a translation by +1 near the lower end,

li F, —(w+1)|=0.
Imwﬁim' wh(w) — (w+1)]

Note that Im(Sw) — +oco corresponds to tending to the lower end of Paxh, due to the sign
of 3.

The unique critical point of h, lifts under 74« to a 1/8-periodic set of points, one of
which lies on P, and is denoted by cp ey

One may repeat all the constructions and arguments in Sections 3.4 to 3.8, replacing a by
—pB. That is, the analysis is now carried out near the lower end of the domain Puxn. This
provides us with a proof for part b of Proposition 3.8, and a proof for part b of Proposi-
tion 2.8. Note that by the holomorphic index formula, and the pre-compactness of the class
Fo, |1/a+ 1/4| is uniformly bounded from above, see Lemma 3.24. We give a proof of part
b of Proposition 2.4, where there is a slight difference between the calculations.

Proof of Proposition 2.4— Part b). Let Lawn be the univalent map (analogue of Lyxp) that
conjugates the translation by one to the map F,yp, which is normalised by mapping 0 to
CPaxhn- We use the decomposition of the map @;ih as Faxh © Laxh. where Foxp is the
covering map defined above.

Let £ = & + 1€, and w = wy + twe = Lam(f), where wy, ws, &1, and & are real numbers.
As & tends to —oo, we tends to —oo. Let w) denote the limit of w; as & tends to —oo, and
let wh denote the limit of & — wa, as & tends to —oo. By the analogue of Lemma 3.19 for

Loxn near the bottom end, we have

lwy| < D11(1—loglal), [& —wi| < Dii(1—loglal).
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When & — —o0, 1 — e 2miBLaxn(€) _y 1, Then, the limit in part b of the proposition may be
calculates as,

lim (arg(ﬁwh ) E(wh(g) — Oaxh) — 27&s Imﬂ)

§2——00

e—2miBLaxn(€)

=argoaxh + ¢ lim (arg

2= —00 1 — o—27iBLarn(€) 2mwy Im ) + 521_1)1“_100 2m(wz — &) Im B

=argoaxh + ¢ lim (27Tw2 Im 8 — 27wy Re B — 27wy Im [3) — 271'11/2 Impg
2——00

= argoaxn — 2mw) Re B — 2mw) Im 3
= argoaxn — 27€1 Re B+ 2m(&1 — wi) Re B — 27w, Im B.
O

3.10. Pairs of complex rotations. For h € Fy U{Qo} and o € A(r1), the map « x h has
a non-zero fixed point in W denoted by o(a x h); see Proposition 2.1. This fixed point has
holomorphic dependence on h and «. Moreover, when o € A(r3), o X h is renormalisable. It
follows from the definition of renormalisation that arg(a x h) (o(a x h)) # 0.

Hence, there is a choice of S(a x h), with Re S(a x h) € (—1,0) and S(« x h) holomorphic
in h and a, such that (a x h)(o(a x h)) = e2™##(@xP)  Moreover, as a tends to zero in A(r3),
B(a x h) tends to 0 in a sector. See Lemma 3.25 for further details.

The function

1 1
I(axh)—%/awmdz, OZEA(Tl),he]:OU{QO},

is holomorphic in h and «.

Lemma 3.24. There exist positive constants By, Ba, By such that for all hy,hy € Fy and «
in A(r1) we have

CL) |I(O¢ X h1)| < Bl,'

b) |2 I(ax hi)| < Ba;

C) |I(a X hl) — I(a X h2)| < B3 chiCh(hl,hQ).

Proof. Part a) By Proposition 2.1, h, has no fixed point on 9W. Thus, by the pre-compactness
of the class of maps Fo, there is 6 > 0 such that for all z € OW, |z — ha(z)| > 6. Hence,
[I(a x h)(2)| < £(W)/(278), where £(W) denotes the circumference of W.

Part b) First note that by the Koebe distortion Theorem, || is uniformly bounded from
above on e*™ 1. Thus,

d 1 | 2 ha(2)]
- < _1Ba o\ )T
|8al(a X h)l < 2 /8W |z — ha(2)]? dz

6 w T TiQ
W) (|h'(62 2)|2re? ||z|).
zeW

<
— 2mH2

Part ¢) For this part of the lemma we use the majorant principle. Fix hy and hg in Fp and
let R = dreich(h1, he). Fori=1,2 let h; = Powi_l, where 1); : V — C is a univalent map with
1;(0) = 0, ¥}(0) = 1, and 1); has a quasi-conformal extension onto C. Then, by the definition
of dreicn, and the compactness of the class of normalised quasi-conformal mappings with



SATELLITE RENORMALISATION OF QUADRATIC POLYNOMIALS 43

dilatation bounded from above by a constant, there is a quasi-conformal mapping ¢ : C — C,
which is identical to 11 015 " on (V) and log Dil(y)) = R.

Let us define the dilatation quotient u(z) = 8:4/9,v, and let r = ||u|loc < 1. Then, we
have (1+7)/(1 —r) = ef*. For each A\ € B(0,1/r), let * : C — C denote the unique quasi-
conformal mapping with dilatation quotient Ay normalised with ¥*(0) = 0 and (¢*)'(0) = 1.
That is, ¥* is the unique solution of the Beltrami equation d;¢* = (Au)d.v* with the
normalisation at 0. By the classical results on Beltrami equation, see for example [AB60],
the map ¥ has holomorphic dependence on A. For A = 1, we have 9! =9 o 1/12_1.

Define the holomorphic map h* = P oy * o *. By definition, h® = hy and h' = hy, and
h* has holomorphic dependence on A. Now consider the holomorphic map

G(\) =I(ax hy) —I(ax h),\ e B(0,1/r).

We have G(0) = 0, and by part a of the lemma, |G| < 2By, on B(0,1/r). Then, by the
Schwarz lemma, |G(1)] < 2Byr.

When dreicn(h1, he) > 2B1, the left hand side of the inequality in Part ¢ is bounded by
2B;. So, the inequality holds for Bs = 1. On the other hand, when dreich(h1, ho) = R < 2B,
by the relation (1+7)/(1 —r) = ef, R and r are comparable. This finishes the proof of part
c). O

Lemma 3.25. There exist positive constants By, Bs, Bg such that for all hy,hy € Fy and «
in A(rs) we have

1) Bi'la| < |B(a x h)| < Bala

2) B5' < |2 (ax hy)| < Bs

3) |B(a x h1) = B(a x ha)| < Bgla|? dreicn(hi, h2)

Proof. Part 1) For a € A(rs), |e?™| is uniformly bounded from above and away from 0.
By the Koebe distortion theorem, for any univalent map ¢ : V. — C, with ¢(0) = 0 and
¢’ (0) =1, |¢'| is uniformly bounded from above and away from 0 on W. Combining the two
statements we conclude that |e?™#(@X")| must be uniformly bounded from above and away
from 0. In particular, Im 3(« X h) is uniformly bounded from above and below.

Let us define the holomorphic map G according to G(z)z = 1 — €27 for z € C. By the
above paragraph, |G(S(a x h))| and |G(a)| are uniformly bounded from above and below.
Then, the holomorphic index formula may be written as

aG(a) + Bla x h)G(B(a x h)) = ab(a x h)G(a)G(B(a x h))I(a x h).
By the uniform bound in Lemma 3.24-a, we conclude the two estimates in the first part.

Part 2) We differentiate the index formula in Equation (2.2) with respect to a to obtain
e2mia eQﬂ'iﬁ(alxh) 9

27ia)2 + 2mif(axh) 2_[3(
(1 — e?mia) (1—e )2 D

1 0

Using the formula sin z = (e?* — e~%*)/(2i), this reduces to

! 1 0 2 0
2 (ra) (e w 1) B0’ M = g e )
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Thus,

—sin®(7B(a X h)) _ 3 sin?(mB(a x h))ﬁl(a X h)

sin?(ra) i O

[;ia Blax h) =

The upper bound in part 2 follows from the upper bound in Lemma 3.24-2 and the uniform
bounds in the previous part. To obtain the lower bound, we need to restrict « to a smaller
region. First note that by the bounds in part 1, the first ration on the right-hand side of the
above formula is compactly contained in C\ {0}. The, by restricting o € A(r4), for some
ry € (0,+00), we guarantee that the second ration is small enough. This implies the for
a € A(rs), |6%B(o¢ X h)| is uniformly bounded away from 0.

