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Presentation based on Book (working on 2nd Edition)
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Valuation Adjustments in the industry

CVA and DVA can be sizeable. Citigroup:

1Q 2009: “Revenues also included [...] a net 2.5$ billion positive CVA
on derivative positions, excluding monolines, mainly due to the
widening of Citi’s CDS spreads” (DVA)

CVA mark to market losses: BIS
”During the financial crisis, however, roughly two-thirds of losses
attributed to counterparty credit risk were due to CVA losses and only
about one-third were due to actual defaults.”

Collateral not always effective as a guarantee: B. et al [19]
For trades subject to strong contagion at default of the counterparty,
like CDS, collateral can leave a sizeable CVA.

FVA can be sizeable too. JP Morgan:

Wall St Journal, Jan 14, 2014: ‘[...] So what is a funding valuation
adjustment, and why did it cost J.P. Morgan Chase $1.5 billion?’
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Valuation Adjustments in the industry

So all these effects are being modeled carefully...

... by the banking industry, in a consistent sound framework, right?

(with apologies to Blade Runner and The Matrix).
Let’s try to do it properly (B. et al 2005-2015, 1st comprehensive &
consistent analysis with default, collateral & funding in Pallavicini Perini
& B. (2011)[79]).

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 5



Including credit, collateral, funding & multi-curve effects Simple model of a bank

Valuation with credit, collateral, funding & multi-curves
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Including credit, collateral, funding & multi-curve effects Updating cash flows to include all effects
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Including credit, collateral, funding & multi-curve effects Updating cash flows to include all effects

Basic Payout pre-credit and funding: Cash Flows

Calculate prices by discounting cash-flows under the r -measure
Q. Collateral & funding are modeled as additional cashflows, as
for Credit & Debit Valuation Adjustments (CVA & DVA)
We start from derivative’s basic cash flows without credit,
collateral of funding risks

Vt := Et [ Π(t ,T ∧ τ) + . . . ]

where
−→ τ := τC ∧ τI is the first default time (typically τC,I follow intensity

models, and under conditional independence λ = λI + λC), and
−→ Π(t ,u) is the sum of all payoff terms from t to u, discounted at t

Cash flows are stopped either at the first default or at portfolio’s
expiry if defaults happen later. We call V 0

t = Et Π(t ,T )
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Including credit, collateral, funding & multi-curve effects Updating cash flows to include all effects
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Including credit, collateral, funding & multi-curve effects Updating cash flows to include all effects

Basic Payout with Collateral Costs & Benefits

As second contribution we consider the collateralization procedure
and we add its cash flows.

Vt := Et [ Π(t ,T ∧ τ) ] + Et [ γ(t ,T ∧ τ ; C) + . . . ]

where
−→ Ct is the collateral account defined by the CSA,
−→ γ(t ,u; C) are the collateral margining costs up to time u.

The second expected value originates what is occasionally called
Liquidity Valuation Adjustment (LVA) in simplified versions of this
analysis. We will show this in detail later.
If C > 0 collateral has been overall posted by the counterparty to
protect us, and we have to pay interest c+.
If C < 0 we posted collateral for the counterparty (and we are
remunerated at interest c−).

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 10



Including credit, collateral, funding & multi-curve effects Updating cash flows to include all effects

Basic Payout with Collateral Costs & Benefits

The cash flows due to the margining procedure on the time grid
{tk} are equal to (Linearization of exponential bond formulas in
the continuously compounded rates)

γ(t ,u; C) ≈ −
n−1∑
k=1

1{t≤tk<u}D(t , tk )Ctkαk (c̃tk (tk+1)− rtk (tk+1))

where αk = tk+1 − tk and the collateral accrual rates are given by

c̃t := c+
t 1{Ct>0} + c−t 1{Ct<0}

Note that if the collateral rates in c̃ are both equal to the risk free
rate, then this term is zero.
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Including credit, collateral, funding & multi-curve effects Updating cash flows to include all effects
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Including credit, collateral, funding & multi-curve effects Updating cash flows to include all effects

Close-Out: Trading-CVA/DVA after Collateralization

As third contribution we consider the cash flow happening at 1st
default, and we have

Vt := Et [ Π(t ,T ∧ τ) ] + Et [ γ(t ,T ∧ τ ; C) ]

+ Et
[

1{τ<T}D(t , τ)θτ (C, ε) + . . .
]

where ετ is the close-out amount, or residual value of the deal at
default, “exposure at default”
Replacement closeout, ετ = Vτ (nonlinearity/recursion!). Under
risk-free closeout, ετ = Eτ [ Π(τ,T ) ] (easier)
We define the on-default cash flow θτ by including the pre-default
value of the collateral account used by the close-out netting rule to
reduce exposure. We can include liquidation delays (see [36]).
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Including credit, collateral, funding & multi-curve effects Updating cash flows to include all effects

Close-Out: Trading-CVA/DVA after Collateralization

The on-default cash flow θτ (C, ε) can be calculated by following
ISDA documentation. We obtain (LGD′ rehypothecation recovery)

θτ (C, ε) := ετ − 1{τ=τC<τI}ΠCVAcoll + 1{τ=τI<τC}ΠDVAcoll
ΠCVAcoll = LGDC(ε+τ − C+

τ−)+ + LGD
′
C(−(−ετ )+ + (−Cτ−)+)+

ΠDVAcoll = LGDI((−ετ )+ − (−Cτ−)+)+ + LGD
′
I(C

+
τ− − ε+τ )+

In case of re-hypothecation, when LGDC = LGD
′
C and LGDI = LGD

′
I ,

ΠDVAcoll = LGDI(−(ετ − Cτ−))+, ΠCVAcoll = LGDC(ετ − Cτ−)+.

