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Abstract

In this article we present the methodology of interacting Sequential Monte Carlo
(SMC) samplers. Sequential Monte Carlo samplers (Del Moral et al. 2005a) are
methods for sampling from a sequence of densities on a common measurable space
using Markov chain Monte Carlo (MCMC) (Metropolis et al. 1953; Hastings 1970)
and sequential importance sampling /resampling (SIR) (Doucet et al. 2001; Liu 2001)
methodology. One of the main problems with SMC samplers when simulating from
trans-dimensional, multimodal static targets is that transition kernels do not mix
which leads to low particle diversity. In such situations, sometimes under reason-
able Markov kernels, poor Monte Carlo estimates may be derived. We present an
interacting SMC approach for static inference, where SMC samplers are run in par-
allel on, initially, different regions of the state space and then moved onto the entire
state space. Once the samplers reach a common space the samplers are combined
and allowed to interact. The method is intended to increase the diversity of the
population of samples. We demonstrate that interacting SMC has a Feynman-Kac
(Del Moral 2004) representation and establish convergence results. We show how
the methodology may be used for a trans-dimensional inference problem in Bayesian
mixture modelling and also, using adaptive methods, a mixture modelling problem

in population genetics.
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1 Introduction

One of the most challenging problems in modern statistical computation is that of simu-
lating from multimodal and trans-dimensional target measures. Since the paper of Green
(1995) (reversible jump MCMC), simulation from non-standard distributions which lie
on state spaces of differing dimension is now possible. That is, 7 is the target probability
measure on measurable space (T,T) and T = Jycic{k} x Ty, Ty € R¥, K C N. Such
distributions arise quite often in many areas of statistics, for example in Bayesian mix-
ture modelling (Richardson & Green 1997) and non-linear classification and regression

(Denison et al. 2002).

In many applications it is often difficult to construct an appropriate reversible jump
algorithm to correctly traverse the state-space; see for example Jasra et al. (2005a). This
is often because the target density is multimodal and dimension jumping is difficult to
achieve as information in a given dimension may be inadequate to provide a successful

move into a different dimensional space.

A possible solution is to use population-based simulation; see Jasra et al. (2005b)
for a review. This class of simulation method incorporates a collection of samples (often
termed particles or population members) that are run in parallel and allowed to inter-
act. The objective of population-based simulation is to improve the ability to explore
the state-space, when compared to standard stochastic simulation approaches such as
MCMC. One such approach is population-based MCMC (Liang & Wong 2001). A draw-
back is that, as for all MCMC methods, the population kernel needs to be ergodic. For
example, if we wish to use adaptive methods (Andrieu & Robert 2001) it can be difficult
to verify that the stochastic process is indeed ergodic; see Andrieu & Moulines (2003)
for example. Another population-based simulation method, that does not rely on such

properties of the transition kernel, is SMC samplers.

Sequential Monte Carlo methods have become an important tool in the analysis of
sequential inference problems in statistics; see Doucet et al. (2001) and Liu (2001) for
a review. However, it has recently been realized that such methodology may be applied

for static inference problems; see Chopin (2002) and Del Moral & Doucet (2003) for



example. A particular SMC approach, SMC samplers, are methods designed to simulate
from a set of probability measures {m; : j = 0,...,t,7; = 7} on common measurable
space (T, T) using SIR and MCMC methodology. They provide a flexible way to simulate
from 7, where, for the purposes of this article, the sequence m, ..., m;_1 approaches 7
(in some sense).

A problem for SMC samplers is that of low particle diversity for multimodal, static
targets (see the first example in Section 4). That is, particles may only represent a
single mode of the target. In such situations, even under reasonable Markov kernels
(they are able to sample the space in a reasonable amount of CPU time, but still take a
long time), poor Monte Carlo estimates may be derived. Since the kernels do not move
around the space quickly, many samples may be similar and estimates of expectations of
functionals of interest can be incorrect. In this article we propose a method, which can
be implemented with little extra computational cost (CPU, programming) to standard
SMC methods, that attempts to ensure a diverse population (and hence all of the modes
of the target are represented).

This article is structured as follows. In Section 2 we present a short summary of
SMC samplers and our proposed methodology. In Section 3 we provide some theoretical
analysis, in which we show that interacting SMC has a Feynman-Kac representation.
From this viewpoint, our approach may be interpreted as a Feynman-Kac particle ap-
proximation with a change of approximation measure. We demonstrate, under minimal
conditions, a bound on L, distances (see Section 1.1 for a definition) for a class of func-
tions of interest; this allows to provide a law of large numbers for Monte Carlo averages.
We give a central limit theorem (CLT) for our particle approximation method; see also
Del Moral & Guionnet (1999), Chopin (2004), Del Moral (2004) and Kiinsch (2005).
Finally, we establish propagation of chaos properties (Del Moral & Miclo 2001). In Sec-
tion 4 we give an example related to the Bayesian analysis of mixtures with an unknown
number of components. Section 5 features an example related to population genetics;
we combine SMC with adaptive methods which exploit certain features of our approach.
In Section 6 we provide a discussion of our method as well as future work. The proofs

of the results are given in the Appendix.



1.1 Notation

Throughout this article we adopt the following notation.

We denote a measurable space (E, £) with the class of probability measures denoted
P(E) and o—finite measures M,(E). We assume that {z} € £, x € E (e.g. the Borel
o—algebra). Throughout the article we abuse the notation by denoting Radon-Nikodym
derivatives of m € P(E), A € M,(E), @ < X as dr/d\ (Section 3) or 7 (all other
Sections). In all Sections other than 3 it is assumed that all probability measures have a
common dominating (o —finite) measure dz on the appropriate space and (in all Sections)
that the Radon-Nikodym derivatives are bounded and strictly positive. We let dz®™ :=
dx x --- x dz (product m times).

We assume all functions h € By(E), where By(E) is the class of bounded measurable
functions, which, when associated with the supremum norm ||h|| := sup,cp |h(z)| can
be regarded as a Banach space. The L, distance between two functions f,h € By(FE) is
defined as Ly(f, h) := ([ ]f(z) — h(m)|pu(d$))1/p, p =1, u € P(E). The oscillations
of a function f € By(E) are taken as osc(f) = sup(,ep2 |f(z) — f(y)|. We denote
m(h) := [ h(z)w(dz), 7 € P(E). The total variation distance between two probability
measures p, A € P(E) is taken as || — A||7v = sup gce |[11(A) — A(A)|. We also refer to

the vector z = (x1,...,zy) as 1., and the product space Eg X --- x E, as Eg..

2 Proposed Methodology

2.1 SMC Samplers

The SMC method is essentially a sequential importance sampling/resampling approach
where we sample a population or cloud of particles at timen = 0, .. ., t, 5,(LN) = (&L, ..., &N €
TN (assume the target is associated with state space (7, 7)) from an importance func-

tion, and reweight in order to calculate expectations wrt 7,:

(2.1) E, [h(X)] = /T h(@)ma () da.