Part 8) We subtract the holomorphic index formula for the maps (a x hi) and (« X hg)
to get
1 1

Blax h)G(B(ax h))  Blax hy)G(B(a x hy)) =I(ax hy) —I(a x hy),

which provides us with

Blax h2)G(B(a x ha)) — Bla x ha)G(B(a x ha)) =
ﬁ(Oz X hl)ﬁ(a X hg)G(ﬁ(Oz X hl))G(ﬁ(Oé X hg))(](a X hl) — I(Oé X hg))

Since f(axh) is uniformly bounded, |G(S(axh1))—G(B(axhg))| = O(|B(axhy)—B(ax ha)]).
Also, by the estimates in part 1, |S(ax hy)| and |8(ax ha)| are bounded by By|a|. Combining
these with the above formula, one obtains the desired inequality using the bound in part 3 of
Lemma 3.24. 0

Proof of proposition 3.3. This mainly follows from Theorem 2.9. For each fixed a € A(rs),
the maps h — iL(a x h) and h — h(ax h) induce holomorphic mappings from the Teichmuler
space of C\ V to the Teichmuller space of C \ V. By the Royden-Gardiner theorem, any
holomorphic map of Teichmuller spaces does not expand distances.

Indeed, by the holomorphic extension property in Theorem 2.9 the image of this map is
a compact subset of the Teichmuller space of C\ V. It follows that this map is uniformly
contracting, that is, co 2 < 1, but we do not need this feature in this paper. 0

Remark 3.26. By Theorem 2.9, the maps h(a x k) and h(a x h) extend onto holomorphic
maps on the strictly larger domain U, which contains the closure of V. This may be used to
prove the existence of a constant cp o which is strictly less than 1. However, we do not need
this uniform contraction in this paper.

Proof of proposition 3.4. Recall the relation é&(a x h) = —1/8(a x h). From the estimates in
Lemma 3.25, we have

od 1 2,08
—(axh)|=|m| | 2= (ax h)| >

| _1
1oJe" 1oJe"

B L
Bila|??
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Proof of Proposition 3.5. Here we use the estimates in Lemma 3.25.
-1 1

+ |

ﬂ(oz X hl) ﬂ(OZ X hg)

B2
ﬁlﬁ(a X h1) — B(a x ho)

|&(a X hy) — o X he)| =]

<

B2
< oz Bolo”] dreien (1, ho) = B3 Bg dreicn(ha, ha)

4. POLYNOMIAL-LIKE RENORMALISATIONS AND THEIR COMBINATORICS

In this section we outline the basic properties of the dynamics of quadratic polynomials
that we refer to in this paper. One may consult [Mil06] and [Bea91] for basic notions in
complex dynamics. The material on the polynomial-like renormalisation presented here is
mainly following the foundational work of Douady and Hubbard presented in [DH84, DH85].
One may also refer to [Mil00] [Sch04] for detailed discussions on the combinatorial aspects of
the topic.

In this section, we assume that all quadratic polynomials are normalised so that they are
monic and their critical points are at 0. That is, they are of the form P.(z) = 2% + c.

4.1. Combinatorial rotation of the dividing fixed point. The filled Julia set K(P.)
and the Julia set J(P.) of the quadratic polynomial P. are defined as

K(P.) = {z € C | sup, ey P2"(2)] < +00}, J(P.) = K (P,).

These are compact subsets of C. Each set K(FP,) is connected if and only if the critical point
0 belongs to K(P.). In this paper we only work with quadratics with connected Julia sets.

By the maximum principle, K (P.) is full, i.e. its complement has no bounded connected
component. The Bottcher coordinate of P, is the conformal isomorphism

¢ : C\ K(P.) = C\D, where D = {w € C | |w| < 1},

that is tangent to the identity near infinity. It conjugates P. on C\ K (P.) to w — w? on C\D.
By means of this isomorphism, the external ray of angle 6 € [0,27) and equipotential of
radius r € (1,400) are defined as

R ={p ' (re”) | r € (1,+00)}, By = {; ' (re™) | 0 € [0, 271}

The map P, send E] to Ef and send R? to R?®. An external ray R? is called periodic under
P., if there is n € N with P°"(RY) = RY. Equivalently, this occurs if 2”0 = § mod 27Z. An
external ray R? is said to land at a point, if the limit of ¢_!(re'?), as r — 1, exists in C.
The landing point of a periodic ray R? is necessarily a periodic point of P..

Let f: U C C — C be a holomorphic map with a periodic point z € U. The multiplier
of z is defined as (f°")(z), where n is the smallest positive integer with f°"(z) = z. The
periodic point is called parabolic, if its multiplier is a root of unity.

We recall the Douady’s theorem on the landing property of repelling and parabolic periodic
points. One may refer to [DH84] for a proof of this result, and also [EL89, Mil06, Pet93,
Pom86] for alternative proofs and generalizations of this result.
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Proposition 4.1 (Douady, 1987). Let P. be a quadratic polynomial with connected K (P,).
Every repelling or parabolic periodic point of P, is the landing point of at least one, but at
most a finite number of, external rays.

Let ag denote the landing point of the unique fixed ray of P.; R2. When P, has only one
fixed point, ag must be parabolic with multiplier 1. This occurs for ¢ = 1/4. For ¢ # 1/4, ag
is repelling. The other fixed point of P., denoted by a., is attracting in a region called the
main hyperbolic component of the Mandelbrot set. This is the large cardioid visible in
the center of the Mandelbrot set.

For ¢ outside the closure of the main hyperbolic component of M, a. is repelling. By the
above proposition there are at least one, but a finite number of, external rays landing on a..
By a simple topological argument (since the map has only one critical point) the set of rays
landing at a. is formed of the orbit of a single periodic ray. Let 6; € [0,27), for 1 < j < ¢
and g > 2, denote the angles of the external rays landing at a., labeled in increasing order.
There is a non-zero integer p € (—q/2,q/2], with (|p|,q) = 1, such that Pc(jo) = RY
where j' = j 4+ p (mod ¢). The rational number p/q is called the combinatorial rotation
number of P, at a.. The fixed point a., when it is repelling or parabolic, is referred to as
the dividing fixed point of P.. It follows that for any rational number p/q € (—1/2,1/2],
there are parameters ¢ in the Mandelbrot set where a. has combinatorial rotation number
p/q at a.. We shall come back to this in a moment.

4.2. Polynomial-like renormalisation. Assume that the fixed point a. is repelling. The
closure of the ¢ rays landing at a. cut the complex plane into ¢ (open) connected components
which we denote by Y}, for 0 < j < ¢— 1. By a simple topological consideration, P, on these
pieces has a simple covering property. One of these components, which we denote by Y,
contains both critical point 0 and the pre-fixed point —a,, while its image under P, covers
all Y;, for 0 < j < g — 1. We may relabel the other components so that P.(Y;) = Y41, for
1<j<q—2,and P:(Y,—1) = Yp. Thus, the critical point is mapped into Y; in one iterate
of P., and is mapped back into Yy under q iterates of P,.

Fix » > 1. The equipotential E; divides each piece Y;, for 0 < j < ¢ — 1, into two
connected components. We denote by le, for 0 < j < g — 1, the closure of the bounded
connected component of Y; \ EZ. These are called puzzle pieces of level 1. The closure of
the connected components of P *(int Y}'), for i € N and 0 < j < ¢ — 1, are called puzzle
pieces of level ¢ + 1. They form nests of pieces breaking the Julia set into components. As
P.(Yp) covers UJ_, — 1int Y}', the connected components of P;'(int Y}') contained in Yo
divide Yj into ¢ pieces. We denote the one containing 0 by Z2 and the remaining ones by Z JZ,
for1<j<qg-1.

For ¢ in the Mandelbrot set with a. repelling and ¢ rays landing at a., P. is called
polynomial-like renormalisable of satellite type, if Pco(jq) (0) € Z3, for all j € N. Using
|P!(a.)| > 1, one builds a simply connected domain Z3 containing the closure of Z2 such that
P24(Z3) contains the closure of Z3 and P°? : Z¢ — P°1(Z3) is a proper branched covering
of degree two. We denote this map by ﬁpL(Pc), and note that the orbit of 0 under ﬁPL(PC)
remains in Zg

For ¢ as in the above paragraph, if P, is not polynomial-like renormalisable of satellite
type, there is the smallest n € N such that Pf(nq)(()) € ij, for some 1 < 57 < ¢ — 1.
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Then, let V! denote the closure of the connected component of P ™4 (int ij) containing
0 that is obtained by pulling back along the orbit 0, P.(0),..., P2"9(0). If the orbit of 0
under P, never enters int V!, then P, is not polynomial-like renormalisable. Otherwise, let
j1 € N be the smallest integer with P°/1(0) € int V!, and denote by V? the closure of the
component of P71 (int V1) that is obtained by pulling back along 0, P.(0), ..., P271(0). Here,
P23t ¢ int V2 — int V! is a proper branched covering of degree two. Inductively, we define
domains V! D V2 5 V3 5 ..., and positive integers ji, jo, j3,... such that each j,, is the
smallest positive integer with P29 (0) € int V™ and V™! is the closure of the pull-back of
int V™ along the orbit 0, P.(0),. .., P29 (0). For all m, V™! is compactly contained in the
interior of V™, and P%/m : V™m+l — V™ is a proper branched covering of degree two. The
quadratic P, is polynomial-like renormalisable of primitive type, if there is m € N such
that the orbit of 0 under P/= : V™m+l — V™ remains in V™*!. Note that if this occurs,
the sequence j,, is eventually constant. For the smallest positive integer m satisfying this
property, we denoted P2m : V™l — V™ by R, (P.). If there is no m with this property,
then P. is not polynomial-like renormalisable.