In case of no collateral re-hypothecation

ΠCVAcoll = LGDC(ε+τ − C+
τ−)+, ΠDVAcoll = LGDI((−ετ )+ − (−Cτ−)+)+
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Including credit, collateral, funding & multi-curve effects Updating cash flows to include all effects
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Including credit, collateral, funding & multi-curve effects Updating cash flows to include all effects

Funding Costs of the Replication Strategy

As fourth contribution we consider the cost of funding for the
hedging procedures and we add the relevant cash flows
(Pallavicini et al (2011)[79]).

Vt := Et [ Π(t ,T ∧ τ) ] + Et
[
γ(t ,T ∧ τ ; C) + 1{τ<T}D(t , τ)θτ (C, ε)

]
+ Et [ϕ(t ,T ∧ τ ; F ,H) ]

The last term, especially in simplified versions, is related to what
is called FVA in the industry. We will point this out once we get rid
of the rate r .
−→ Ft is the cash account for the replication of the trade,
−→ Ht is the risky-asset account in the replication,
−→ ϕ(t ,u; F ,H) are the cash F and hedging H funding costs up to u.
In classical Black Scholes on Equity, for a call option (no credit
risk, no collateral, no funding costs),

V Call
t = ∆tSt + ηtBt =: Ht + Ft , τ = +∞, C = γ = ϕ = 0.
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Including credit, collateral, funding & multi-curve effects Updating cash flows to include all effects

Funding Costs of the Replication Strategy

Continuously compounding format and linearizing exponentials:

ϕ(t ,u) ≈ −
m−1∑
j=1

1{t≤tj<u}D(t , tj )(Ftj + Htj )αk

(
f̃tj (tj+1)− rtj (tj+1)

)

+
m−1∑
j=1

1{t≤tj<u}D(t , tj )Htjαk

(
h̃tj (tj+1)− rtj (tj+1)

)
f̃t := f+t 1{Ft+Ht>0} + f−t 1{Ft+Ht<0} h̃t := h+

t 1{Ht>0} + h−t 1{Ht<0}

E of ϕ is related to the so called FVA. If treasury funding rates f̃
are same as asset lending/borrowing h̃ OR if H is perfectly
collateralized with collateral included via re-hypothecation (H = 0)

ϕ(t ,u) ≈
m−1∑
j=1

1{t≤tj<u}D(t , tj )Ftjαk

(
rtj (tj+1)− f̃tj (tj+1)

)
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Including credit, collateral, funding & multi-curve effects Updating cash flows to include all effects

Funding Costs of the Replication Strategy

If we distinguish borrowing and lending explicitly ϕ(t ,u) ≈

m−1∑
j=1

1t≤tj<uD(t , tj )αk

−(Ftj )
+
(

f+tj (tj+1)− rtj (tj+1)
)

︸ ︷︷ ︸
E:Funding Cost Adj: FCA

+ (−Ftj )
+
(

f−tj (tj+1)− rtj (tj+1)
)

︸ ︷︷ ︸
E:Funding Benefit Adj: FBA


If further treasury borrows/lends at risk free f̃ = r ⇒ ϕ = FVA = 0.

Funding rates (more on this later)

f+ & f− are policy driven. EG, f+ = r + sI + `+, f− = r + sF + `− (sI/F

is our bank/the funder spread, typically sI/F = λI/F LGDI/F ), ` are
liquidity bases driven by treasury policy and market (CDS-Bond basis).
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Including credit, collateral, funding & multi-curve effects A trader’s justification of the funding flows ϕ

A Trader’s explanation of the funding cash flows ϕ I

1 Time t : I wish to buy a call option with maturity T whose current
price is Vt = V (t ,St ). I need Vt cash to do that. So I borrow Vt
cash from my bank treasury and buy the call.

2 I receive the collateral Ct for the call, that I give to the treasury.
3 Now I wish to hedge the call option I bought. To do this, I plan to

repo-borrow ∆t = ∂SVt stock on the repo-market.
4 To do this, I borrow Ht = ∆tSt cash at time t from the treasury.
5 I repo-borrow an amount ∆t of stock, posting cash Ht guarantee.
6 I sell the stock I just obtained from the repo to the market, getting

back the price Ht in cash.
7 I give Ht back to treasury.
8 Outstanding: I hold the Call; My debt to the treasury is Vt − Ct ;

I am Repo borrowing ∆t stock.
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Including credit, collateral, funding & multi-curve effects A trader’s justification of the funding flows ϕ

A Trader’s explanation of the funding cash flows ϕ II

9 Time t + dt: I need to close the repo. To do that I need to give
back ∆t stock. I need to buy this stock from the market. To do that
I need ∆tSt+dt cash.

