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Universality for Siegel disks

Preliminaries
Consider a function, holomorphic on a nbhd of 0:
f(2) =Xz +az’ +b2°...
Question: Can one linearize this function on a nbhd of 0:
plofop=x (7
The answer is positive when || # 1. The following addresses the case \ = >

Theorem. (Siegel) f can be linearized by a local holomorphic change of coordinates for
a. e. \in T.

> <, k> 2. The maximal

In particular, f is linearizable when 6 is Diophantine: ‘0 — g p

domain of linearization is called the Siegel disk, A.
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Consider a quadratic polynomial: fy:(z) = > 2(1 — 0.5z), §* = Y31,

The boundary is self-similar at the critical point (Manton-Nauenberg; McMullen)

dn+1 _
20 ~ 1073’ 26+ ~ 12007 lim ‘f (Zc> Zc‘
n—r00 ’an(ZC> — Zc’

=\, A=~0.7419...

Conjecture. Given an eventually periodic number

0 = by, b1, b2, ..., by, a1,a9, ..., a5 a1,...| the self-similar geometry of the boundary of the
Siegel disk 1s identical for all quadratic-like analytic maps defined on some neighborhood
of zero with the multiplier ™.
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C. McMullen’s renormalization for commuting pairs

e if § is a quadratic of the bounded type, ¢ and A - quadratic-like, with a multiplier >
then,

- da hybrid conjugacy ¢ between g and h;

- the complex derivative ¢'(1) exists for all z € P(g), and is uniformly
Clte-conformal on P(g):

d(z+1t) = d(z) + ¢ ()t + O(Jt|'+

e Rescaled iterates A" o By%*+1 o \ converge (C. McMullen).
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e Janbhd U of 1, and € > 0, a function vy on U N Ay, conjugates Py to Py*+!, and

is conformal in A N U and C'*¢-anticonformal at 0:
(2) {l—l—)\(z—l)—l—O(\z—HHE), s is even,
Z —_—

1+ Az—=1)+0(]z — 1|9, s is odd,
here, A = ¢/(1) is the scaling ratio.

from X. Buff and Ch. Henriksen, 1999

The linearization of v at 1 will be called A:

Denis Gaidashev
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How do these results address the universal self-similarity of the Siegel disks?

— existence of the C'**-conformal similarity map ) implies that small-scale
geometry of Ay for P, is asymptotically linearly self-similar.

— existence of the C''*“-conformal hybrid conjugacy ¢ implies that the small-scale
geometry of P(g) for any quadratic-like g with the correct multiplier is
asymptotically a linear copy of the small-scale geometry of 0/, for P;.

What does not follow from McMullen’s theory is that P(g) = 0A for non-polynomial
maps.
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e Renormalization
Let f: X — X. Choose a subset Y C X, such that every point y € ) returns to )
after n(y) iterations. The map

Ry f"W(y)
is called a return map.
Next, suppose there is a “meaningful” rescaling A that “blows up” Y to the “size” of X.
We call
Rlf]=AoRjo A}

a renormalization of f.

Self-similarity of geometry for f is usually obtained from convergence of the iterations
f = R[f] — R[] — .....

To demonstrate universality for golden mean Siegel disks, construct a
renormalization operator R such that

RMf] — f*

k—o00

for “all” maps f with f/(0) = e*™".
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Renormalization for Commuting Pairs

o A commuting pair ¢ = (n, &) consists of two C? orientation preserving homeos
n: Ly = 10,6(0)] = n(ly), § : I == [n(0),0] — &(L), where

g
/\
Ie : I

n(0) 0 &Oiﬂ 0/ &0

1) n and £ have homeomorphic extensions to interval nbhds of their domains which
commute: no & = £ o

2) £on(0) € Iy;
3)n(z) #0#E(y) forall x € I, \ {0} and all y € I\ {0}.
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e Regard I = [n(0),£ o n(0)] as a circle, identifying n(0) and & o n(0), and set f. : [ — I:
_ [ noglz), zen),0]
0= Ly s < loganto

e A C? critical circle homeo f generates commuting pairs
Co = (Fjpmerey.cs f2 e paney))-

e For a pair ¢ = (1, ¢) we denote by ¢ the pair (ﬁ\fn, f\fg), where tilde means rescaling
by A = — -

ol

e The renormalization of a (golden mean) commuting pair ( is

R( = (n ° &l ﬁ‘[o,m»])