A quadratic map is called polynomial-like renormalisable, if it is polynomial-like renor-
malisable of either satellite or primitive type.

A polynomial-like mapping of degree d is a proper branched covering holomorphic map
f U — V of degree d, where U and V are simply connected domains with U compactly
contained in V. For example, the restriction of any polynomial P to P~1(B(0,R)), for
sufficiently large R, is a polynomial-like map. The successive renormalisations obtained above
are non-trivial examples of polynomial-like maps of degree two. One may define the filled
Julia set and the Julia set of a polynomial-like map in the same fashion;

K(f)={z € U| f(2) € U,¥j € N}, J(f) = 0K (f).

Similarly, K(f) and J(f) are connected if and only if the orbits of all branched points of f
remain in U.

Two polynomial-like mappings f : U — V and g : U — V' are quasi-conformally
conjugate if there is a quasi-conformal map h : V — V' such that goh = ho f on U. They
are called hybrid conjugate if they are quasi-conformally conjugate and the quasi-conformal
conjugacy h between them may be chosen so that Oh = 0 on K(f). A remarkable result
of Douady and Hubbard is that the dynamics of a polynomial-like map is the same as the
dynamics of some polynomial.

Theorem 4.2 (Straightening [DH85]). Let f : U — V be a polynomial-like map of degree
d with connected Julia set. Then, f is hybrid conjugate to an appropriate restriction of a
polynomial of degree d. Moreover, the polynomial is unique up to an affine conjugacy.

In the normalised quadratic family z — 22 + ¢, ¢ € C, each affine conjugacy class contains
only one element. Thus, every polynomial-like map of degree two is hybrid conjugate to a
unique element of this family. Also, although the hybrid conjugacy h in the above theorem
is not unique, h is uniquely determined on J(f) upto affine conjugacy.

Recall the polynomial-like renormalisation of satellite type Ry, (P.) = P9 : ZZ — P29(Z3)
obtained above. Let M (p/q) denote the set of all ¢ € M such that the dividing fixed point a,
of P, has combinatorial rotation p/q and P79(0) € ZZ, for all j € N. By the straightening
theorem, for all ¢ € M(p/q), except at ¢ where P!(a.) = *>™/1, R, (P,) is hybrid conjugate
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FIGURE 7. A PL-renormalisation of satellite type, P°* : U — V. In this

C
example, the combinatorial type of PL-renormalisation is 1/4.

to some quadratic polynomial denoted by Rp..(P). Indeed, through straightening theorem,
Douady and Hubbard obtain a homeomorphism*

/4 M(p/q) — M.

The set M(p/q) is called the p/g-satellite copy of the Mandelbrot set.

Similarly, for polynomial-like renormalisation of primitive type R, (P,) = P%m : ymtl
V"™ one may consider the connected component containing ¢ of all parameters ¢ where the
isotopy type of V™! remains constant and the Julia set of R, (P.) : V"t — V™ is
connected. Through straightening theorem, this gives rise to a homeomorphic copy of M
within M, called a primitive copy of the Mandelbrot set.

The satellite and primitive copies of M obtained above are maximal in the sense that they
are not contained in any other homeomorphic copy of M, except M itself. In this paper we
will only work with the satellite copies of the Mandelbrot set.

The main hyperbolic component of M is the set of ¢ where |P/(a.)| < 1. For all rational
numbers p/q € [—1/2,1/2] with (p,q) = 1, there is ¢ on the boundary of this component
where P!(a.) = e*™/4. There are ¢ rays landing at a. with combinatorial rotation p/q,
and the parameter ¢ gives rise to the satellite copy M (p/q) attached to the main hyperbolic
component of M at c.

4.3. Combinatorics of the PL-renormalisation. Assume that P, is polynomial-like renor-
malisable of satellite type M (p1/q1), for some p1/q1 € (—1/2,1/2] N Q. If the quadratic
polynomial Rp,(P.) is also polynomial-like renormalisable of satellite type, the correspond-
ing parameter, Rp.,(P.)(0), belongs to M (p2/q2), for some pa/q2 € (—1/2,1/2]NQ. We have
the return map Ry, (Rpy(P.)) that is hybrid conjugate to RS2 (P,). The parameter ¢ belongs
to the homeomorphic copy

M(p1/qu,p2/a2) = @), (M(p2/g2))

of M contained in M (p1/q1). Similarly, for an infinitely polynomial-like renormalisable of
satellite type quadratic map we obtain a sequence of maximal satellite copies M (p;/q;), for

4The homeomorphism sends the parameter ¢ with P/(ac) = ¢2™P/4 to the point 1/4 € M.
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j=1,2,..., where M(p;/q;) determining the type of renormalisation at level j — 1. Then,
we define the nest of Mandelbrot copies

M(p1/q1) D M(p1/q1,p2/q2) D M(p1/q1,p2/q2,p3/q3) D - - -,
where, for n > 3,
M(pl/ql’p2/q2’ T ’p"/q") = (I):;ll/lh © (I):;zl/lh R q);nlfl/qn71(M(p"/q"))'
For the simplicity of the notation we set
Miy(c) = M(p1/q1), Ma(c) = M(p1/q1,p2/q2), - - -,
Mn(c) = M(p1/q1,p2/q2; - - - s Pn/qn)-

The root points of these copies are defined as

co=1/4,c; =31 (1/4) € My(c),co =D 1, o® ! (1/4) € My(c),

p1/q1 p1/q1 p2/q2
_ g1 -1 -1
en=Q 0 0® o0 @pyl/qn(l/él) € M, (c),n > 3.

In other words, ¢, € M, is the unique parameter with R2%(P,, )(z) = 22 + 1/4.

For an infinitely polynomial-like renormalisable P., we have the sequence of quadratic
polynomials R2"(P,), for n > 0, and the return maps R, (R (P,)). By the straightening
theorem, there are quasi-conformal maps S,,, for n > 0, that hybrid conjugate kPL(R;Iﬁ (P.))
to Ry (P.). Let a(ReM(P.)) denote the dividing fixed point of the quadratic map R} (F.),
and set

a1 = a(P.) = ac,a2 = Sy H(a(Ree(Pe))), a3 = S5 ' o ST (a(Re2 (P.)),
ani1 =Sy oS o 08 (a(REE(PL))), for n > 3.

Each a,, for n > 1, is a dividing periodic point of P, of minimal period H?;llqj. The
multipliers of these periodic points play a significant role in the remaining of this paper.

4.4. The rigidity and MLC conjectures. The combinatorics of a quadratic polynomial
P, is defined as an equivalence relation on the set of angles of external rays. That is, two angles
61 and 6, in [0,27] are considered equivalent, if the external rays R% and R land at the
same point on J(P.). For an infinitely polynomial-like renormalisable quadratic polynomial
P,, it turns out that the combinatorics of the map is uniquely determined by the nest of
relatively maximal Mandelbrot copies containing c.

Two quadratic polynomials are called combinatorially equivalent, if they induce the
same equivalence relation on the circle. In the case of infinitely polynomial-like renormal-
isable maps, combinatorially equivalent maps fall into the same nest of relatively maximal
Mandelbrot copies. We note that if two maps P. and P, are combinatorially equivalent and
one of them is infinitely polynomial-like renormalisation, the other one must also be infinitely
polynomial-like renormalisable.

The rigidity conjecture states that combinatorially equivalent quadratic polynomials
with all their periodic points repelling are conformally conjugate. This conjecture is equivalent
to the local connectivity of the Mandelbrot set [DH84] in its general form. However, in the
case of infinitely polynomial-like renormalisable maps, there is a simple criterion that implies
both conjectures at the corresponding parameter. If a nest of Mandelbrot copies shrinks to
a single point ¢, then P, is combinatorially rigid, ¢ lies on the boundary of the Mandelbrot
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set, and P. may be approximated by hyperbolic quadratic polynomials with connected Julia
sets. This is because each Mandelbrot copy in M contains a parameter ¢’ where P, has a
periodic critical point, and a root point ¢’/ on M where P, has a parabolic periodic point
with multiplier +1.

Proposition 4.3. If a nest of Mandelbrot copies shrinks to a single point, then the Mandelbrot
set is locally connected at the intersection.

By the result of Douady and Hubbard on the equivalence of the two conjecture, the shrink-
ing of a nest of Mandelbrot copies implies the local connectivity of the Mandelbrot set at the
intersection. However, this has never been stated in the above form, although it may be proved
following the standard techniques developed in 1980’s. Here we briefly outline a proof, which
requires some basic definitions presented below.