10 I thus borrow ∆tSt+dt cash from the bank treasury.
11 I buy ∆t stock and I give it back to close the repo and I get back

the cash Ht deposited at time t plus interest htHt .
12 I give back to the treasury the cash Ht I just obtained, so that the

net value of the repo operation has been

Ht (1 + ht dt)−∆tSt+dt = −∆t dSt + htHt dt

Notice that this −∆tdSt is the right amount I needed to hedge V in
a classic delta hedging setting.

13 I close the derivative position, the call option, and get Vt+dt cash.
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Including credit, collateral, funding & multi-curve effects A trader’s justification of the funding flows ϕ

A Trader’s explanation of the funding cash flows ϕ III

14 I have to pay back the collateral plus interest, so I ask the treasury
the amount Ct (1 + ct dt) that I give back to the counterparty.

15 My outstanding debt plus interest (at rate f ) to the treasury is
Vt −Ct + Ct (1 + ct dt) + (Vt −Ct )ft dt = Vt (1 + ft dt) + Ct (ct − ft dt).
I then give to the treasury the cash Vt+dt I just obtained, the net
effect being

Vt+dt − Vt (1 + ft dt)− Ct (ct − ft ) dt = dVt − ftVt dt − Ct (ct − ft ) dt

16 I now have that the total amount of flows is :

−∆t dSt + htHt dt + dVt − ftVt dt − Ct (ct − ft ) dt
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Including credit, collateral, funding & multi-curve effects A trader’s justification of the funding flows ϕ

A Trader’s explanation of the funding cash flows ϕ IV
17 Now I present–value the above flows in t in a risk neutral setting.

Et [−∆t dSt + htHt dt + dVt − ftVt dt − Ct (ct − ft ) dt ] =

= −∆t (rt − ht )St dt + (rt − ft )Vt dt − Ct (ct − ft ) dt − dϕ(t)

= −Ht (rt − ht ) dt + (rt − ft )(Ht + Ft + Ct ) dt −Ct (ct − ft ) dt − dϕ(t)

= (ht − ft )Ht dt + (rt − ft )Ft dt + (rt − ct )Ct dt − dϕ(t)

This derivation holds assuming that Et [dSt ] = rtSt dt and
Et [dVt ] = rtVt dt − dϕ(t), where dϕ is a dividend of V in [t , t + dt)
expressing the funding costs. Setting the above expression to
zero we obtain

dϕ(t) = (ht − ft )Ht dt + (rt − ft )Ft dt + (rt − ct )Ct dt

which coincides with the definition given earlier.
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Including credit, collateral, funding & multi-curve effects The recursive non-decomposable nature of adjusted prices

The nonlinear nature of adjusted prices

(∗) Vt = Et
[

Π(t ,T ∧ τ) + γ(t) + 1{τ<T}D(t , τ)θτ + ϕ(t)
]

Can we interpret:
Et
[

Π(t ,T ∧ τ) + 1{τ<T}D(t , τ)θτ (C, ε)
]

: RiskFree Price + DVA - CVA?
Et [ γ(t ,T ∧ τ) + ϕ(t ,T ∧ τ ; F ,H) ] : Funding adjustment LVA+FVA?

Not really. This is not a decomposition. It is an equation. In fact since

Vt = Ft + Ht + Ct (re–hypo)

we see that the ϕ present value term depends on future
Ft = Vt − Ht − Ct and generally the closeouts depend on future V too.
All terms feed each other and there is no neat separation of risks.

Under assumptions on market information, cash flows & dynamics of
dependence one can fully specify the equation as a FBSDE or, adding
a Markovian assumption for market risk, as a semi-linear PDE.
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Including credit, collateral, funding & multi-curve effects Semi-linear PDEs & BSDEs: Existence, Uniqueness, Invariance

Interpretation: pricing measure & discounting

Using nonlinear Feynman Kac (coming from ∃! of the FBSDE/SLPDE
sol in B. & al 2015 [24]) we write the formula (πu du = Π(u,u + du))

Vt =

∫ T

t
Eh{D(t ,u; f )[πu + (θ̃u − λuVu) + (fu − cu)Cu]|Ft}du

This eq depends only on market rates, no theoretical rt . invariance
Qh is the probability measure where the drift of the risky assets is
h, the repo rate, that in turn depends on H and hence on V itself.
Nonlinearity. Deal dependent measure.
We discount at funding. Note that f depends on V , non-linearity.
Deal dependent discount curve.
θu are trading CVA and DVA after collateralization
(fu − cu)Cu is the cost of funding collateral with the treasury
NO Explicit funding term for the replica as this has been absorbed
in the discount curve and in the collateral cost
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Including credit, collateral, funding & multi-curve effects Semi-linear PDEs & BSDEs: Existence, Uniqueness, Invariance

Treasury CVA & DVA
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Including credit, collateral, funding & multi-curve effects Semi-linear PDEs & BSDEs: Existence, Uniqueness, Invariance

Treasury CVA & DVA

Include default risk of funder and funded ψ, leading to CVAF & DVAF .

Vt = Et
[

Π(t ,T ∧ τ) + γ(t) + 1{τ<T}D(t , τ)θτ + ϕ(t) + ψ(t , τF , τ)
]

FVA = −FCA+FBA from f+ & f− largely offset by Eψ after immersion,
approx & linearization.