A problem: The space of commuting pairs is not nice, not a Banach manifold, in
particular, impossible to work with on a computer.
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McMullen’s holomorphic commuting pairs

Letn: ) — X and £ : Q0 — X be two univalent maps between quasidisks in C, with
(2; C Y. Suppose n and £ have homeomorphic extensions to the boundary of
domains €2; and >. We say that such a pair ¢ = (1, &) a McMullen holomorphic pair if

1) ¥\ Q; U, is a quasidisk;

2) Q, N 0¥ = I, is an arc;

3)n(l) c Lhul,and&(lp) C I U I
4) O, N Qy = {c}, a single point.
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Renormalization for Almost Commuting Pairs

e Let (1, &) be a pair of maps defined and holomorphic on open sets Z > 0 and W 3 0,
ZNW #£0,inC.

e Assume

n=¢oq, &{=1oq,
where ¢(z) := z* and ¢ and v are univalent on ¢,(Z) and ¢ (W) respectively. The
Banach space of such pairs will be denoted £(Z, W).

e The subset of pairs in £(Z, W) that satisfy

(n0&)"(0)) = (£on)™(0)), n=0,1,2, (0)

will be referred to as almost commuting symmetric pairs and will be denoted M(Z, W).

Proposition. M(Z, W) is a Banach submanifold of E(Z,W).

Denis Gaidashev PPAD, June 30, 2016
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o Letc(z) :=2z. Apair ¢ = (n,&) € M(Z, W) will be called renormalizable, if

Ace(W)) C 7,
Me(Z) € W,
§(Ae(2) < 2,

where \(z) = £(0) - z, while the renormalization of a pair ( = (n, ) will be defined as
PC=(no&m), R(=coXooPloAoc. (-3)

e Equivalently, if an almost commuting symmetric pair is renormalizable, we can
defined the renormalization of its univalent factors as follows:

R(¢,9) = (corx opogoror’occor ogor’oc). (-3)

Lemma. R preserves the Banach manifold of almost commuting pairs

Denis Gaidashev PPAD, June 30, 2016
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e Specific domains: U and V', domains of analyticity of ¢ and v are
U:=Dy,(c;), V=Dy(ce), where

c,= 0.5672961438978619 — 0.1229664702397770 - 7, r, = 0.636,
ce=—0.2188497414079558 — 0.2328147240271490 - ¢, re = 0.3640985354093064.

et

-
L

A
=5

Domains U and V (left) and Z and W (right).

e A(U,V) is the Banach manifold of all factors
- Z —C ' = z — C !
o)=Y o () we=Sou ()
i=0 " i=0 "¢
univalent on U and V/, respectively, and bounded in the following norm,

o

[l = > (il +1&])-

1=1
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e We iterate a Newton map N for the operator R and obtain a good approximation of
the fixed point a.c.s. pair (;.

e DR is first calculated as analytic formulas, implemented in a code, and
diagonalized numerically as a a linear operator in a tangent space to A;(U, V).

e The Newton map is V is shown to be a metric contraction, with a small bound on
DN in a nbhd of ¢, so that the hypothesis of the Contraction Mapping Principle is
fulfilled. Existence of the fixed point ¢, of R follows.

e Bounds on the expanding eigenvalues (one relevant, one irrelevant, associated with
translation changes of coordinates) are obtained; the rest of the spectrum is shown to
be contractive, specifically, || DR(.|z,wl| < 0.85.
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Immediate consequences of the computer assisted proof

e There exists a nbhd B of (¢,,¥,) in A;(U, V) such that all almost commuting
symmetric pairs ¢ = (¢ o ¢2,1 o ¢2) with (¢, 1) € B and p({) = 0, form a local stable
manifold W*in A, (U, V).

e Consider the nonsymmetric pairs:

(=(¢oq@oa,ogop),

where a(z) = x + O(x?) and (z) = = + O(x?) are close to identity. If

n(&(z)) — E(n(z)) = o(z?) then ¢ is an almost commuting pairs. C(Z, W) - the space of
such maps (a finite codimension manifold in the Banach space of pairs holomorphic
on Z U W, equipped with the sup-norm).

e There exist domains Z ¢ Z and W ¢ W, and a neighborhood a nbhd B’ of ¢, in
C(Z, W) such that

Denis Gaidashev PPAD, June 30, 2016
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)

1) R is analytic from B’ to C(Z, W);

2) The linearization of R is still hyperbolic.

Denis Gaidashev PPAD, June 30, 2016
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Consequences: An invariant quasi-arc.
We abbreviate

A partial order on multi-indices: 5 > ¢ if
5§ = (CLl, bla ag, 627 ceey Apy, bn)a t_ — (ala bla e A, bka C, d)a

where & < n and either ¢ < a;,; and d =0 0r ¢ = a;,1 and d < by_.
Consider the n-th pre-renormalization of { € W?*((,):

PR'C = G = (Ml 2, &alw,) = (67 2,0 S0 iy )-

Define a dynamical partition

Vv, = {¢"(Z,) for all w < s, and ¢*(W,,) for all w < ¢, }.

Denis Gaidashev PPAD, June 30, 2016
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Lemma. There exist K > 1, kK € N, and C' > 0 such that the following properties hold.

1. For every n and every W € V), the domain W s a K-bounded distortion image of
one of the sets DY = n.(Zy) or B! = &.(Wh).

2. Let T, be an interval in the dynamical partition P, which 1s contained inside
the interval S, € P,,. Let P, ;. € Vi and Q,, € V,, be the elements with the same
multi-indices as T, and S,. Then P, ;. € ), and

mod(@y, \ Pnyx) > C.

3. Let Q1 and Q9 belong to the n-th partition V,, and Q1N Qs # 0. Then Qy is
K -commensurable with Q)s.

Denis Gaidashev PPAD, June 30, 2016
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Theorem. Consider a pair ¢ € W*((,). Assume further that ¢ = (n,§) is a
commuting. Then there exists a (-invariant quasi-symmetric Jordan arc v > 0 = P(()
such that (|, is q.-s. conjugate to the pair H = (f|1,g|s), where

fx)=T%x) =1 and g(x) =T(x) — 1, T(x)=2xz+80,
by a conjugacy that maps 0 to 0.

Denis Gaidashev PPAD, June 30, 2016
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AN

Figure 1: The domains of the McMullen holomorphic pair extension of (..

Consequence: ren. fixed point is McMullen
We use rigorous computer-assisted estimates to prove the following:

Proposition. There exists a neighborhood W in C(Z, W), such that for all
¢ € W*(¢) NW, the pair P3C has an extension to a McMullen holomorphic pair

§:(giﬂl—>2,ﬁiﬂg—>2>.
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Corollary 1. For every ¢ € W5((.) "W the McMullen holomorphic pair extension ¢ of
P3¢ is quasiconformally conjugate to McMullen’s fized point C, this conjugacy is
conformal on int(K(()).

~

Corollary 2. The critical point 0 is a measurable deep point if K((), i.e.
arca(ID,(0) — K(C)) = O(r**e).
We say that a quasiconformal map ¢ of subset of C is C'*“-conformal at point z if

¢'(z) exists and
Oz +1) = d(2) + ¢ (2)t + O(Jt]").

Corollary 3. The conjugacy is C*T“-conformal at 0.

Denis Gaidashev PPAD, June 30, 2016
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Consequence 3: 2 D maps (joint with R. Radu and M. Yampolsky)

e M. Lyubich, A. de Carvalho, M. Martens, P. Hazard extended renormalization for
unimodal maps to the Hénon-like maps. They showed that the dissipative Hénon-like
maps are in the same universality class as the 1D maps.