The definition of the Béttcher coordinate may be extended to quadratic polynomials with
disconnected Julia sets. For ¢ € C\ M, there is a connected domain U, bounded by piece-wise
analytic curves, a real number r. > 1, and a conformal bijection ¢, : U, — {z € C| |z| > 7.}
that is tangent to the identity at infinity. Moreover, the critical value ¢ belongs to U, and
|oc(c)| = r2. Douady and Hubbard proved that the mapping defined as

¢ pc(c)

provides a conformal bijection from C\ M to C \ D. Through this map, one may define
the external rays of the Mandelbrot set as the preimages of the straight rays (1, +o00)e®, for
6 € [0,2m7].

A point ¢ € M is called a Misiurewicz parameter, if there is an integer n > 2 such
that P2™(0) is a repelling periodic point of P.. Let us also say that ¢ € M is a parabolic
parameter if P, has a parabolic periodic point. A key result regarding the landing property
of the external rays of the Mandelbrot set is the following.

Proposition 4.4 (Douady-Hubbard [DH84]). Fwvery parabolic parameter ¢ € M different
from 1/4 is the landing point of two distinct external rays of the Mandelbrot set. Every
Misiurewicz parameter ¢ € M 1is the landing point of at least one, but at most a finite number
of, external rays of the Mandelbrot set.

Let M’ be a homeomorphic copy of M strictly contained in M. There is a unique parameter
¢ € M’ that corresponds to the point 1/4 under the homeomorphism mapping M’ to M.
The map P. has a parabolic periodic point with multiplier +1. This is the root point of
the copy M’ defined above, and since M’ # M, ¢’ # 1/4. By the above proposition, there
are two external rays of M landing at ¢’. The union of these rays and their landing point ¢’
divide the complex plane into two connected components. We let W (M’) denote the closure
of the connected component containing M’ \ {¢'}. In the literature, the interior of W (M’)
(sometimes with the root point ¢’ added to it) is called the parabolic wake containing the
copy M’. Note that as the set M is connected, W (M') N M must be connected.

If there are more than one external ray landing at a Misiurewicz parameter m € M,
the union of these rays and their landing point m divides the complex plane into a finite
number of regions. One of these regions contains 0 in its interior. The remaining connected
components are called Misiurewicz wakes at m. A Misiurewicz wake of the Mandelbrot set
is, by definition, a Misiurewicz wake at some Misiurewicz parameter m € M, and is assumed
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to be an open subsets of the plane. It follows that the intersection of any Misiurewicz wake
with the Mandelbrot set is a connected subset of C, and also the Mandelbrot set M minus
any Misiurewicz wake is a connected subset of C.

Proposition 4.5 ([Mil00]). Let M’ be a homeomorphic copy of the Mandelbrot set strictly
contained in M. Then the set M’ is obtained from removing a countable number of Misi-
urewicz wakes from the set W(M') N M.

Now we are ready to prove the result we need.

Proof of Proposition 4.3. Assume that M D My D Ms D ... is a nest of Mandelbrot copies
shrinking to a single point ¢ € M. Then, P, is infinitely polynomial-like renormalisable, and
in particular, ¢ is not the root point of any of the copies M;, i > 1.

Fix € > 0 and choose n € N such that the diameter of M, is less than /2. By Proposi-
tion 4.5, M, is equal to W (M,,) N M minus a countable number of Misiurewicz wakes.

Let U be a ball of diameter ¢ containing M,,. The set (C\U)NM is a compact subset of M.
Thus, by the above paragraph, there are a finite number of Misiurewicz wakes L1, Ls, ... Ly
such that (C\ U)N M in contained in the union of these wakes. The set U minus the closure
of U ,L;, is an open subset of C, and has a connected intersection with M. This set has
diameter at most €.

As e was chosen arbitrary, this implies that there is a basis of neighbourhoods U; containing
¢, © > 1, such that each M N U; is a connected set. ]

4.5. Bounds on multipliers. We need a relation between the combinatorial rotation num-
ber of a repelling period cycle and the (analytic) multiplier of that cycle. A formula of this
type is given by the so called Pommerenke-Levin-Yoccoz inequality, see [Hub93], [Pom86],
[Lev9l], [Pet93]. Indeed, the general form of the inequality applies to repelling periodic
points of arbitrary degree polynomials, but here we only state the version for the quadratic
polynomials.

Theorem 4.6 (PLY inequality). Let P. be a polynomial with a connected Julia set. Suppose
that € is a repelling periodic point of P, such that
a) the minimal period of ¢ is k;
b) there are q, 0 < g < +o00, external rays landing at (;
¢) the external rays landing at ¢ are cyclically permuted with combinatorial Totation
number p/q.

Then, for a suitable branch of log, the multiplier of ¢, denoted by p, satisfies
k k
‘logp— (2 i Py —10g2)’ < —log2.
qa 4q q

Let (pi/qi)24 be a sequence of rational numbers in [—1/2,1/2] and n be a positive integer.
For ¢ € M({(pi/q:)?,), P. has dividing periodic points a1, ..., a,, where each a; has period
k; given by the formula

j—1
(4.1) k=1, ijHqi,for2§j§n.
i=1
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Moreover, the combinatorial rotation number of a, is p,/¢, and there are g, external rays

landing at a,. By the above theorem, there is a branch of log such that the multiplier p,, of

the n-th dividing periodic point a,, of P, satisfies

(]ﬁ _ z,ﬁlog2)‘ < k_nlogQ.
Gn 27

1
4.2 —logp, —
(42) omi P qn qn 2T

See Figure 8. We have % log2 = 0.110....

FI1GURE 8. The black circles denote the locus of # log p;1 for combinatorial
rotations +1/4, 2 < i < 20. The red circles denote the locus of this quan-
tity for combinatorial rotations ((2,41), (¢,+1))), for 2 <4 < 7, as well as

(2,-1), (i, +1))), for 2 < i < 7.

5. INFINITELY NEAR-PARABOLIC RENORMALISABLE MAPS

By Theorem 2.9 and Definition 2.11, for f € A(r3) x Fo and f = Qo with o € A(r3), the
top and bottom near-parabolic renormalisations Ryp_.(f) and Ryp.(f) are defined. If either
of these maps belongs to A(r3) x Fo, which depends on whether a(Ryp..(f)) and a(Ryp.o(f))
belong to A(rs), we may define the top and bottom near-parabolic renormalisation of that
map in order to obtain the second near-parabolic renormalisation of f. This successive near-
parabolic renormalisation process may be carried out infinitely often for some maps f. One
may associate a one sided infinite sequence of t’s and b’s to determine the type of the successive
near-parabolic renormalisations, where “t” stands for “top” and “b” stands for “bottom”. In
other words, for any & in the set
(5.1) T = {t, 0} = {(k1, ko, K3, ...) | Vi > 1,k € {t,b}},

we say that a map f € A(rs) X Fo, or f = Q. with a € A(rs), is infinitely near-parabolic
renormalisable of type & if the following infinite sequence of maps is defined

RNP-t(fn)7 if ky, =t,
RNP-b(fn)a if K, = b.

Then, there are «a,, 3, € C, for n > 1, such that
f1(0) = e*™n Reay, € (—1/2,1/2]
fron) = €™ Re B, € (=1/2,1/2].

(5.2) fi=F far1= {
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We shall use the notations

an = a(fn) € A(r3), Bn = B(fn), on = 0(fn),

throughout the rest of this paper.
The rotation numbers a,, and S, for n > 1, are related by the formulas

1 1 1 1
(5.3) 1 oorian T 1 _ozmifn ~ 2mj /BW PN
and
_ J—1/an = [Re(=1/an)] if kn =t,
(5.4) Gntl = {—1/ﬁn — [Re(=1/By)]  if kn =10,

where [-] denotes the closest integer function. We proved in Lemma 3.24 that the absolute
value of the right-hand side of Equation (5.3) is uniformly bounded from above. This implies
that when some v, is small (and non-zero), then 3, is small and the sign of Re 3, is equal

to the sign of Re o), times —1.

We say that a map is infinitely near-parabolic renormalisable if there is k € T such
that the map is infinitely near-parabolic renormalisable of type k. By a continuity argument
one may see that for any k € T, the set of infinitely near-parabolic renormalisable maps of

type K is non-empty. See Figure 9.

o) P >4
< >
\ 2 <q

FiGURE 9. This is a schematic presentation of the values of the complex
rotation « where one and two iterates of the top and bottom near-parabolic
renormalisations are defined. The light gray region shows the set A(r3). The
darker gray region is where Rffpt and Ryp., © Rup.: are defined. On the black

region the iterates Rfﬁ,b and Ruyp.. © Rup., are defined.
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When a map is infinitely near-parabolic renormalisable, one may obtain fine scale under-
standing of the dynamics of that map. For example, for s of constant type k; = t for all
i > 1, this has lead to important properties of the dynamics of quadratic polynomials @,
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with irrational « of high type, in [BC12], [Chel9], [Chel3], [AC18], and [CC15]. Thus, it is
a significant problem to understand when a map is infinitely near-parabolic renormalisable.
By virtue of Theorem 2.9, the covering structure of the top and bottom renormalisations of
a one time renormalisable map are determined. Thus, the answer to this question relies on
controlling the multipliers of the successive renormalisations of the map at the origin.