SMC samplers begin by drawing (&3, ..., &) from ny € P(T) and weight according



to mo € P(T), i.e. wg(ﬁg) = Wg(fg)/ng(ég), j=1,...,N and estimate (2.1) by:

Enr[h(X)] = ij:lNh(iéiZ(;()éé).
j=1 WolSo

The method of SMC seeks to reweight the particles for 71 and, in order to calculate the

weights in practice, the method works on an extended state space (T'x T, 7T x T). That
is, &1,..., &N are drawn from a Markov kernel K1 : T x T — [0, 1] and reweighting with

respect to 7y, that is:

wi(&y) o« wo(&)Wi(&s)

i (&)
Wi(&p.1) = mo(8) K1(&), &)

where 11 is a probability density wrt dz®? admitting m; as its marginal and W, is

termed the incremental weight. The algorithm progresses in this manner until time ¢ is
reached (m; = 7). It is well known that, for such importance sampling procedures, the
weights will degenerate to zero, with the exception of a single particle which has weight
1. Resampling or selection is used to deal with this problem; see Doucet et al. (2001) or
Liu & Chen (1998) for details. To see an SMC sampler in full, see Algorithm 2.1 (at the
end of the paper) with m = 1 and no step 4.

For clarity of exposition we assume particles progress through a selection/mutation
algorithm, that is, we sample {éN) (mutation) and then decide whether or not to perform

a resampling step but always denoting the resulting particles E(ON), i.e. continues as:

5(()N) selectiog E(()N) mutatiog §§N).

It should be noted that many other methods in the sequential Monte Carlo literature
(e.g. resample move (Gilks & Berzuini 2001), the sequential particle filter of Chopin
(2002) and population Monte Carlo (Cappé et al. (2004)) are special cases of SMC

samplers.

2.2 Interacting SMC

Our method is based upon using m parallel SMC samplers, with an equal number of

particles (as noted by Chopin (2004) this provides a way to monitor the degeneracy of



SMC simulation). For now, assume that we have m samplers with associated with target
densities v;,, (i € {1,...,m}) which admit =;,, as the marginal (the 7; , are related to
the 7, in some way to be described later) and importance functions n; 0, K1, ..., K.

The basic algorithm is given in Algorithm 2.1. We now discuss how this method is

to be applied.

2.3 Methodology for Static Inference

Consider the case for which ng,...,m;_1 are artificial densities used in order to allow
movement around the state space (see Jasra et al. (2005b) for examples of such densities).

For each sampler i we target a sequence of probability measures 7;, (up to some
terminal time 0 < n* < ¢) on measurable space (T}, 7in), with the assumption that
Vi=1,....n*"T;, CT, T;pn €T, Tin CT and (Tip, Tipn) = (T,7T) Vi,n*+1 < n < t.
We assume Vs

TioCTin C- - Clip =T
with corresponding filtration
ToCTinC- - CTin=T.
Note that it is often a good idea to let
T = (JTwo TonTjo=0Vi#j
i

so that all the samples (initially) lie on distinct parts of the state space T'.
We define initial distributions n; o € P(T;0) and Markov kernels K ,, : T; p—1 X Ti, —
[0,1] and take (as in Neal (2001) and Del Moral et al. (2005a)) the auxiliary densities:

n—1
Vi,n(a:i,l:n) = 7"'i,n(ajn) H Li,q(a:i,q—‘rla ~Ti,q)
q=0
with
min(z) o< mp(z)l(x € T;p)
assuming

/ mn(z)dz > 0
Ti,n



and L; , : T ny1 X Tip — [0, 1] is a Markov kernel with time reversed index (backwards
Markov kernel). It should be noted that L; , is essentially arbitrary and, since the optimal
kernel (in the sense of minimizing variance of importance weights) is unavailable, the sub
optimal choice of Del Moral et al. (2005a) is:

Tin(Tin) Kint1(Tin, Tint1)
Tin(Tint1)

(22) Li,n(a:i,n—l—la 'Ti,n) -

where K; 1 has invariant distribution m;,. Thus, the incremental weights become:

Trian(gzq,n)Lian_l (gzq,n’ zq,n—l)
Tin—1 (gzq,n—l)Kian(iz{n—l ’ £zj,n)

Wi,n (Eg,n—l ’ £zj,n) =

where ff . 18 the jth particle for sampler i at time n.
At time n* we sample all particles from the same Markov kernel K, and then
resample so that all samples are approximately distributed according to 7«11 (which is

the same for each sampler), we then sample from K+ and form a new set of particles:

ey = EporrrEupert) G= 1N

We then continue with a single sampler targeting v, (the product auxiliary density),
n>=n*+1on ([[7%, T,V , T) where the density is

m

V:Ln(afl:m,n) - HVn($i,n)-

i=1
The algorithm continues with Markov kernels K,, (n*+2 < n < t) , incremental weights:

m

Wn( {:m,n—l’gizm,n) = ]:[Wn( z{n—l’gz{n)'
i=1

2.4 Notes on the Algorithm

Before we present both a theoretical analysis of the method as well as numerical examples
we discuss a couple of aspects of the algorithm.

Extending the Space. From the outset it appears that moving the particles onto larger
state spaces will be problematic. We adopt the approach of not attempting to move the
particles too much, by employing Markov kernels which propose the new dimensionality

with high probability of being the same as the current one and using fixed dimensional



proposals which have small variance, taking the backwards kernel to be the reverse (we
describe this in more detail in the examples). The point here is that we will use our
method so that the problem of extending the space is side-stepped. For example, in
the application of the algorithm in Section 4, samples will lie in the other regions (with
respect to a given sampler). In our second example, in Section 5, kernels are constructed
so that we may traverse the entire space easily and therefore efficiently extending the
space is not of concern in practice.

Stratifying the Space. The initial stratification of the space is not as difficult for
trans-dimensional problems as for fixed dimensional problems and we discuss this in an
example specific way. It should be noted that the idea of partitioning the state space is
not new in Monte Carlo methods, for example stratified sampling (see Robert & Casella
(2004) and the references therein) or, more recently, the Wang-Landau algorithm (Wang
& Landau 2001; Atachade & Liu 2004) operate on a stratified space. See Robert &
Casella (2004) pp. 155-156 for further discussion.

Choice of n*. The choice of when the samples are combined is also of importance.
That is, we will combine particles from different dimensional spaces; thus it is likely that
some SMC samplers will have higher variance (in terms of the importance weights) than
others. In this article we combine particles instantly and, we have found that this does
not adversely affect the algorithm, if this is not done too far from time from the target of
interest (but not so far as the Markov kernels used do not have time to explore the space,
far depending upon the problem at hand). That is, given that the initial regions have
reasonable support under our target density, if the samples can adequately represent
these parts of the space then the difference in variability of samples is not a substantial

difficulty. We discuss better ways to do this in Section 6.