Assume H = 0 (perfectly collateralized hedge with re–hypothecation),
once f+ & f− are decided by policy, under immersion

Underlying Π(t ,T ) is not credit sensitive, technically
Ft -measurable; F pre-default filtration, G full filtration.
τI and τC and τF are F conditionally independent (credit spreads
can be correlated, jumps to default are independent);

we obtain a practical decomposition of price into
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Including credit, collateral, funding & multi-curve effects Semi-linear PDEs & BSDEs: Existence, Uniqueness, Invariance

V = RiskFreePrice - CVA + DVA + LVA - FCA + FBA -CVAF + DVAF

RiskFreePr =

∫ T

t
E
{
πu |Ft

}
du; LVA =

∫ T

t
E
{

D(t ,u; r+λ)(ru−c̃u)Cu|Ft

}
du

−CVA =

∫ T

t
E
{

D(t ,u; r + λ)
[
− LGDCλC(u)(Vu − Cu−)+

]
|Ft

}
du

DVA =

∫ T

t
E
{

D(t ,u; r + λ)
[
LGDIλI(u)(−(Vu − Cu−))+

]
|Ft

}
du

−FCA = −
∫ T

t
E
{

D(t ,u; r + λ)

[
(f+u − ru)(Vu − Cu)+

]
|Ft

}
du

FBA =

∫ T

t
E
{

D(t ,u; r + λ)

[
(f−u − ru)(−(Vu − Cu))+

]
|Ft

}
du

−CVAF =

∫ T

t
E
{

D(t ,u; r + λ)

[
LGDFλF (u)(−(Vu − Cu))+

]
|Ft

}
du

DVAF =

∫ T

t
E
{

D(t ,u; r + λ)

[
LGDIλI(u)(Vu − Cu)+

]
|Ft

}
du
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Including credit, collateral, funding & multi-curve effects Semi-linear PDEs & BSDEs: Existence, Uniqueness, Invariance

Treasury CVA & DVA

To further specify the split, we need to assign f+ (borrow) & f− (lend)
There are two possible simple treasury models to assign f .

f+ = LGDIλI + `+ =: sI + `+ f+ = sI + `+

f− = LGDFλF + `− =: sF + `− f− = sI + `−
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Including credit, collateral, funding & multi-curve effects Semi-linear PDEs & BSDEs: Existence, Uniqueness, Invariance

Treasury CVA & DVA

−CVA =

∫ T

t
E
{

D(t ,u; r + λ)
[
− sC(u)(Vu − Cu−)+

]
|Ft

}
du

DVA =

∫ T

t
E
{

D(t ,u; r + λ)
[
sI(u)(−(Vu − Cu−))+

]
|Ft

}
du

−FCA = −
∫ T

t
E
{

D(t ,u; r + λ)

[
(sI(u) + `+u )(Vu − Cu)+

]
|Ft

}
du

FBA =

∫ T

t
E
{

D(t ,u; r+λ)

[
( f−u − ru︸ ︷︷ ︸
EFB: sF + `−; RBB: sI + `−

)(−(Vu−Cu))+
]
|Ft

}
du

−CVAF =

∫ T

t
E
{

D(t ,u; r + λ)

[
sF (u)(−(Vu − Cu))+

]
|Ft

}
du

DVAF =

∫ T

t
E
{

D(t ,u; r + λ)

[
sI(u)(Vu − Cu)+

]
|Ft

}
du
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Including credit, collateral, funding & multi-curve effects Semi-linear PDEs & BSDEs: Existence, Uniqueness, Invariance

Treasury CVA & DVA

The benefit of lending back to the treasury, two different models:
1 External funding benefit (EFB) policy: when desk lends back to

treasury, treasury lends to F for interest f− = r + sF + `−. Hence

VEFB = V 0−CVA+DVA+LVA −FCA︸ ︷︷ ︸
−DVAF−FCA`

+ FBA︸︷︷︸
CVAF+FBA`

+DVAF−CVAF

2 Reduced borrowing benefit (RBB) policy: whenever trading desk
lends back to the treasury, the latter reduces the desk loan
outstanding and the desk saves at interest f− = r + sI + `−. Hence

VRBB = V 0 − CVA + DVA + LVA −FCA︸ ︷︷ ︸
−DVAF−FCA`

+ FBA︸︷︷︸
DVA+FBA`

+DVAF
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Including credit, collateral, funding & multi-curve effects Corporate finance moment: what if I told you...

The “corporate finance” moment: What if I told you...
Hull White argued FVA =0.
Modigliani Miller? (MM)

Mkt prices follow rnd walks,
No taxes, No costs for
bankruptcy or agency,
No asymmetric information,
& market is efficient

then value of firm does not depend
on how firm is financed.
Without MM or corporate finance:

VEFB = V 0 − CVA + DVA + LVA −FCA︸ ︷︷ ︸
−DVAF−FCA`

+ FBA︸︷︷︸
CVAF+FBA`

+DVAF − CVAF

If bases ` = 0, & if r = c̃, & if... VEFB = V 0 − CVA + DVA (no funding)
Too many if’s? Even then, internal fund transfers happening.
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Including credit, collateral, funding & multi-curve effects Funding costs, aggregation, nonlinearities & price vs value

Nonlinearities due to funding
Aggregation–dependent and asymmetric valuation
Valuation of a portfolio is aggregation dependent. Value of portfolio is
not sum of values of assets. More: Without funding, price to one entity
is minus price to the other one. No more with funding.