5.1. Cantor structure in the bifurcation loci. Let k = (k1,k2,Kk3,...) € T, and r €
(0,73], where rs is the constant obtained in Proposition 2.6. Define A,(xk1) = A(r). By
Theorem 2.9, for every f € Fyg and a € A(r), Rypc(a X f) and Ryp.,(a x f) are defined. For
integers n > 1, we consider

Rpony ©° 0 Rypr, (@ X f) is defined
An _ NP-kp NP-r1
(5.5) Ar({si)izr) {a xf ’ and Vi with 1 <i < n,a; € A(r). }
We recall that in the above definition, «; is the rotation number of the map Ryp..,, 0---0
Rpn, (X f) at 0. In other words, Ay (k1,...,ky) is the set of maps o x f that are n times
near parabolic renormalisable of type k1, ..., k, with the rotation number of all the successive
renormalisations in the set A(r). Given x € T, one naturally defines

Ar(r) = () Ar((ri)y).

The main result of this paper is stated in the following theorem. We recall that k; and ry
are the constant obtained in Proposition 3.1.

Theorem 5.1. For all ki-horizontal family of maps Y : A(rs) — A(ra) X Fo and all 6 € T,
every connected component of the set A, (k) N YT (A(ry)) is a single point.

In particular, for all f € FoU{Qo}, and all k € T, every connected component of the set
A (B) N (A(rg) X f) is a single point.

Proof. Let Ay be a connected component of A, (k)Y (A(r4)). By definition, for every n > 1,
every point in A; is near parabolic renormalisable of type (x;)" ;. Inductively define the sets
Apnt1 = Rup.r, (An), for n > 1. By Proposition 3.1, each A4;, i > 1, is a ki-horizontal curve.

Let us define the numbers ¥; as the diameter of the projection of the set A; onto the «
coordinate. Then, since the diameter of each component of A(ry) is equal to v/2ry, we have
9; < +v/2r4. On the other hand, by Proposition 3.4, Ryp., and Ryp., are strictly expanding
in the horizontal direction. We must have 9; = 0, for all ¢ > 1. It follows from the definition
of ki- horizontal curves that the diameter of each A; must be zero. Indeed, the uniform
contraction implies that there are constants C' and p € (0,1) such that for all k;-horizontal
family of maps Y : A(ry) — A(ra) x Fpand all k € T

diam (A, ((ki)1=y) N T(A(re))) < Cp"™.

The latter part of the theorem follows from the first part as the family Y(a) = (a x f)
may be thought of a 0-horizontal family. O

The quadratic polynomial P, with ¢ € C, is conformally conjugate to some Qq(c), with
Rea(c) € (=1/2,1/2]. Indeed, there are two choices for a(c) with this property. The choice
does not make any difference for the sake of the next statement, although we will make one of
these choices in the next section for our convenience. An immediate corollary of Theorem 5.1
applied to the quadratic family is formulated in the next corollary.
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It follows from the proof of the above theorem that the set A, (k) NY(A(ry)) is isomorphic
to a Fp-bundle over a Cantor set. This is, formulated in the next corollary.

Corollary 5.2. For all k € T the restriction of the map o X h — h to each connected
component of the set A, (k) N Y (A(ry)) is one-to-one and onto whose image is equal to Fy.

The operators Ryp., and Ryp, map the Fo-fibers of the set Uger A, (k) N T(A(ry)) to
the fibers. Combining with the uniform contraction in Theorem 2.9, we obtain the uniform
contraction of the operators Ryp., and Ryp., on the co-dimension one fibers.

Corollary 5.3. Let (p;/qi)2, be a sequence of rational numbers in (—=1/2,1/2] and k € T
be a type such that for all c € M({p;/q:)21), Qa(c) 8 infinitely near parabolic renormalisable
of type K and for every i > 1 the rotation number a; of the i-th renormalisation of Qu(c)
belongs to A(rs). Then, the nest of Mandelbrot copies M ({p;/q;)?_,) shrinks (geometrically)
to a single point as n tends to infinity.

Although in the above corollary the sequence of rational numbers and the type k are not
related a priori, in Section 6.3 we associate a canonic type k to any given sequence of rational
numbers in (—1/2,1/2].

6. APPLICATION TO THE COMPLEX QUADRATIC POLYNOMIALS

6.1. Modified continued fractions. We work with a modified notion of continued fractions
that is more suitable in the study of the near-parabolic renormalisation.
For z € R, let [z] denote the closest integer to x, where we use the convention

x € ([x] —1/2,[z] +1/2],for z > 0,

x € [[x] —1/2,[z] +1/2),for x < 0.
We have adapted the above convention to obtain a x +— —zx symmetry in the continued
fraction expansion introduced below.

Let € [-1/2,1/2]\ {0} be a rational number and set z; = x. There is a positive integer
n such that the numbers

-1 -1
(61) Ti4l1 = — — |:—:| ,1 S 7 S n,
e £
are defined and z,41 = 0. For 1 <14 < n, we define the signs ¢, = +1 if 2; > 0 and &} = —1

if ; < 0, and then define the integers b; > 2 according to

) {[;—j} if &) = 1,

[L] ife)=+1.

z;
It follows that [—1/xz;] = —¢}b;, and hence z; ' = }b; — 2;41. Now let us define the signs
g1 =¢l, and g; = (—1)e}_, ¢}, for 2 <4 < n. Then, one can see that x is given by the finite
continued fraction

r=x1=1/(eby —13) = e1/(b1 — €\ x2),

€1 €1 €1

1 — 1€l €l 3

12 2
bl—&'/lil b1+7/ b1+7/
621)2 — I3 bQ — €513 bQ — €513




56 DAVOUD CHERAGHI AND MITSUHIRO SHISHIKURA

Inductively, repeating the above process until z,+; = 0, we obtain

€1
r=——.
€2

by + ———

oy En

Tty
Remark 6.1. The above continued fraction expansion is slightly different from the usual
notion of modified (closest integer) continued fraction expansion in the literature, where we
use x — [z] instead of d(x,Z) and allow z; to be negative as well as positive. However, the
only difference between the two expansions is in the signs €;. The reason for adapting to the
above algorithm is that we shall later extend the map x — = — [z] to a holomorphic map on a
neighbourhood of the interval [—1/2,1/2]. This allows us to study the maps & — Ryp., (X f)

and o — Rypp(a X f) as holomorphic maps of a rather than anti-holomorphic maps of «.

Given n > 1 and a sequence of pairs (b; : &;)"_;, where each b; > 2 is an integer and
g; € {+1, —1}, we use the notation [(b; : €;)" ;] to denote the rational number generated by
this sequence of pairs. That is,

g &
by :e1] = b_l [(by i e1), (by @ £2)] = ———,
' bt
1 by
and for n > 3,
[(bi s ei)imy] = :
€2
by + ———
. En
L En

bn,
However, note that a rational number of the above form is not necessarily in the interval
[-1/2,1/2]. But, it is fairly close. The only condition we need to impose to obtain a rational
number in the interval [—1/2,1/2] is that when by = 2 we must have 165 = +1.

6.2. Sequences of rational numbers. Let n > 1 be an integer, and let m; > 1 and b; ; > 2
be integers, and €; ; € {+1,—-1},for 1 <i<mnand 1< j<m; We define the notation

(mi 2 bij:€ij)is
to represent the finite sequence of rational numbers

(Ibiyj t €] )i

For each 7 and [ with 1 <¢<n and 1 <[ <m; we let

Dijl
i = [{bij : €i5)5=1]-

Thus,

Pim;
(mibij:eig)ing = ().
di,m;
Although we may remove the second subscript m; from the numerator and denominator
of the above sequence to get the simpler notation p;/¢; = Pim,/d,m;, these have been put

there to avoid possible future confusions that the sequence p;/¢; forms the fractions of a single
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number. That is, a priori there is no relation between these fractions. When we are interested
in infinite sequences of rational numbers, we shortened the notation (m; : b;; : ;)2 to
<mi : bi,j : 5i,j>-

By setting the initial data p; -1 = ¢;.0 = 1 and p; 0 = ¢; —1 = 0, we have the usual recursive
formulas for the continued fractions p;;/q;1, 0 <1 < m;

Qii+1 = bigv1i +€ii41G,0-1,  Digy1 = bigyipig +€ii11Pii—1,
By an inductive process, the above formulas imply that for all « > 1,0 <[ < m; — 1, we have
(6.2) qil+1 > Gil-

Moreover, for every i > 1,

1 i -
(6.3) — = | [Tt - =)yl
Gimi s

6.3. Pairs of multipliers vs pairs of complex rotations. Let k = (k1, k2, K3,...) be in
T, where the set of types T is defined in Equation (5.1). In analogy with the set A, (K1, ..., &n)
defined in Equation (5.5), we consider the sets

1 An _ Rxpog, 070 PVNP,K1 (Qa) is defined
Ar(<l€l>i:l) - {Oé € A(T3)‘ and Vi with 1 S i S n,a; € A(’I") }

For example, by Theorem 2.9, Ryp..(Qn) and Ryp.,,(Qn) are defined for « € A,l_s(m).