3 Theoretical Analysis

In the present Section we demonstrate that our algorithm admits a Feynman-Kac (Del
Moral 2004) representation which allows us to appeal to several convergence results in

this area.



3.1 Feynman-Kac Formulae

Feynman-Kac formulae may be described as follows. Consider a sequence of measurable
spaces (Ey, &,) with £,—measurable functions W,,, inhomogeneous Markov kernels M,
(from (Ey,—1,&n—1) into (Ey,&,)) and initial distribution 9. Associating the Markov
chain with the probability space (2 = [[,,5¢ En,; F = V,,50 Ens (Xn)nz0, Prg) (P, is the

probability law of a Markov chain with initial distribution 7y and transitions M,,).

Most of our discussion will be in terms of the n—time predicted and updated marginals,

M, In, TESPECtively:

nn(fn) = P):;:L((‘fln)) :/ fn(a:n)(@no,n(dafﬂzn)

Eo:.n
~ _ An(fn) _ a
ih) = 2= [ 0Ol
n—1
Yn(fn) = fn(afn)HWq($q)Pno,n(d$0:n)
Eo.n q=0
n(fn) = fn(afn)HWq($q)Pno,n(d$0:n)
Eo.n q=0

where Qp, n(dzo.n) = Z% ngol We(2g)Ppyn(dzo.) is the predicted Feynman-Kac path
measure, @no,n(dl‘om) = ZL 0=0 Waq(2¢)Pyon(dzo:s) is the updated Feynman-Kac path
measure, Z,, ZL are the normalizing constants, Py, »(dzo.,) is the finite dimensional

probability law of the inhomogeneous Markov chain, f,, € By(E,) and we adopt the

convention [[, = 1.

3.2 Feynman-Kac Representation of Interacting SMC

We now demonstrate that the interacting SMC algorithm has a Feynman-Kac repre-
sentation, assuming we perform (multinomial) resampling at every iteration. We adopt
an interpretation of the algorithm identical to the interacting Metropolis model of Del

Moral & Doucet (2003).

Let En = H;Zl(Tz,n X Ti,n)a gn = \/;11(7;,71 X ﬂ,n)a Vn = ]._.[211 Ti,na Vn = \/;11 ﬂ,n
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and adopt initial distributions and Markov kernels:
m
no(dzrmo) =[]0 (dyio)nio(dyi o)
i=1
I 0y, (in) Kin(Wim, dyin) 1<n<n*—1

]._.[211 5y§’n_1 (dyi,n)Kn(yi,na dy;’n) n*<n<t

M, (~T1:m,n—la d'Tl:m,n) -

where z;, = (Yin, ¥;,,) and y; € T .
Now, assume Vi = 1,..., m:
0 ~ 750
(Tim X Lip—1)y ~ (Tin-1 % Kin),
(7Tn X Ln—1)2 ~ (7Tn—1 X Kn)l

where ~ denotes mutual absolute continuity here and:

(7Ti,n—1 X Ki’n)l(d(a:,x')) = ﬂi’n_l(d.T)Ki’n(.T, dx')

(7Ti,n X Li,n—l)Q(d(ﬂf, .%‘/)) = ﬂi’n(d.T/)Li’n_l(.T/, d.T)

Then define:
dmo y
W, . =
0(Z1:m,0) dmo Yi0)
m
d(ﬂ'in X LG 1)2 / %
Wn(afl:m,n) - H (Wzn 1 % Kzn) (yi,nayi,n) I<n<n
m
x L 1)2 %
Wo(1mn) = H ((71- ) an)) (yi,nay;,n) n"+1l1<n<t
=1 n—

note we have used the fact that m; p« = mp«.
The above discussion allows us to ascertain the following Proposition, which is es-

sentially the time reversal formula of Del Moral (2004) (Lemma 5.5.1).

Proposition 3.1. For any h € By(V;) we have that:

Au(h) = /V B 7™ (dgrms).
t
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Remark. The proof is straightforward and given the Appendix. The result shows that
the above interpretation provides an alternative way to view the algorithm discussed in
Section 2.3.

Whilst the above Feynman-Kac representation allows us to consider our algorithm
from a purely importance sampling framework (that is, without resampling), a McKean
interpretation (e.g. Del Moral (2004)) of the flow is easily provided, which allows us to

incorporate selection steps.

3.3 Particle Approximation

In order to simulate from the model described above, we would need to sample from the
distributions of interest in the selection steps: which we are unable to do. Therefore, we
consider a particle approximation.

We simulate from the following distributions:
N
N :
Pdgs") = ] m(dg)
j=1

1Y, @, (M) (deh) 1< n<n®+1

P(deMe™)) = |
1 [V, @a(r(€M))(eh)  n*+2<n<t

where
m 1 N
m N
P (e (dwnr) = H(Nz(s gn_luxi,n_l))
i=1 j=1

Iimmn—1

N
1
G @) = 5300 (@)
j=1

() (dan) = /E U (1) (A1) Min(@n1, d)

W () pu(dz)
(W)

where u € P(E,), ¥, : P(E,) — P(E,) is the Boltzmann-Gibbs transformation and

T, (u)(de) =

®, : P(E,_1) — P(E,). In the notation of Del Moral (2004) we have that n = r™
for 1 <n < n* and n,]LV =r for n* +1 < n < t. Note that the superscript IV denotes

the particle approximation. We leave our results in full generality as they apply for any
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corresponding Feynman-Kac particle approximation with such a change of approximation
measure.
For the theoretical analysis to follow, we now assume the algorithm has an extra

time step with a Markov transition My which is Dirac measure, (FEii1,&41) = (Et, &)

(hence ni1 = 7, nﬁl = 7/7\7,{\[)

3.4 L, Bounds

We now present a convergence result, related to a bound on LL,, distances of 73" (h) —7;(h).

In terms of statistical inference we are interested in functions in the following class:

m

Su(B) = {h: harm) = - 3 f@i) N f € BTy x Ty},

i=1
The result we present, however, is given for a larger class of functions, in order to simplify

the proof. This class is (for 1 <1 < c0):

l m
Sp(By) = {h:h@rme) =Y cj([[hij(@ie)) N —00 < ¢j < 00 ¥j Nhij € By(Tie x Tig)}-
j=1 i=1

The result is as follows and is a simple adaptation of Proposition 2.9 of Del Moral &

Miclo (2000):

Lemma 3.2. For the particle model defined above and for any h € Sp(E:), p > 1 there

erists a finite C,(f;)tﬂ

1/p
\/—E[“ —ﬁt](h)’p] S C(p +1z:“3J‘HHh”H

This implies that {f}¥ (k) : N > 1} converges almost surely to ny(h) as N — oo.