Price of Value? Charging clients?
Funding adjusted ”price”? Not a price in conventional sense. Use it for
cost/profitability analysis or internal fund transfers, but can we charge it
to a client? How can client check our price is fair if she has no access
to our funding policy & parameters and vice versa if client charges us?

Consistent global modeling across asset classes and risks

Once aggregation is set, funding valuation is non–separable. Holistic
consistent modeling across trading desks & asset classes needed
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Including credit, collateral, funding & multi-curve effects Funding costs, aggregation, nonlinearities & price vs value

Nonlinearities due to funding

Nonlinearity Valuation Adjustment (NVA) (B. et al (2014)[25])
NVA analyzes the double counting involved in forcing linearization. Our
numerical examples for simple call options show that NVA can easily
reach 2 or 3% of the deal value even in relatively standard settings.

Multiple interest rate curves (Pallavicini & B. (2013) [78])
.. can be embedded in the credit-funding theory above, explaining
multiple curves as an effect of collateralization & funding policy

CCPs and initial margins (B. & Pallavicini (2014)[36])
These too can be included by adding the initial margin account cash
flows and customizing it to the relevant initial margin rule, depending
on the CCP or specific Standard CSA is trading over the counter
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NVA: numerical example I

Equity call option (long or short), r = 0.01, σ = 0.25, S0 = 100,
K = 80, T = 3y , V0 = 28.9 (no credit risk or funding/collateral costs).
Precise credit curves are given in the paper.

NVA = V0(nonlinear)− V0(linearized)

Table: NVA with default risk and collateralization

Default risk, lowa Default risk, highb

Funding Rates bps Long Short Long Short

f+ f− f̂
300 100 200 -3.27 (11.9%) -3.60 (10.5%) -3.16 (11.4%) -3.50 (10.1%)
100 300 200 3.63 (10.6%) 3.25 (11.8%) 3.52 (10.2%) 3.13 (11.3%)

The percentage of the total call price corresponding to NVA is reported in parentheses.
a Based on the joint default distribution Dlow with low dependence.
b Based on the joint default distribution Dhigh with high dependence.
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NVA: numerical example II

Table: NVA with default risk, collateralization and rehypothecation

Default risk, lowa Default risk, highb

Funding Rates bps Long Short Long Short

f+ f− f̂
300 100 200 -4.02 (14.7%) -4.45 (12.4%) -3.91 (14.0%) -4.35 (12.0%)
100 300 200 4.50 (12.5%) 4.03 (14.7%) 4.40 (12.2%) 3.92 (14.0%)

The percentage of the total call price corresponding to NVA is reported in parentheses.
a Based on the joint default distribution Dlow with low dependence.
b Based on the joint default distribution Dhigh with high dependence.
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NVA for long call as a function of f+ − f−, with f− = 1%, f + increasing over
1% and f̂ increasing accordingly. NVA expressed as an additive price
component on a notional of 100, risk free option price 29. Risk free closeout.
For example, f +−f− = 25bps results in NVA=-0.5 circa, 50 bps⇒ NVA = -1
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NVA for long call as a function of f+ − f−, with f− = 1%, f + increasing over
1% and f̂ increasing accordingly. NVA expressed as a percentage (in bps) of
the linearized f̂ price. For example, f+ − f− = 25bps results in NVA=-100bps
= -1% circa, replacement closeout relevant (red/blue) for large f+ − f−
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Multiple Interest Rate Curves

Derive interest rate dynamics consistently with credit, collateral and
funding costs as per the above master valuation equations.

We use our maket based (no rt ) master equation to price OIS &
find OIS equilibrium rates. Collateral fees will be relevant here,
driving forward OIS rates.
Use master equation to price also one period swaps based on
LIBOR market rates. LIBORs are market given and not modeled
from first principles from bonds etc. Forward LIBOR rates
obtained by zeroing one period swap and driven both from
primitive market LIBOR rates and by collateral fees.
We’ll model OIS rates and forward LIBOR/SWAP jointly, using a
mixed HJM/LMM setup
In the paper we look at non-perfectly collateralized deals too,
where we need to model treasury funding rates.
See http://ssrn.com/abstract=2244580
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Pricing under Initial Margins: SCSA and CCPs I

CCPs: Default of Clearing Members, Delays, Initial Margins...

Our general theory can be adapted to price under Initial Margins, both
under CCPs and SCSA.

The type of equations is slightly different but quantitative problems are
quite similar.

See B. and Pallavicini (2014) [36] for details (60 pages published
paper). Here we give a summary.
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Pricing under Initial Margins: SCSA and CCPs II
So far all the accounts that need funding have been included within the
funding netting set defining Ft .

If additional accounts needed, for example segregated initial margins,
as with CCP or SCSA, their funding costs must be added.