Each @, with a € C is conformally conjugate to some quadratic polynomial P, with a
unique ¢ € C. The connectedness locus of the family @, that is, the set of o such that the
Julia set of @, is connected, is Z-periodic in «. However, this connectedness locus modulo
Z forms a double cover of the Mandelbrot set, branched over ¢ = 1/4 (which is only covered
once). Here a = 0 is mapped to ¢ = 1/4. For each ¢ € C\ {1/4} there are two distinct
parameters wy and we in C such that for all « in wy + Z and we + Z, ), is conformally
conjugate to P.. See Figure 10.

For « in the upper half plane, 0 is an attracting fixed point of @Q,, while for o in R
the multiplier of @, at 0 belongs to the unit circle. In analogy to the Mandelbrot set,
the connectedness locus of @), minus R consists of the upper half plane and the connected
components attached to the real line at rational values of a. There is a unique connected
component attached to the real line at 0. We denote the closure of this component by M.
Then, there is a one-to-one correspondence between the Mandelbrot set and M, such that
the corresponding quadratic polynomials are conformally conjugate. Let ¢ — «a(c), from M
to M, denote this bijection. We define the sets

L\ T L\
Ma(£)10) = {ate) [ e € ML)}
As in Section 4, the notions of dividing periodic points and their combinatorial rotation
numbers are defined on the above components.
Let @, be an infinitely polynomial-like renormalisable. We denote the sequence of the
dividing periodic points of @, by v;, ¢ > 1. In other words, v; in the periodic point of Q,
that is mapped to a; by the conformal map conjugating Qo (c) to Pe, for each i > 1. We recall
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FIGURE 10. The connectedness locus of the family @, and a zoom into a
neighbourhood of 0 on the right hand side. Need to produce better figures.

that v; is a fixed point. Note that v; is not an arbitrary element in the cycle of v;. Rather, it
is a particular point in this cycle. Let us denote the multiplier of v; by p;, for ¢ > 1. That is,

p1=Qu(n), p2 = (Q") (v2), pu = (QLT4"=D) (1), n > 3.

For a € M, \ {0}, 0 is a repelling fixed point of @, while (Q,) may be either attracting
or repelling, depending on Im(5(Q4)). For o € M, \ {0}, v1 = 01 = 0(Qq4) is the non-zero
fixed point of ., and we have

1

Let p;/q; be a sequence of non-zero rational numbers in (—1/2,1/2]. By the previous
section, there is (m; : b; j : €; ;)52,, with integers m; > 1, b; ; > 2, and signs ¢; ; for i > 1 and
1 <j < my, such that p;/q; = pi,m,/qi,m; = [(bi,j : €i5)j241], for i > 1. Then, we consider the
integers

k—1

(6.5) h=0 lg=)Y mik>2
=1
Then, we define the map
(6.6) K (QN((=1/2,0)U (0,1/2]) = T,

as follows. Given (m; : b j : &;5) in (QN ((—1/2,0) U (0, 1/2]))N and n > 1, the n-th entry
of K({my; : b; j : €i5)), denoted by Ky ((m; : b; j : €; ), is defined as

b ifne{ly+1|k>1}

t  otherwise.

Kn(<mi : b@j 28i7j>) = {
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In other words, the first m; entries of x are given by one “b” followed by m; — 1 times “t”,
the next mo entries of k are given by one “b” followed by ms — 1 times “t”, and so on. The
map ~ only depends on the sequence m; (the lengths of the rational numbers) rather than
the entries in each rational number. The individual entries come into play later.

In the following proposition r3 denotes the constant introduced in Proposition 2.6.

Proposition 6.2. Let (p;/q;)52, = (m; : b; j : €, ;) be a sequence of non-zero rational numbers
in (=1/2,1/2] and consider the type k = k((m; : b; j : €; ;) € T. For every integer k > 1 and
every o in the intersection of Mo ((pi/qi)t_1) and A}, (K1, ... k), if cu41 € A(rs) then

1
Bi+1 = 5 log py.

T 1

Proof. Since a« € My (p1/q1,---,DPk/qk), for every integer j with 1 < j < k the dividing
periodic point v; of @, is defined. In particular, the right hand side of the equality in the

proposition is defined. On the other hand, as « € Ais (K1,..., K1, ), for every integer j with
2 <j <l fiy1 = Ryppyo--0 Ruxe.r, (Qo) is defined. Moreover, by the definition of
A,l_3 (K1,...,k1,) and the assumption in the proposition for every 1 < j <lj +1, «; is defined

and belongs to A(r3). By Proposition 2.1, this implies that each f; has a unique non-zero
fixed point o in the (fixed) neighbourhood W of 0. In particular, 8, +1 in the left-hand side
of the equation in the proposition is defined. It remains to relate these quantities.

Recall that for & € My (p1/q1,---,pK/qk), 1 is a fixed point, and in general for j with 2 <
j < k, vj is a periodic point of period Hf;ll ¢i- Moreover, as a varies in Mo (p1/q1,--.,0i/45),
v; has holomorphic dependence on a. On the other hand, by the definition of the near-
parabolic renormalisations, each oy, 1, for 1 < j < k, lifts to a periodic cycle of @, which
we denote by O, 1. We claim that for each j with 1 < j <k, O, 41 is equal to the cycle of
v;. We prove this below by induction on j.

For j =1,1; = 0 and Oy is equal to 01 = 0(Q) = v1. Assume that Oy, , 41 is equal to the
cycle of v;_y for j —1 <1+ 1 and we want to prove that Oy, 11 is equal to the cycle of v;. By
the definition of the types, xi;_, 11 = b and for all integers 4 with I;_1 +1 < i < 1;, we have
ki = t. This implies that the zero fixed point of f;, 11 lifts to o,_, +1 on the dynamic plane
of fi,_,+1 (in all the intermediate levels i it lifts to 0). Thus, by the induction hypothesis,
the zero fixed point of f;, 1 lifts to the cycle of v;_;. On the other hand, as ay; 11 tends to 0
in A(rs), 01,41 tends to 0 and oy, 41 is the only fixed point of f;; 1 within W-neighbourhood
of 0. This implies that the lift of this fixed point, which is the cycle Oy, 11, tends to the
cycle of v;_1. However, as o € My(p1/q1,---.0j/q;), v; is the only periodic point of Qq
that bifurcates from v;_;. That is, for sufficiently small ay; 1 (equivalently, for o sufficiently
close to the root point of My (p1/q1,...,p5/4;)), O4+1 is equal to the cycle of v;. By the
holomorphic dependence of the cycles of v; and Oy, 41 on «, we conclude that these cycles
are equal on the connected components of Ais (K1y. -y hyy)-

By the above argument, o, 41 lifts to the orbit of vy through the changes of the coordi-
nates in the near-parabolic renormalisations. In particular, these cycles must have the same
multipliers, as in the equation in the proposition. 0

Corollary 6.3. Let (m; : b; ; : €; ;) be a sequence of non-zero rational numbers in (—1/2,1/2].
For every « in the intersection of Mo ((my : b j : €55)) and A} (k((m; : bij : €45))), and every
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k > 1 we have

1
Bi+1 = 5 log py.

i
6.4. The quadratic growth condition and the complex rotations. Here, our goal is to
find a combinatorial condition, in terms of the combinatorial rotation numbers of the dividing
periodic points, that guarantees an infinitely polynomial-like renormalisable map under that
condition is infinitely near-parabolic renormalisable.

The algorithm defining the modified continued fraction expansion in Section 6.1 has a
natural extension onto the complex plane which plays a crucial role in this section. It is
defined as follows. Recall from Section 6.1 the closest integer function [-] defined on R. We
consider the map inv(z) = —1/z, for z € C\ {0}, and the map saw(z) = z — [Re(z)], for
z € C. We shall work with the composition of these two maps denote by

G(z) =sawoinv(z),Vz € C\ {0}.
Then, G maps the interval [—1/2,0) U (0,1/2] to [-1/2,1/2], and for a non-zero rational
number z; in [—1/2,1/2],
;=G Hxy),1<i < n.

where the numbers z; are defined in Equation (6.1). In particular,

G([(bj : €5)j=]) = —ei - [{bj : €5) =i ]-
That is, applying G to a continued fraction removes the first pair from the expansion, and
then only modifies the first sign in the remaining expansion. In particular,
(6.7) G H([(by < g5)f=1]) = £1/bn, G([(bs : €5)5-,]) = 0.

j=1

For each integer by > 2 and g1 € {+1, —1}, the image of the round ball of radius 1/2 centred
at —e1b1, B(—e1b1,1/2), under the map inv is a round ball containing €1 /b;. Note that this
ball is not centred at £1/b1. Let F; denote the collection of all these balls for integers b; > 2
and g1 € {+1,—1}. If we care to determine a specific ball in this collection, we use the notation
F1({b1 : 1)) to denote the one containing €1 /b;. It follows that G : F1({by : £1)) — B(0,1/2)
is a holomorphic bijection.