Remark. The proof may be found in the Appendix. Since h € Ss(E;) C Sp(Ey), we have
the bound || f||C,, () +11 for functions of actual statistical interest, as well as a form of law

of large numbers. This Lemma provides a theoretical justification of our approach.

3.5 Central Limit Theorem

In the present Section we present a CLT for our interacting SMC sampler.
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To simplify the statement of the result we make the following definitions. Firstly, that
Qn+1(f)(zn) = Wy(zn) Mpt1(f)(zy) and Qqn = Qq+1Qg+2 - - - @n (we adopt the conven-
tion Q,,, = Id the identity operator). Secondly, the matrix ©; ,(h), h = (h,...,h?),h" €

By(Ti1 X Tip), 7 =1,...,d, n> 0 has (j,r)™" element
oI (h) = > ia(Qigmhi — 1in(h)]Qi g e — 1in(hr)])
q=0

where Q; is the marginal semigroup of @, . Thirdly, denote the product space of

J(an)
d-dimensional functions of interest as Ss(E¢)?, with A" (z1.my) = 1/m( X0 f7(wiy))
and f = (f%,..., f%). Finally, denote the d—dimensional normal distribution Ny(u, )

with mean p and covariance 3. Throughout we make the abuse of notation that for an

operator @, Q(h) = (Q(h1),...,Q(h)).

Proposition 3.3. Under the weak integrability conditions of Del Moral (2004), pp. 300-
306 we have for any h € Ss(Ey)¢, d > 1

VN (@Y (h) — (h)) = Na(0,O441(h))

where
Orr1(h) = O (Quepr1(h, 1))+ D Og(Qqesrh — A(h)])
g=n*-+1
and

égr(Qq,tH[h - ﬁt(h)]) = Mg (Qq,t+1[hj - ﬁt(hj)]Qq,t-s—l[hr - ﬁt(hr)])

O (Quega(h, 1) = > [a?@{m@z,(n*,tﬂ)(ﬁ1))+aﬂ]@”d+l (Qune 211y (f, 1)) +

=1

B O] (Qu e 11y (£, 1)) + B BTOFEVET(Q, (e 4y (1, >>]

with
1 m
@ = H n* (@i (n*+1)(1))
i=1,1
BZJ = % Z Qz(n 4+1) fJ |: H Nr,n* Qr(n t+1( )):| -

i=1,i r=1,r#1,l

tfj H 77i,n*(Qi,(n*,t+1)(1))'

i=1,i£l
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Remark. The proof may be found in the Appendix. Our result shows that sample path
averages of functionals of interest converge weakly to a normal distribution with co-
variance ©;1(h). The covariance expression is decomposed of the impact of the initial
stratification (@)n) and reverting to a single approximation measure (the O ). It would
be of interest to prove under what conditions the variance is inferior to an ordinary (par-
allel) SMC sampler. Contrary to our L, result and the propagation of chaos properties
below, the result does not hold for general Feynman-Kac particle approximations with

a change of approximation measure.

3.6 Propagation of Chaos

Propagation of chaos is an important area in the theoretical analysis of sequential Monte
Carlo methods; see Del Moral et al. (2005b) for example. Such properties establish
that, for a fixed time horizon ¢t and fixed block sizes of particles (q) that the particles
become asymptotically independent with the correct (target) probability measure. That
is, since the particles are actually statistically dependent, propagation of chaos properties

demonstrate (as N — oo) that the particles behave as if they were independent.

For the following result we denote the t—time marginal distribution of the 1 < ¢ < N

a)

particles as IP’( 0.1t (after mutation) and denote IP’( [t]) after selection (note IP’(N[t])( ) =

P;iv[gll]( )). Denote the tensor product of functions h € By(E,) as h ® - - - ® h (product

g times) as R(9 and let Q(+1 = (q)M(q)l with M(+)1 = Mp41 X -+ X Mpy1 (product ¢

times). We then have the following result, which relies strongly upon the theory of Del
Moral (2004) (see also Theorem 1.1 of Del Moral & Miclo (2001)):

Theorem 3.4. For any 1 < g < N we have:

~®q (q— 1) 2¢> 1
— llry < N +—N +7[
n?q(”t(q))

(D& (g, N, W, 2| )) 2]

I (Nq

1
o DY) (g, N, |IW)) +
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where for f € By(EL), 1 <n < n*

2mq? 1
pPa v fl) = 2 L (D0 (g @) +
nn 1(W )

IANDE, (@, N W )2

D24, N, [IF1P) + 21111 D5 (e, N, 1)

D& (0 N, 1£11)

with initial values D y(a, N, [|£1]) = 2ma?(|F|I/N, Di2y(a, N, || f]]) = 6m(242)[|F||*/N,
[ € By(E]) and

2 1
DU (@ N IfID = %+W[D£§?n*<q, N 1IQW(I +
11D (0, N [[WE211) %)

2 1 1
DA, N Ifl) = D&,z*H(zq,N,ufu )+2HfHD§n=«+1(q,N,HfII)

with similar recursions for D(l) D(2) n*+2<n<t+1.

1,n 1,n’

Remark. The proof may be found in the Appendix. We note the functions, Dglt) , Dth)

for fixed ¢, m will tend to zero as N — oo. The result relaxes the assumption of Del
Moral & Miclo (2001) and Del Moral (2004) that the potential functions need to be
upper bounded. We note, however, that the penalty is that the rate at which the total
variation distance decreases to zero is much slower. It would be of interest to prove that

the rate could be increased.

4 Example 1: Bayesian Mixture Modelling

To demonstrate our methodology we consider the Bayesian analysis of mixture models
with an unknown number of components.

Mixture models are typically used to model heterogeneous data, or as a simple means
of density estimation, see McLachlan & Peel (2001) for an overview. Bayesian analysis
using mixtures has been fairly recent e.g. Richardson & Green (1997) and there is often

substantial difficulty in simulation from mixtures see Jasra et al. (2005¢) for example.
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4.1 Model

We use the model from Richardson & Green (1997). The model is as follows; data

Y1,--.,Yq are i.i.d with distribution

k
Yilbe ~ ZWTN(Nra)‘TTl)
r=1

where 0 = (p1:k, A1k s w1:k—1) (w10 is assumed to be null). We denote the parameter
space as [y {k} x Ok, with © the parameter space for the k—component mixture
model (and § a hyperparameter below) and £ C N. The priors, which are the same
for each component r = 1,...,k, are taken to be: u, ~ N(&,x7Y), A3 ~ Ga(a, B),
B ~ Ga(g,h), wik-1lk ~ D(8), k ~ Ufy, jax) Where D(0) is the symmetric Dirichlet
distribution with parameter §, Ga(«, ) is the Gamma distribution, shape «, scale 8 and
Uy

} is the Uniform distribution on the integers 1, ..., knax With knax known.