Initial margins kept into a segregated account, one posted by the
investor (N I

t ≤ 0) and one by the counterparty (NC
t ≥ 0):

ϕ(t ,u) :=

∫ u

t
dv (rv − fv )Fv D(t , v)−

∫ u

t
dv (fv − hv )Hv D(t , v) (1)

+

∫ u

t
dv(f NC

v − rv )NC
v +

∫ u

t
dv(f N I

v − rv )N I
v ,

with f NC

t & f N I

t assigned by the Treasury to the initial margin accounts.
f N 6= f as initial margins not in funding netting set of the derivative.
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Pricing under Initial Margins: SCSA and CCPs III

. . .+

∫ u

t
dv(f NC

v − rv )NC
v +

∫ u

t
dv(f N I

v − rv )N I
v

Assume for example f > r . The party that is posting the initial margin
has a penalty given by the cost of funding this extra collateral, while
the party which is receiving it reports a funding benefit, but only if the
contractual rules allow to invest the collatera in low-risk activity,
otherwise f = r and there are no price adjustments.

We can describe the default procedure with initial margins and delay
by assuming that at 1st default τ the surviving party enters a deal with
a cash flow ϑ, at maturity τ + δ (DELAY!).

δ 5d (CCP) or 10d (SCSA).
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Pricing under Initial Margins: SCSA and CCPs IV

For a CCP cleared contract priced by the clearing member we have
N I
τ− = 0, whatever the default time, since the clearing member does

not post the initial margin.

We assume that each margining account accrues continuously at
collateral rate ct .
We may further

include funding default cloeseout and also
define the Initial Margin as a percentile of the mark to market at
time τ + δ.

This is done explicitly in the paper.

Now a few numerical examples:
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Ten-year receiver IRS traded
with a CCP.
Prices are calculated from the
point of view of the CCP client.
Mid-credit-risk for CCP clear-
ing member, high for CCP
client.
Initial margin posted at various
confidence levels q.

Prices in basis points with a notional of one Euro
Black continuous line: price inclusive of residual CVA and DVA after
margining but not funding costs
Dashed black lines represent CVA and the DVA contributions.
Red line is the price inclusive both of credit & funding costs.
Symmetric funding policy. No wrong way correlation overnight/credit.
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Including credit, collateral, funding & multi-curve effects Numerical example of CCP va SCSA costs

CCP Pricing: Tables (see paper for WWR etc)

Table: Prices of a ten-year receiver IRS traded with a CCP (or bilaterally) with
a mid-risk parameter set for the clearing member (investor) and a high-risk
parameter set for the client (counterparty) for initial margin posted at various
confidence levels q. Prices are calculated from the point of view of the client
(counterparty). Symmetric funding policy. WWR correlation ρ̄ is zero. Prices
in basis points with a notional of one Euro.

Receiver, CCP, β− = β+ = 1 Receiver, Bilateral, β− = β+ = 1
q CVA DVA MVA FVA CVA DVA MVA FVA

50.0 -0.126 3.080 0.000 -0.1574 -2.1317 4.3477 0.0000 -0.0842
68.0 -0.066 1.605 -2.933 0.1251 -1.1176 2.2613 -4.1389 0.2491
90.0 -0.015 0.357 -8.037 0.5492 -0.2578 0.4997 -11.3410 0.7924
95.0 -0.007 0.154 -10.316 0.7205 -0.1149 0.2151 -14.5561 1.0250
99.0 -0.001 0.025 -14.590 1.0290 -0.0204 0.0346 -20.5869 1.4544
99.5 -0.001 0.013 -16.154 1.1402 -0.0107 0.0176 -22.7947 1.6107
99.7 -0.000 0.008 -17.233 1.2165 -0.0070 0.0114 -24.3164 1.7184
99.9 -0.000 0.004 -19.381 1.3684 -0.0035 0.0056 -27.3469 1.9326
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Default Closeout and Credit Risk cash flows,
Collateral Flows, Funding flows,
& Treasury flows interact nonlinearly and should be included in
valuation in a consistent way. No easy split in CVA, DVA, FVA etc
Elementary financial facts like closeout clauses and asymmetric
borrowing and lending rates lead to dramatic consequences
Mathematical consequences: nonlinear valuation operators,
FBSDEs or nonlinear PDEs
Financially, this leads to deal dependent valuation measures,
aggregation dependent prices that do not add up on portfolios,
and a debate on price vs value and on whether it is right to charge
the client for these adjustments.
Adding more and more additive adjustments for new or neglected
risks is a dangerous practice that can get out of control.
It may be necessary to linearize, operationally, but the error should
be kept under control (Nonlinearity Valuation Adjustment, NVA?)
Latest adj K(apital)VA is a strange animal and does not fit well...
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Coming soon: EVA
(Electricity-bill Valuation Adjustment)

Thank you for your attention!

Questions?
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[1] Assefa, S., Bielecki, T. R., Crèpey, S., and Jeanblanc, M. (2009).
CVA computation for counterparty risk assessment in credit
portfolios. In Recent advancements in theory and practice of credit
derivatives, T. Bielecki, D. Brigo and F. Patras, eds, Bloomberg
Press.

[2] Basel Committee on Banking Supervision
“International Convergence of Capital Measurement and Capital
Standards A Revised Framework Comprehensive Version” (2006),
“Strengthening the resilience of the banking sector” (2009).
Available at http://www.bis.org.

[3] Bergman, Y. Z. (1995). Option Pricing with Differential Interest
Rates. The Review of Financial Studies, Vol. 8, No. 2 (Summer,
1995), pp. 475-500.

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 48

http://www.bis.org


Conclusions and References References

References II

[4] Bianchetti, M. (2010). Two Curves, One Price. Risk, August 2010.