Similarly, for integers n > 2, we may define the collection F,, of round balls that are
mapped onto B(0,1/2) by the iterate G°". The element of F,, containing [(b : €1)}_,] is
denoted by F,({(b; : €;)7_;) and we note that each such element is a disk that is symmetric
with respect to the real line. Moreover,

G : Fo([(bs : e)7y]) — B(0,1/2),n > 1,

is a holomorphic bijection given by a Mobius transformation that maps the real slice of the
domain to the real slice of the image.

Lemma 6.4. For every n > 1, every [(b; : 5)7_1] € Q, every z € F,([(b; : &5)}—41]), and
every k with 0 < k <n —1, we have

1
bry1

4 1
<G| < = —,
< ()|_3 bry1

(SRR
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Proof. First note that
G (Fa((by : 5)11]) = Faor(Go([(b) + £5)5=11)) € FLGT([(b; : £5)7=1]))-

and the first pair in the expansion of G°*([(b; : ;)7_,] has the form (byi1,%1). Hence,
G°*(2) belongs to either Fy(1/byy1) or F1(—1/bry1). Each of these sets is a round ball
symmetric with respect to the real line passing through the pair of points 1/(bg4+1+1/2) and
1/(bg+1 — 1/2) or the pair of points —1/(bgy1 + 1/2) and —1/(bg+1 — 1/2), respectively. In
particular, for G°%(2) € Fy1(£1/bj41),

LI ! <zl < ! L
5 bry1 ~ brpy1+1/2 (brt1 —1/2) b1
On the other hand, each of F1(1/bg+1) and Fi(—1/bg+1) is a round disk of diameter
1 _ 1 < 1
bir1 —1/2 bps1 +1/2 7 /24
Hence, Fi (£1/bg1) is contained in the round ball of radius 1/(v/2by+1) about 41/by 1. This
implies the bounds on arg(G°*(z2)). O

IN

4
3

Lemma 6.5. There is a constant Cy satisfying the following. Let x = [(b; : €;)7_;] € Q, for
somen > 1, and assume that bj 1 > bf, for 1 <j <n—1. Define the numbers

o =1,2; = Go(ifl)(:zr), 1<i<n.

Then

b
|5En| n—1
m <Cp - H |$z|
1 i=0

Proof. For each 1 < j <n we have

TENEEERY S ST RUIS NS DO
2b; +17b;  bj+1/2 7 "7 T b —1/2 b 2b; — 17"
Then, since bj;q > b?, by the above equation we have
1 1
Tit1| < 1+
s bj+1( 20541 —1
1 1 1 2
< (1 1 (1 1
= b§( T 7)<l + 20,41 — ) 2, )
C
< |IJ|2(1 + _)a
b
for some uniform constant C'. Then,
n—1 n—1 o]
|| |it1] c c
T e II¢ wp) <l [T+ 3) < lofexp(Y_ 7)< Jaale.
i=0 It i=0 ¢ i=1 ¢ i=1 "
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Lemma 6.6. There exists C7 > 0 such that for every n > 1 and every disk B, in F,, the
distortion of the map G°™ : B, — B(0,1/2) is bounded by C, that is,
Gl <C

Vz, eBn,—
zZ, W Gon

Proof. Assume that B and B’ are round disks that are symmetric with respect to the real line
(invariant under complex conjugation), and g : B — B’ be a Mdbius map that sends BNR to
B’NR. Then, the distortion of g on B is realized at the two end points of the interval BNR.
This implies that the distortion of the map G°™ on B, is equal to its distortion on B, N R.
Indeed, the latter statement is a classical result that follows from direct calculations. g

Let N > 2 be an integer and define the class of sequences of rational numbers®

bii > N3Vi>1,bip11 > G7 }

_ pivm’i oo L. . ..
(6.8)  Qon = {<—>i:1 = (mi i i) yis 1< <my— 1,bij1 > b2,

i,m;

For example, if we let m; = 1 for all ¢ > 1, then a sequence (p;1/¢i1)52; belongs to QGn
if and only if ¢ > N and for all i > 1, p; € {+1,—1} and ¢;41 > ¢?. However, choosing
larger values of m; at different stages allows us to cover more rational number at stage :.
This imposes a stronger condition on the size of the next denominator through g;1 > b? -

Proposition 6.7. For every r € (0,1/2) there is a constant N > 0 satisfying the following
property. Let (p;/q;)32, belong to QGn and define the integers

n—1

ki =1kn = [] dijmi, V0 > 2.
i=1
Then, for every i > 1 and every z € C satisfying
pi . kilog2 1og2 k
bt
i ¢ 2m 2r g’
we have the following two properties.

a) For every n; with 0 < n; <m; — 2,
|G (2)| <7, and arg(G°"(z)) € {[_27 il

b)
Gl (2)] <

Proof. Let us choose (m; : b; j : €; ;) so that

Pi  Dim, )
= = T = [(bij ¢ €ig) i)

qi qi,mi

5QQ stands for quadratic growth.
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Recall the constants Cy and Cy introduced in Lemmas 6.5 and 6.6. Then, choose N > 2 such
that the following inequalities hold.

14 r
. <
(69) N3~ 3
(6.10) lcl <1 Ve -1, T
N C1 VCi+1 3
1  4log2 1 vVCi—-1 r
6.11 iy Mt - o N o NP Tt B
(6.11) N '32r 0= VO +1 3

We break the proof into several steps.

Step 1. For (m; : b;; : €;;) € QGn, by Lemma 6.4, for every ¢ > 1 and every n, with
0 <n; <m; — 1, by Equation (6.9), we have

4 1

(6.12) |G ([(bis = €0,)724]) | < 3 <

1 1
< < — < —
bim;+1 — bz,l - bl, ‘N

OJI»P
e
OJI»P
C}OI»&
C}Olﬁ

Step 2. By the definition of the class QG and Equation (6.2), for every ¢ > 1,

(6.13) Git1mien = Git1,1 = bix11 = G-
For i = 1, by Equation (6.9), we have
log2 ki log 2 1 log2 1 log 2 1

r
6.14 . = - < — < < —
( ) 2r Qi 2r  q@um, ~ 20 by T 2w 3

Recall that ¢; o = 1, for ¢ > 1. This is for the simplicity of the formulas in the following. For
1> 2,

1—1

log2 k; 10g2
2 ([

qi,m;

_ log2 1—[1 ( ql,ml )
(6.15) 27 oo NdiHL Mg
log2 1 log2 1
< < L Eq. (6.13
- 27 q1,1 - 27 bl,l ( 4 ( ))
log2 1 1.
2 N — 2

Step 3. Assume that m; = 1 for some i > 1. For every z satisfying the hypothesis of the
proposition, by Equations (6.12), (6.14), and (6.15), 2z belongs to a disk of radius bounded
from above by r/3 attached to the real line at p; m, /qim; With |Dim,/@.m;| < /3. Hence,
|z| <r/3+42r/3 =r. This implies the inequality in part b), and there is nothing to prove for
part a).

Let us fix an ¢ > 1. From now on we assume that m; > 1.
Step 4. Recall that
GO s Fr (b €a) ') — B(0,1/2)
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is a bijection. Let us define the set

(6.16) B C Fny—1([{bij 817J>m171])

s j=1
as the pre-images of B(0,r) under the above restriction of G°(™i~1. Then, B} is a round

ball containing the point [(b; ; : &5 )Tfl]

Define the numbers z;;, for ¢ > 1, as
Zi0 = 1,

as well as the numbers x;;, for i > 1and 1 <l <m; —1, as

x”_H‘ i€ mlfl‘_H‘Gok zg Elj>m171])’-

For every | with 0 <[ < m; — 1 we have
(6.17) (G ([{big =€) D] = (waa) ™2

Hence, by the uniform bound on the distortion of G°™~! in Lemma 6.6, we have

1
(6.18) raxfm _y <diam (B)) < rCi2},,, ;.
1
Although the ball B; is not centred at [(b;,; : €;,5) 721 '], the uniform bound on the distor-
tion of G°™~! implies that the center of B! is not too far from [(b; ; : £w>;”1fl] One can

verify that if i is a Mo6bius map of the unit disk with 1/Cy < |W/(2)|/|h/(y)| < C; for all =
and y in the unit disk, then |h(0)| < (v/C1 —1)/(v/C1 + 1). By virtue of Lemma 6.6,

m;—1 1 V C—1 2 T
. ’ C B;.
(6 19) B([<b L& J>J 1 ] Cl \/G"’ 1 zml—l ) = Bz

That is, B} contains a round ball of size comparable to rz7,, _ about [(b;; : & ﬁ;’“fl] Let
us define the constant
1 vCi -1

Co=——,~1—.
2 Ch VO +1
Step 5. Define the numbers y; ; as
Yyio=1,1>1,

and
l -1
(6:20)  yio = [T |10 s ci)eel| = TG (b s )], =1 and 1<1<m.