11---7kmax

4.2 Sequential Monte Carlo Sampler

For this example we take the auxiliary distributions to be:

7Tn(97 67 k‘yl:q) X l(ylzq; 97 k)ﬁynp(ea k)p(/j') ne {07 ceey t}

where 7, € (0,1) is an inverse temperature to be defined below, I(-) is the likelihood
function, p denotes a generic probability density and the initial distribution (importance
distribution) is the prior. To apply the SMC sampler we use the following Markov
(MCMC) kernels (see Robert & Casella (2004) for a recent overview):

1. Update 8 via a Gibbs kernel.

2. Update p;.; via a Metropolis-Hastings (MH) kernel with additive normal random

walk proposal.
3. Update A1.; via a MH kernel with multiplicative log-normal random walk proposal.

4. Update wi.;_1 via a MH kernel with additive normal random walk proposal on the

logit scale.
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5. Update (0, k) via a birth/death reversible jump (RJ) kernel which is the same as

in Richardson & Green (1997) except no latent variables are simulated.

Note that for the problem we will consider the MCMC kernels mix reasonably well.
We also note, that for the trans-dimensional move, we are not constrained to use an
RJ kernel. However, our intuition is that since trans-dimensional moves are notoriously
difficult to construct, if we use a RJ kernel, a bad move will be rejected and we protect
ourselves from losing good particles. This is at the cost of having to apply reversible
moves. For example, placing kernels associated to a birth move (e.g. Green (1995)) in
the importance weight can lead to variances which are typically very high. However, by
‘filtering’ such a proposal through an accept/reject mechanism, we may obtain a smaller
variance of the importance weight and less weight degeneracy in practice.

We will apply the kernels in the following way. At odd time points we apply the
Gibbs kernel 1 and even time points apply the cycle of kernels 2-5, the initial target
density is the prior which we are able to sample from. We do not change the distribution
at even time points. This ensures regular updates at the cost of increasing the variance of
the importance weights. The backwards Markov kernels are taken to be the suboptimal
choice in Del Moral et al. (2005a) (equation 2.2). Thus, using the invariance of the
MCMC kernels, at odd time points (recall we do not change the distribution at even

time points) we have (unnormalized) incremental weight:
Wn($1:n) - l(yl:q; en—la kn—l)ﬂyn_ﬂyn_l

at even time points (and 0) the temperature parameters are equal with unit incremental

weights.

4.3 Data

For this example we consider the Hidalgo stamp data. The data are 485 measurements
(in cm) of stamp thickness for the printing of a stamp issue from different types of paper:
see McLachlan & Peel (2001) for further details.

The priors were set as in Richardson & Green (1997) of which we refer the reader for

further details. We note kpax = 30.
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4.4 Application of SMC Sampler

We ran the SMC sampler detailed above 20 times each with a population size of 500. We
took ¢t = 750 (since we do not change densities at even time points we run the algorithm
for 1500 time points) and used the systematic resampling method with threshold 250
samples (applied after the Gibbs update).

The MH kernels had a decreasing value of the proposal variance and these were set
so that the average acceptance rate was in the range (0.15,0.6) (as noted by Chopin
(2002) this will not necessarily mean that the kernels mix well, but it is not clear how to
construct a good global MCMC move (or Markov kernel) which is why we have resorted
to population-based simulation in the first place).

The temperature sequence was taken to be piecewise linear with v increasing uni-
formly by 1/15000 (i.e. y1 = 1/15000, v2 = 2/15000 etc) for the first 150 distributions,
1/2500 for the next 125, 1/750 for the next 225 and finally 1/250 for the last 250 dis-
tributions (see Figure 1 (a)). This choice was made to help ensure that the resampling
occurred quite consistently; see Figure 1 (b) (the plot is for the first run of the algorithm).

In Figure 2 (a) we can observe the sampled k. The performance of the sampler
appears to be poor. In Figure 2 (a) there are regions of points with sampled k around
3 — 5 and 7 — 14. However, there does not appear to be any runs of the algorithm that
are producing a diverse set of samples in terms of k.

The problem in this example (we were unable to find algorithm settings that lead to
satisfactory results) is that the Markov kernels employed are able to sample the state
space, but do so quite slowly (see Jasra et al. (2005b) for the results of a RJ algorithm).
As a result, samples that may be about to jump between modes (and hence in a low
probability regions) are often lost at the resampling stage. We now demonstrate that

our interacting SMC sampler is able to avoid these difficulties.

4.5 Application of Interacting SMC Sampler

For the application of our method we took m = 3 samplers each run with a population of

167 particles (thus storage requirements are similar to the SMC sampler above) 20 times.
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We used the same MCMC kernels, and resampling procedure as for the SMC sampler.
For the temperatures we had a uniform cooling schedule until time ¢/2 at which point we
targeted our original density of interest and combined samplers (thus after resampling
for the first time after ¢/2 we are effectively running (non-interacting) parallel MCMC
algorithms). This was to allow enough time for the kernels to explore the full space.

For the sets we took a sequence of three sets for each sampler and constrained the
densities to lie in sets of the form

Tin = U {k} x Oy
kEK; n

where we took K1, = {1,...,5}, Koy = {6,...,10} K3, = {8,...,20} (n < 145)
(i.e. the three samplers are constrained to these sets for the first 145 time points) and
Kin = {1,...,10}, Ko,y = {3,...,13} , K3, = {5,...,25} (146 < n < 375) with
Kin=1{1,...,kmax} ¢ € {1,2, 3} for the rest of the algorithm. Our choice of sets is based
upon the results of SMC sampler, i.e. the inability of the SMC sampler to adequately
represent the modes k € {3,...,5} and k € {7,...,14}. We took the first sets for the
first 145 time points (corresponding to approximately 1/4 of the distributions), then the
second for the next 130 (corresponding to 1/2 of the distributions).

To extend the space at time m we generate a new kfn with large probability of
retaining the same value and otherwise uniform over C;,, \ {kin_l} and then using the
same random walk proposal densities above (and the Gibbs kernel on ﬂ%) if szn =
k{ﬂn_l otherwise drawing from the prior (for the parameters). The backwards kernel
has distribution on k£ that is identical if the kfn € Kin—1 and the same random walk
densities, otherwise a uniform distribution over K; ,,—1 and the prior on the parameters
(thus the incremental weight is similar to a Hastings ratio).

We note that, in this type of example, we see our method as a way to assist SMC
sampling, therefore the usage of the information from the SMC sampler is used in our

simulation design (see Section 6 for further discussion).