[5] Bianchetti, M. (2012). The Zeeman Effect in Finance: Libor
Spectroscopy and Basis Risk Management. Available at arXiv.com

[6] Bielecki, T., and Crepey, S. (2010). Dynamic Hedging of
Counterparty Exposure. Preprint.

[7] Bielecki, T., Rutkowski, M. (2001). Credit risk: Modeling, Valuation
and Hedging. Springer Verlag .

[8] Biffis, E., Blake, D. P., Pitotti L., and Sun, A. (2011). The Cost of
Counterparty Risk and Collateralization in Longevity Swaps.
Available at SSRN.

[9] Blanchet-Scalliet, C., and Patras, F. (2008). Counterparty Risk
Valuation for CDS. Available at defaultrisk.com.

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 49



Conclusions and References References

References III

[10] Blundell-Wignall, A., and P. Atkinson (2010). Thinking beyond
Basel III. Necessary Solutions for Capital and Liquidity. OECD
Journal: Financial Market Trends, No. 2, Volume 2010, Issue 1,
Pages 9-33.
Available at
http://www.oecd.org/dataoecd/42/58/45314422.pdf

[11] Brigo, D. (2005). Market Models for CDS Options and Callable
Floaters. Risk Magazine, January issue

[12] D. Brigo, Constant Maturity CDS valuation with market models
(2006). Risk Magazine, June issue. Earlier extended version
available at http://ssrn.com/abstract=639022

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 50



Conclusions and References References

References IV

[13] D. Brigo (2012). Counterparty Risk Q&A: Credit VaR, CVA, DVA,
Closeout, Netting, Collateral, Re-hypothecation, Wrong Way Risk,
Basel, Funding, and Margin Lending. SSRN and arXiv

[14] Brigo, D., and Alfonsi, A. (2005) Credit Default Swaps Calibration
and Derivatives Pricing with the SSRD Stochastic Intensity Model,
Finance and Stochastic, Vol. 9, N. 1.

[15] Brigo, D., and Bakkar I. (2009). Accurate counterparty risk
valuation for energy-commodities swaps. Energy Risk, March
issue.

[16] Brigo, D., and Buescu, C., and Morini, M. (2011). Impact of the
first to default time on Bilateral CVA. Available at arXiv.org

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 51



Conclusions and References References

References V

[17] Brigo, D., Buescu, C., Pallavicini, A., and Liu, Q. (2012).
Illustrating a problem in the self-financing condition in two
2010-2011 papers on funding, collateral and discounting. Available
at ssrn.com and arXiv.org. Published in IJTAF.

[18] Brigo, D., and Capponi, A. (2008). Bilateral counterparty risk
valuation with stochastic dynamical models and application to
CDSs. Working paper available at
http://arxiv.org/abs/0812.3705 . Short updated version in
Risk, March 2010 issue.

[19] Brigo, D., Capponi, A., and Pallavicini, A. (2011). Arbitrage-free
bilateral counterparty risk valuation under collateralization and
application to Credit Default Swaps. To appear in Mathematical
Finance.

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 52



Conclusions and References References

References VI

[20] Brigo, D., Capponi, A., Pallavicini, A., and Papatheodorou, V.
(2011). Collateral Margining in Arbitrage-Free Counterparty
Valuation Adjustment including Re-Hypotecation and Netting.
Working paper available at
http://arxiv.org/abs/1101.3926

[21] Brigo, D., and Chourdakis, K. (2008). Counterparty Risk for Credit
Default Swaps: Impact of spread volatility and default correlation.
International Journal of Theoretical and Applied Finance, 12, 7.

[22] D. Brigo, L. Cousot (2006). A Comparison between the SSRD
Model and the Market Model for CDS Options Pricing. International
Journal of Theoretical and Applied Finance, Vol 9, n. 3

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 53



Conclusions and References References

References VII

[23] Brigo, D., and El–Bachir, N. (2010). An exact formula for default
swaptions pricing in the SSRJD stochastic intensity model.
Mathematical Finance, Volume 20, Issue 3, Pages 365-382.

[24] Brigo, D., Francischello, M. and Pallavicini, A.: Analysis Of
Nonlinear Valuation Equations Under Credit And Funding Effects.
To appear in: Grbac, Z., Glau, K, Scherer, M., and Zagst, R. (Eds),
Challenges in Derivatives Markets – Fixed Income Modeling,
Valuation Adjustments, Risk Management, and Regulation.
Springer series in Mathematics and Statistics, Springer Verlag,
Heidelberg. Preprint version available at
http://arxiv.org/abs/1506.00686 or SSRN.com

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 54



Conclusions and References References

References VIII

[25] D. Brigo, Q. Liu, A. Pallavicini, and D. Sloth.
Nonlinear valuation under collateral, credit risk and funding costs:
A numerical case study extending Black–Scholes.
In: P. Veronesi, Editor, Handbook of Fixed-Income Securities,
Wiley, 2016. Preprint available at ssrn and arXiv, 2014.

[26] Brigo, D., and Masetti, M. (2005). Risk Neutral Pricing of
Counterparty Risk. In Counterparty Credit Risk Modelling: Risk
Management, Pricing and Regulation, Risk Books, Pykhtin, M.
editor, London.