Q: Can the same be done for maps with Siegel disks?
A: Yes, the extension of the operator to pairs of 2D maps ¥ = (A, B) has the form

RS = (A, B) = LIl H o (S0, ™) o H4(x,y),
where

— II; and Tl, are certain projections that normalize the critical point of R">(x,0) and
enforce almost commutativity. 1I; = id if the maps commute.

— H is a change of coordinates which makes the renormalization even more
dissipative.

Lemma. There exists an n € N, and a choice of an appropriate space Bs of 2D
d-perturbations of 1D maps, such that

dist(R"S, L(H(M(Z1), M(W1)))) < C6?

Denis Gaidashev PPAD, June 30, 2016
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whenever ¥ € By.

Theorem.

e The point 1((,) = (("*) : (§*>> is a renormalization fixed point in a nbhd of

T)x 5*
(C(Z, W) in an appropriate Banach space of 2D maps.

e The linear operator N = Db(g*)Rz 1s compact. The spectrum of N coincides with the
spectrum of one-dimensional renormalization.

Denis Gaidashev PPAD, June 30, 2016
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Consider the complex quadratic HEnon map

H.,(z,y) = (z° + c+ay,ax) fora#0.

We say that a dissipative Hénon map H,., has a semi-Siegel fixed point if the
eigenvalues of the linear part of H.., at that fixed point are A\ = ¢*™, with § € (0,1) \ Q
and u, with |u| < 1, and H,, is locally biholomorphically conjugate to the linear map

L(z,y) = (Az, py):
Hy,op=¢oL, ¢ :DxC—C

sending (0, 0) to the semi-Siegel fixed point, such that the image ¢(D x C) is mazimal

We call (D x C) the Siegel cylinder; it is a connected component of the interior of K.
Let
A = ¢(D x {0}),

and by analogy with the one-dimensional case call it the Siegel disk of the HEnon map.

Denis Gaidashev PPAD, June 30, 2016
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RGY = A o Hy o (2 zfn) o Hi'o Ay = Ly 0 pR"S o Ly,
onQUT c C2
Ly = HE_1 o Ay.
For each multi-index
w < 8§, OFr w < ty,
we define a domain

5 =%"0LyoLggso...0Lpgag(Y"), i=10r2,T' =Q,T°=T (-5)
Given £ € W;.(¢y), consider the following collection of functions defined on 2 U I™:
VX =%%0 Ly,

Given a collection of index sets {w'}, @' < 5, or w' < t,, consider the following
renormalization microscope

k _ g RGY. RGE-Dy
®w0,w1,w2,...,wk_1,2 = \ijo ©) \Ilwl 0...0 \ijk—l .

Lemma. The renormalization microscope 1s a uniform contraction and maps a set 1"
onto an element of partition Qy., for X.

Proof.
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Proposition. There exists € > 0 such that the following holds. Let |u| < €, and
Hy,, € W(C\) where Ay = 2™

Denote (), T'), the domains of definition of the n-th pre-renormalization pR"H)y, ,.
Then there exists a curve v, C C? such that the following properties hold:

Y« 18 a homeomorphic image of the circle;
YN 0 and v, N, # 0 for alln > 0;
there exists a topological conjugacy
O 1 T — Yy
between the rigid rotation x — x + 0, mod Z and Hy, ,|.;
there exists m such that G™(61) = 0;

the conjugacy @, is not Cl-smooth.

Denis Gaidashev PPAD, June 30, 2016
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Theorem (G, R. Radu, M. Yampolsky) There exists € > 0 such that the following holds.
Let Hy, , € W*(()) with |pu| < e and let v, be the invariant curve. Then v, bounds a
Siegel disk for Hy, ,. The eigenvalue

A = 2% with § = G™(0,) for some m > 0. (-5)

Finally, there exists €1 > 0 such that for all |u| < €1 and for all \y satisfying (), we have
H)\l,,u S WS(C)\)

Figure 2: A three dimensional plot of the Siegel disk and its boundary for a Hénon map with a semi-Siegel fixed point with the golden
mean rotation number. The parameter a = 0.01 4 0.01i. The three axes are as follows: ToP: Re(x), Im(x) and Re(y); BorToM: Re(z),
Im(x) and Im(y).
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