4.6 Performance of Interacting SMC Samplers

In Figure 2 (b) we can see the performance of the interacting SMC sampler.
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The sampled k (Figure 2 (b)) show that the interacting samplers have properly
represented the full range of & which was missing under the standard SMC sampler. This
may not mean the samples are correctly approximating the target, but the results are

similar to a population-based RIMCMC algorithm that we ran (see Jasra et al. (2005b)).

Our experience with this method is that it is often best to allow a reasonable amount
of time for the samplers to correctly approximate the target on the full space (i.e. linked
to the fact that we are combining samplers with different variances). That is, when
applying the method with the points are shifted onto the correct space close to time
t, will mean poor estimates of quantities of interest. This must be counter-balanced
with the cooling schedule. For example, if we allow unconstrained sampling when the
inverse temperature is not close to 1 (this is dependent upon the problem) then it is
likely that the sampling will revert to the original SMC sampler: we are unlikely to gain

any advantage.

An important point is that if the Markov kernels used are unable to move around
the space, then our method is unlikely to provide any improvement, unless we know the
model probabilities a priori. That is, we will have samples that represent the entire
space, but they may not be in correct proportion if the kernels do not mix. In the next

example we provide a solution to this problem.

5 Example 2: Mixture Modelling in Population (Genetics

For our second example we consider the analysis of multilocus genotype data using
Bayesian mixture modelling. For the statistical model, we follow Pritchard et al. (2001)
(model with no admixture), but in an attempt to make the example more realistic, we
add some element of admixture. Note that, to our knowledge, no sampling method has
ever been shown to work effectively for this class of models (that is, to move around the

variable dimension support).
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(a) Cooling Schedule. (b) Effective sample size.

Figure 1: Effective sample size plots (a) and temperature (b) from the SMC sampler;
Hidalgo stamp data. We fitted the random beta model (Richardson & Green 1997) to
the data, the output is for a single population of 500 samples from an SMC sampler

using 750 tempered densities with a piecewise constant cooling schedule.

5.1 Model

In statistical terms, we may consider the data as a bilinear sequence of paired multinomial
observations, that is y = (y111,y112,- - -, Yqr2) where y;; is observation i € {1,...,q},
at locus [ € {1,...,L} and site j € {1,2}. We have that y;; € {1,...,a;}, i.e. there
are q; alleles at locus I. Given latent variable z;;; € {1,...,k}, k € {1,..., knax} and

parameters 6 we take:

p(yi; = al@, zy; =r,k) = Opq

where Zgl: 10116 = 1 Vr, 1 and the y;; are assumed independent given 0, z, k.
For the priors £ is taken to be uniform, the z;; are i.i.d given k and are uniform on
the space. The 6,; = (0.1, -, 0p(q,—1)) are i.i.d given k and are symmetric Dirichlet

D(0). Therefore we have posterior density for (z, 0, k), up to proportionality, is:
| 1
(z,0,kly) o |[]pus6, 25 k) kl oz 61k)p(k)
il,j

where the factorial is included due to the invariance of the priors and likelihoods to

permutation of the labels of the parameters (see Jasra et al. (2005¢) for example).
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(a) SMC Sampler. (b) Interacting SMC Sampler.

Figure 2: Sampled k from the SMC samplers; Hidalgo stamp data. (a) is the standard
SMC sampler, (b) is the interacting SMC sampler. Note that the SMC sampler consists

of 20 runs with 500 particles each.

5.2 Interacting SMC Sampler

The SMC sampler will again employ a tempered densities strategy with MCMC updates.
To assist a reversible jump move we describe below, the algorithm is performed after a
reparameterization of the @ on to the real line via a logit transformation (denote this ¢).

For the sampler we will initially stratify the model space (i.e. there are k. samplers)
and then extend each sampler onto the entire space. This is done in a similar manner to
the previous example except that the Gibbs kernels are employed.

The MCMC moves are used as follows:

1. Update z via a cycle of single site Gibbs updates.

2. Update ¢ via a cycle of Gibbs updates.

3. Update (¢, z, k) via a mixture of reversible jump kernels (A) and (B).

The Markov kernel applied is thus a cycle of the above moves in the order given
and are applied so that they leave the previous density in the sequence invariant. The
backwards kernel is thus easily calculated using the form (2.2) and are thus the equation

is omitted. For the Gibbs updates see Pritchard et al. (2001). Our moves are easily
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applied even after reparameterization and model extension. The algorithm is initialized
with a draw from the prior.

We note that the example will use adaptive methods, which can be justified in the fol-
lowing way. Suppose that we adapt some kernel K via some random variable p (e.g. the
particle history), then the backwards kernel L, may be also dependent on p, since (re-

setting the time counter):

E h(X’)Z;EJ;/));ZE;{:’)?))] = /h(a:’)m(a:')Lp(a:’,a:)u(p)dm'da:dp

where v is the probability density for p. Application of Fubini’s Theorem provides the

appropriate unbiasedness.

Reversible Jump Move A

Move (A) is a simple (vanilla) RJ move employed to compare the move (B) with and
is performed as follows. Propose to jump from state (¢,z,k) to (¢',2z’,k + 1) with
probability b and maintain the current (¢), generating new component parameters ¢y1
say from the prior and then generating z’ from the full conditional. In the reverse death
(selected with probability dg1), select a component to die with uniform probability. We
then invert the jump function and generate z from the full conditional.

The birth is accepted (when targeting density n) with probability min{1, A}, with:

Z<y;¢ 2k + 1) ()2 (k + 1) di 1170 (2|, k)

A = X
¥; b, 2, k) (L) 2k (k + 1)bemn (2|¢' k +1)

where m,(z| - - -) is the full conditional of the z given the time n.

Reversible Jump Move B

Move (B) is far more complicated and works assuming an initial stratification of the
model space. We will assume that we have an approximation of the posterior in each
dimension and use methods similar to those in Green (2003) and Hastie (2005).

More specifically, just before the time we extend the space we create a mixture ap-

proximation of the (current) target distribution in each dimension and use the methods
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of Figuierdo & Jain (2002) to fit the mixture. In order to do this we select an identifia-
bility constraint for the parameter space (recall that due to the invariance of the target
density to relabelling the parameters, there are k! symmetric modes (for a k& component
model) and thus for all the samples to represent a single mode we permute them) and
fit a mixture of distributions to each model. We use the approximation in dimension k:

9k L k
pr(@) = va{ [HHNaz—l(@z;Q’ﬁzj,?Zj) RI(prpeje <--- < ¢kl*j*)}

j=1 I=1r=1
where (I*, j*) are the locus, allele pair we have chosen to identify the model and > %" v f =
1 Vk.
The move is as follows. We begin by permuting the sample to obey the identifiability
constraint used in the approximation. In order to jump from (¢, z,k) to (¢',2z’, k + 1),
we select a birth with probability by and a component to add (¢ say) with uniform

probability. We then select a component, p’, of the approximation (in dimension k + 1)

to anchor on, with probability v;fPL ! with the reverse anchor chosen with probability:
k k
Tp X vp fp(d))
where f,(-) is the component (of the approximation) density. The jump function (assume

for simplicity of notation that we add component k£ + 1, but in general we my add any

component), denoting the Cholesky decomposition of ¢jim, as @jim, is:

k1 kHlg k-1 k
d);’l = rl—; + QOTZ—;/ (Sprlp) [d)rl - erp] r= 17 sy k
/ _ k+1
Pl = Opryy T 90(k+1) W

with w; ~ Ng,—1(0, I(al_l)(al_l)). If the identifiability constraint is not satisfied we reject
immediately. We propose z’ from the full conditional. The reverse death is performed
in much the same fashion, except we select a component to die with uniform probability
and invert the appropriate jump function (i.e. conditional on the anchors and component
to be removed).