[27] Brigo, D., Mercurio, F. (2001). Interest Rate Models: Theory and
Practice with Smile, Inflation and Credit, Second Edition 2006,
Springer Verlag, Heidelberg.

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 55



Conclusions and References References

References IX

[28] Brigo, D., Morini, M. (2006) Structural credit calibration, Risk, April
issue.

[29] Brigo, D., and Morini, M. (2010). Dangers of Bilateral
Counterparty Risk: the fundamental impact of closeout
conventions. Preprint available at ssrn.com or at arxiv.org.

[30] Brigo, D., and Morini, M. (2010). Rethinking Counterparty Default,
Credit flux, Vol 114, pages 18–19

[31] Brigo D., Morini M., and Tarenghi M. (2011). Equity Return Swap
valuation under Counterparty Risk. In: Bielecki, Brigo and Patras
(Editors), Credit Risk Frontiers: Sub- prime crisis, Pricing and
Hedging, CVA, MBS, Ratings and Liquidity, Wiley, pp 457–484

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 56



Conclusions and References References

References X

[32] Brigo, D., and Nordio, C. (2010). Liquidity Adjusted Market Risk
Measures with Random Holding Period. Available at SSRN.com,
arXiv.org, and sent to BIS, Basel.

[33] Brigo, D., and Pallavicini, A. (2007). Counterparty Risk under
Correlation between Default and Interest Rates. In: Miller, J.,
Edelman, D., and Appleby, J. (Editors), Numercial Methods for
Finance, Chapman Hall.

[34] D. Brigo, A. Pallavicini (2008). Counterparty Risk and Contingent
CDS under correlation, Risk Magazine, February issue.

[35] Brigo, D., and Pallavicini, A. (2014). CCP Cleared or Bilateral CSA
Trades with Initial/Variation Margins under credit, funding and
wrong-way risks: A Unified Valuation Approach. SSRN.com and
arXiv.org

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 57



Conclusions and References References

References XI

[36] Brigo, D. and A. Pallavicini (2014). Nonlinear consistent valuation
of CCP cleared or CSA bilateral trades with initial margins under
credit, funding and wrong-way risks. Journal of Financial
Engineering 1 (1), 1-60.

[37] Brigo, D., Pallavicini, A., and Papatheodorou, V. (2011).
Arbitrage-free valuation of bilateral counterparty risk for
interest-rate products: impact of volatilities and correlations,
International Journal of Theoretical and Applied Finance, 14 (6), pp
773–802

[38] Brigo, D., Pallavicini, A., and Torresetti, R. (2010). Credit Models
and the Crisis: A journey into CDOs, Copulas, Correlations and
Dynamic Models. Wiley, Chichester.

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 58



Conclusions and References References

References XII

[39] Brigo, D. and Tarenghi, M. (2004). Credit Default Swap Calibration
and Equity Swap Valuation under Counterparty risk with a
Tractable Structural Model. Working Paper, available at
www.damianobrigo.it/cdsstructural.pdf. Reduced
version in Proceedings of the FEA 2004 Conference at MIT,
Cambridge, Massachusetts, November 8-10 and in Proceedings of
the Counterparty Credit Risk 2005 C.R.E.D.I.T. conference, Venice,
Sept 22-23, Vol 1.

[40] Brigo, D. and Tarenghi, M. (2005). Credit Default Swap Calibration
and Counterparty Risk Valuation with a Scenario based First
Passage Model. Working Paper, available at
www.damianobrigo.it/cdsscenario1p.pdf Also in:
Proceedings of the Counterparty Credit Risk 2005 C.R.E.D.I.T.
conference, Venice, Sept 22-23, Vol 1.

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 59



Conclusions and References References

References XIII

[41] Burgard, C., Kjaer, M. (2010). PDE Representations of Options
with Bilateral Counterparty Risk and Funding Costs Available at
ssrn.com.

[42] Burgard, C., Kjaer, M. (2011). In the Balance Available at
ssrn.com.

[43] Canabarro, E., and Duffie, D.(2004). Measuring and Marking
Counterparty Risk. In Proceedings of the Counterparty Credit Risk
2005 C.R.E.D.I.T. conference, Venice, Sept 22–23, Vol 1.

[44] Canabarro, E., Picoult, E., and Wilde, T. (2005). Counterparty
Risk. Energy Risk, May issue.

[45] Castagna, A. (2011). Funding, Liquidity, Credit and Counterparty
Risk: Links and Implications, Available at
http://ssrn.com/abstract=1855028

(c) 2016 Prof. Damiano Brigo (ICL) Q. Finance Seminar: Nonlinear Valuation ICL, Dept. of Mathematics 60

ssrn.com
ssrn.com


Conclusions and References References

References XIV

[46] G. Cesari, J. Aquilina , N. Charpillon, Z. Filipovic, G. Lee and I.
Manda (2010). Modelling, Pricing, and Hedging Counterparty
Credit Exposure: A Technical Guide, Springer Verlag, Heidelberg.

[47] Cherubini, U. (2005). Counterparty Risk in Derivatives and
Collateral Policies: The Replicating Portfolio Approach. In: ALM of
Financial Institutions (Editor: Tilman, L.), Institutional Investor
Books.

[48] Collin-Dufresne, P., Goldstein, R., and Hugonnier, J. (2002). A
general formula for pricing defaultable securities. Econometrica 72:
1377-1407.
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