By Equation (6.3), we have
1

- = Yim;-
Qi,m;

By Lemma 6.6, we have
1

in,mifl < Yimi—1 < C1%im;—1,
1
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which implies

(6.21)

Step 6. Recall from Equation (6.7) that G°™ = (p; . /Qi.m,) = 21 /bi m, and GE™=1([{(b; ; :
£”>;n:fl]) = 0. By the uniform bound on the distortion of G°™~! in Lemma 6.6 and the

explicit value of its derivative at [(b; ; : 5i7j>;”:if1] in Equation (6.17), we obtain

pi,mi ms;— 1
(6.22) e [(bij :€ij)iii ]| < Cralp g - b
1
SCvl'rzzmnfl' <Clxszl'_
i il ‘ b1
1 r
< Clxzm -1 N < g . C2 . ‘le,mifl'
In the last line of the above equation we have used Equations (6.10).
Step 7. We have,
ki 1 kz Lim,;—1
. <(Oi— —2Fg—— Eq. (6.21
qiﬂni ‘T?,mifl - ! 1 bi;miwzz,mifl ( 4 ( ))
ks bi1
= O . 2
! i1 Dimi Tim,—1
ks bi1
<C . d Eq. (6.13
- 1qi71 bim; Tim;—1 (Eq. (6.13))
k; 4 1
< <= Lemma 6.4 with k =0
=2 3Yinbim Tim ( )
<C ! 40 L (Eq. (6.15),Eq. (6.21))
= 1N 3 lyi,lbimiyi,mi q. 0. , &q. (0.
1 4 1 1
=C1— - -=C . Eq. (6.20
'N 3 1yi,lyi,mi—1 bi,m, (Eq. (6.20))
1 4
S Olﬁ . 50100 (Lem. 65)

In particular, by Equation (6.11), the above inequalities imply that
log2 k; r
. <

6.23
( ) 2 qi,m; -3

i,m;—1°

Step 8. Let z € C be a point satisfying the hypothesis of the proposition. By Equa-
tion (6.23), z belongs to a ball of radius at most §Cox7,,. , that is tangent to the real line at
Pi.m,/@i.m;- On the other hand, by Equation (6.22), pi,m, /i,m, is within £Ca7, | distance
from [(b; ; : a”>;21_1] Hence, |z — [(b; ; : a”>;”:11_1]| <rCya?,, ;. By Equations (6.19) and
(6.16), the above inequality implies that

2€ B} C Fon,1([(bij s €05) 77 )

This finishes the proof of the proposition, by virtue of Lemma 6.4. 0
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6.5. Rigidity of complex quadratic polynomials. Recall the constant r; introduced in
Proposition 2.1.

Lemma 6.8. There is a constant r5 > 0 satisfying the following. Let f € A(r1) x Fo or
[ € A(rs) x {Qo}, with [f'(0)] > 1. If B(f) € A(rs) then a(f) € A(rs).

Proof. Recall the domain W from Lemma 2.1 and the constant By from Lemma 3.24 such
that for every f € A(rs) x Fo or f € A(r3) X {Qo} we have

’/ dz’<B4
2ml Jow 2 — f

By the holomorphic index formula (2.2), this implies that

1
} 1 — e2mia(f) + 1— 6271'16 f)

On the other hand, since |f/(0)] > 1 and |f'(c(f))| > 1, we must have Ima(f) < 0 and
ImB(f) < 0. By an elementary calculation one can verify that there is r5 > 0 such that if
B(f) € A(rs) then a(f) € A(rs). O

‘<B4,

Remark 6.9. Indeed, the proof of the above lemma implies an stronger remarkable property
on the relation between a(f) and S(f). That is, the set of a(f) such that S(f) is real and
belongs to (—r5,75), is tangent to the real line at 0 with the order of the tangency being
quadratic. One may use the pre-compactness of the Fy to prove stronger bounds on the
location of this curve, which in turn may be used to give estimates on the location of the
multipliers of the dividing periodic points of corresponding Q.

The following proposition is the main statement of this section. Recall the integers I
introduced in Equation (6.5) and the map & introduced in Equation (6.6).

Proposition 6.10. Given r3 > 0 as in Theorem 2.9 there is an integer N > 0 such that for
every sequence of rational numbers (m; : b, ; : €, ;) € QGn in the interval (—1/2,1/2] and
every integer k > 1, My ((m; : b; j : €, )51 is contained in A11~3(<’ii>2k:1)7 where k = k((m; :
bi,j : 5i,j>)-

The above proposition combined with Theorem 2.9 provides us with a constant N such
that for every (m; : b;; : €, ;) € QGn and every a € My({m; : b j : €i;)), Qq is infinitely
near-parabolic renormalisable of type k({(m; : b; ; : €; ;)).

Proof. Let r5 be the constant obtained in Lemma 6.8. Let N; be the constant obtained in
Proposition 6.7 with » = min{rs,r3}, and choose N > N; such that
10g2'i<r_3 4 1 <_3.

or N— 2’3 N 2

Fix (m; : b;j 1 ;) in QGn, k > 1, and o € My({m; : bi; : €;;)% ;). Define the type
k= k({m; : b;;:eij)). We need to show that starting with fi = Qq, the sequence of maps
fi, for 1 < i < li, in equation (5.2) is defined, and each «; € A(rs). We prove this by an
inductive argument.
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Recall that 8, = ﬁ log p1, Equation (6.4). By the PLY inequality (4.2), and the above
condition on N, « is contained in a disk of radius bounded by r3/2 attached to the real line

at [(b1,; : €1,5)72;]. Moreover, by Equation (6.12),

L
N~ 2

Hence, « is contained in A(r3). Therefore, by Theorem 2.9 and Definition 2.11, f; is near-
parabolic renormalisable of type k1 = b. That is, Ryp.,(Qa) is defined.

By the definitions, I = my and as = —1/6;1. Also, for all ¢ with 2 < i < Iy (if there is
any), we have k; = t. Thus, for all such ¢, we have ;11 = —1/«;. Proposition 6.7, combined
with the PLY inequality, implies that, for every ¢ with 2 <1 <y, o; € A(r3). In particular,
this implies that for every ¢ with 2 < i <[y +1, f; is defined. But we still don’t know whether
aq,+1 belongs to A(rs) or not.

Let j be an integer with 1 < j < k —1. For a € My((m; : b;; : 5i7j>§:1), we want to
show that if @ € AL ((k:);) then a € AL ({k;)i*!). Since a € AL ((k:)?,), by definition,
ay; belongs to A(r3) and hence, fi;;1 is defined. However, since a belongs to M ((m; :

L i~

[(b1,5 : e1,5)72]] <

bij : €i;Y11), PLY inequality, Corollary 6.3, and Proposition 6.7 with n; = 0, imply that
Bi41 = ﬁlogpj belongs to A(rs). Then, by Lemma 6.8, a;, 1 belongs to A(rs), and
therefore, Ruyp..,(f1,+1) is defined. Note the choice of N and N; at the beginning of the proof.
By the definition, ;41 = b and for all [ with I; +2 < [ < Iy (if there is any) x; = .
That is, ay;42 = —1/B1;41 and aqq1 = =1/ for all I with [; +2 <1 < 1;;;. Now we use
Proposition 6.7 to conclude that for every I with I; <1 <141, oy € A(r3) and fi41 is defined.

By an inductive argument, the proposition follows from the above paragraphs. O

Proposition 6.11. Letp;/q;, i > 1, be a sequence of non-zero rational numbers in (—1/2,1/2]
such that for every c in M((pi/q:)i21), Qa(c) is infinitely near parabolic renormalisable and
for every n > 1 the rotation oy belongs to A(rs). Then, the nest of Mandelbrot copies
M((pi/qi)T—,) shrinks to a single point.

Proof. By the hypothesis, M. (p1/q1,p2/q2,--.) is contained in A%(/@), where

v = r((pi/qi)iz1)

is defined in Equation (6.6). By Theorem 5.1, the connected set My ((p;/q;);2;) must be a
single point. O

We will not use the following proposition in this paper, but it is stated for future purposes.

Proposition 6.12. For every sequence of rational numbers (m; : a; ; : €; ;) with a; ; > N,
there is « € Mo ({(m; @ a;j : €;5)) such that Qq is infinitely near-parabolic renormalisable of

type K((M; @ a;; : €5)).

Proof. By the continuity of the relations between «,, and 3,, as well as a,,—1 in terms of o, or
Bn, there is & € A(r3) such that @, is infinitely near parabolic renormalisation of type x. On
the other hand, if @, is infinitely near-parabolic renormalisable, then the orbit of the critical
point remains uniformly bounded in C. This implies that o belongs to M,. It is not difficult
to see that @), has the correct combinatorial rotations of the dividing periodic points. More
details shall be added later. g
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