We accept or reject the birth (when targeting density n) with probability min{1, A},
with:

k—l—l k
A = ( d)/ k+1‘y) ’Up dk+17‘l’n( ‘d): )“”p,p c

n( ad)akb’) kvk—H bkﬂ'n(zl‘d)/ k+1) ]._.[l 1Nal 1(11[,0 I(al 1)(‘11 1))
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where |J|, s . is the Jacobian:

k+1 L
j=11=1 Pipl 1120

and we use the notation Ny (x;a,b) to denote the k—dimensional normal density evalu-
ated at x. We follow the accept/reject decision with a random permutation of the labels

of the parameters, to allow invariance of the kernel.

5.3 The Data

For this example we use 50 (simulated) data points at 10 loci. The data were originally
simulated from the package POPGEN and of size 200 data at 100 loci (and kindly
simulated by Dr. J. Marchini, University of Oxford). The (original) data were generated
so that there were 4 classes. We set kpax = 7 (as in prior simulations we rarely sampled

k> T7)and 0 = 1.

5.4 Interacting SMC Sampler

We ran 7 samplers for 600 time points. The temperatures increased uniformly from time
1 to 300 and then run on the target density. We stratified the space for 250 time points
(at which time we constructed our mixture approximation). The final 300 time points
were parallel MCMC sampling after the first time all samplers resampled (that is all the
weights are uniform after this point and thus there is no reason to resample). We used
systematic resampling with threshold half the sample size and ran each sampler with
1500 samples. For the approximation, we ordered on the first locus and allele.

Our choices are made for the following reasons (note that we do not claim any
optimality for this sampler).

The samplers need to be run for a substantial time to allow appropriate movement
around the state-space and to correct for the initial stratification. Another reason (for
the time specification) is the kernels cannot be expected to mix quickly (even using the
adaptive method). We ran parallel MCMC samplers, since for the adaptation procedure

to be effective, the samples need to be close to the correct target. We also, as stated
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above, want to correct for the stratification (which is more ‘sudden’ that for the previous
example) and allow the samplers to interact.

The choice of identifiability constraint was arbitrary and we found that if we changed
this, it seldom provided an improvement.

To improve the parallel MCMC run, we may use any of the strategies mentioned in

Jasra et al. (2005a), but have not done so.

5.5 Performance of Interacting SMC Sampler

The algorithm was run on a Pentium 4 3 Ghz machine and took approximately 3.5 hours
to run. The sampled k can be seen in Figure 3 and we can see that we have been able to
successfully represent most of the models in the state space. For a vanilla reversible jump
sampler (using jump A), we cannot correctly move around the space and even running
the sampler for a long time will not be as reliable as the results presented here. This is
because we have allowed interaction of the samples and parallel samplers.

To gauge the effectiveness of the adaptation method, we ran a reversible jump sampler
for 50000 iterations (on the target) with the adaptive move and found that the acceptance
rate for the birth of move A and B were 0.17% and 0.87% and the deaths were 0.21% and
1.3%, that is, the rate increases by about 8 times. Note this comparison used reversible
jump, since the initial stratification and tempering can lead to distorted acceptance rates.

We note that our sampler has only returned a posterior which favours three classes,
but due to the data reduction, there may not be enough signal in the data to suggest

fitting four components.

6 Discussion

In this article we have presented an interacting sequential Monte Carlo method. We
demonstrated that the method can significantly improve the performance of SMC sam-
plers for mixtures of distributions with an unknown number of components.

Our method relies upon an initial stratification and tempering by extending the space.

The choice of such stratification can be made based upon a pilot run of an SMC sampler.
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Figure 3: Sampled k& from the SMC sampler; population genetics example. We ran 7

samplers, each with 1500 samples for 600 timepoints.

Indeed, we recommend that our method is best used in the situation where the original
SMC sampler has not performed well (note that for our examples, without adaptation,
the method requires little extra coding effort). Our second example ran samplers on
each dimensionality, respectively, which solves the problem for small model spaces.

The example in Section 5 featured the use of adaptive methods. We believe that
this is preferable to single chain adaptive MCMC, for the following reason. Our method
effectively deals with the adaptation problem, that is, adaptive methods seek to find
kernels which mix well over the space, but in order to this, the initial kernel must mix
well over the space. Our approach uses, in the beginning, flat densities and population-
based methods (i.e. resampling) to allow reasonable movement around the space and
thus information to adapt the kernels.

We have noted that we combine particles from different state spaces, which are likely
to have different variances in terms of the importance weights. This can mean (and
we have observed this behaviour in simulations) that particles from certain regions are
lost due to the fact that they do not have high target density when compared to other
samplers. We recommended that the samplers are not combined until close to time ¢. A
more satisfactory approach may be to use different tempering strategies (that is different
for each sampler) so that samples have similar variance; it would be of interest to see if it
is possible to derive an optimal set of temperatures so that samplers have approximately

similar variance.
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One method, that could deal with the above concerns, could be to only combine
certain samplers. That is, to use instants n] < - -- < n; at which to combine the samples
between samplers (at time n) we have a single sampler). This approach would allow
local diversity and provide an interesting way to allow the samplers to interact, via the
selection step. From a theoretical point of view, it is clear that our convergence results

may be extended to this case.

We have demonstrated our method for trans-dimensional problems only. The reasons
for this are three-fold. Firstly, it is far easier to stratify the space for trans-dimensional
problems than for most general simulation scenarios. Secondly, trans-dimensional prob-
lems are those for which it is most straightforward to detect poor coverage of the state-
space. Lastly, trans-dimensional simulation is one of the most difficult problems in
statistical computation and is vital for most areas of modelling. One way to use our
methodology for fixed dimensional simulation would be to stratify the energy space (as
in Kou et al. (2005)) and to extend this. This approach would provide an interesting

area of future research.
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A  Proofs

Proof of Proposition 3.1. Consider #;(h):

t

() = /E ) [T W) P (o).

q=0
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Applying Fubini’s Theorem and integrating over the Dirac measures we obtain:

~ d7TzO " 7Tz,n X Li,n—l 2
’Yt(h) = A h(yi:m,t) H { / H ) (y;,n—la y;,n)) X
0:t :

=1 7Tz,n—1 X Ki,n)l

7Tn X Ln 1)2 / ’ K ,
H d 7Tn 1 X K ) (yi,n—la yz,n)) ]P)ni,o,t(dyi,O:t)
g=n*-+1

where IP’,IE o.t 18 the law of the inhomogeneous Markov chain:

n*—1 t
Py o i(dyiot) = mio(dyin){ H K (Yin—1,dyin) }H H Kn(Yin-1,dYin) }-
n=1 n=n*
Now, we have that for alli =1,...,m:
dﬂ"o n* d(ﬂ" x L; _1)2
]Pde‘. _ 7, ) 1,M i,m 1 Ui x
 (di0) dnio (yi0){ ql_[l d(Tin—1 X Kin) (vin—1, Y1)}

{ ﬁ d(ﬂ'n X Ln—1)2

15 Yin) PR (dys -
d(ﬂ-n—l X Kn)l(yz’n 17y1,,’n,)} 7]1,0( yz,Ot)

g=n*+1
where
t—1 n*—1
PL (dyiro) = mi(dyis){ H Lq(Yiq+1, dYig) }H{ H Liq(iq+1, dYig) }-
q=n* q=0

Therefore we can easily obtain:

:Y\t(h) - /“/h(yi:m,t)ﬂég)m(dyi:m,t)
t

from which we can derive the result. O

Proof of Lemma 3.2. Recall that:

m N
1
N _ ] A N
Nn (d.Tl:m) - |7| N_ Eﬁ 5 j (d.TZ’n) 0 < n < n

in

N

1 *
nr]y(dl’l:m) = NZéimn dZimm) n"+1<n<t+1.
We first prove a result related to functions of the form h(z1.,) = [[7%; hi(z:) hi €

By(T;: x T;+) for the L, distances between n,]L\C and 7,+, and then apply Minkowski’s
inequality so that the result applies for h € S,(E,=). The result will allow a simple

induction step in the proof of the Lemma.
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Suppose m = 1, then by Proposition 2.9 of Del Moral & Miclo (2000) (note the fact
that the measurable space changes in our context does not invalidate the application
of the Proposition - it is valid when the measurable space changes with time index) we

have:
N 1/ (p)
VNE[Hm,n* _ m,m(hl)!”] < hllc®

where the measure 771‘,]\; refers to the marginal for the i** Feynman-Kac particle approxi-

mation (resp. 7;, the n—time marginal). We thus conjecture that:

m m 1/p
(a3 VEE[|[[a% 0 - Tl H IR,

)

for some finite C,(f;n*

Assume the induction hypothesis (A.3) for m = s and consider m = s + 1:

V[l - e 1)) "

V—E[Hnm Hmn
= \/NIE[M?_@M hgy1) Hmn H"zn

1/p
H i n> 775+1 n* (h8+1) — Ns+1,n* (h8+1)] |P:|

8+1 s+1

< (TTHmalne) + Huhu )o, P
=1

where we have used Minkowski’s inequality, the mutual independence of the particle
systems and Proposition 2.9 of Del Moral & Miclo (2000), which completes the induction

proof with c®

W e =C® .

Now consider h € S,(E,+), we have for a given m:

l m

[!i (TT% ) =TT 0 ] < Wﬁ;\cjm[!;cjillnm*(m)—
f[m,n* (hi) ’p] v

(A.4) < o Z\CJ\HH%H
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To prove the Lemma, let n* +1 < n < ¢+ 1 and assume that (A.4) holds for time

n — 1. We conjecture that

1/p
\/NIE[Hn,]LV—nn](h)]p] < oY Z\CJ\HHhUH

)

for some finite C,(f:’n.

Now it is clear that by the Marcinkiewicz-Zygmund inequality (e.g. Shiryaev (1996))

that
1/p
VR [ - S ONF] < i,
We may apply Minkowski’s inequality to obtain:
1/p 1/p
VRE| i =l | < VAE[Y - e onml| +
1/p
(A5) VVE[[#12) - 20

To deal with the second term on the RHS of (A.5), we use Lemma 2.2 of Del Moral &

Miclo (2000), that is:

(Dn(nrjzv—l)(h) - (I)n(nn—l))](h) ! 1) ([777];[—1(Qn(h)) - nn—l(Qn(h))] +

M1 (Wn1)
(Dn(nrjzv—l)(h) [nn—l(Wn—l) - 777];[—1(Wn—1)}>
(recall Qn(zn—1,dzn) = Wn_1(zn—1)My(2n-1,dr,)) thus we have

20%) S e T (1 Win-a 1)
nn—l(Wn—l)

1/p
WE[H%WJ B ()| (B) !”] <

where we have used the fact that the potential functions are of product form (wrt particle

systems) as are the semigroups @,, and the induction hypothesis. As a result, we have:

1/p
VRE[lY - miaP] " < o) Z\cJ\HHhuH

which clearly ends the proof of the first part of the Lemma.
The second part of the Lemma is proved by considering the sets Ay = {Hnﬁl —
N (R)|” > (£)P/271=21 (N > 1,e > 0,p > 2(1 +¢)) and applying the first Borel-

Cantelli Lemma. O
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Proof of Proposition 3.3. We begin by proving that for any n* < n < t that 7,(Qy ¢11(h)) =
0 with A = h — s, 1(h); this will be useful later in the proof. Since 7,(1) = 1 we note

that

t

Mn(@n41)(h) = /E [HWq(ﬂfq)](h(ﬂ?m)—77t+1(h))19’no(d330:t+1)

q=0

— a(h /EM[HW g;q] (o)

= 0.

Our proof is constructed by proving a central limit theorem for the product measure
VNN (Qp+ ++1(h)) and then using this result as part of an inductive proof on the time
parameter. We prove the result for d = 1 only as extension to larger d may be achieved

via the Cramér-Wold device.

Let n = n* and arbitrary f;, g; € By(Tin—1 X Tin), hi = (fi, i) as a simple corollory

to Proposition 9.4.2 in Del Moral (2004) we have for each i =1,...,m

note that we have used the fact that v;,(1) = 1 Vi, n.

Since we are interested in a CLT for

1 m m m
m(a Z nﬁz(Qi,(n,t—&-l)(f)) H nﬁfn(Qj,(n,tH)(l)) — Neg1(h) Hni,n(Qi,(n,t+1)(1))>
i=1 j=1,j#i i=1
we consider the §—method with function:

m
FQm(ullau12a--~7umlaum2 = — E Uj1 H ;2 —77t+1 )HuiQ-
i=1,i#7 i=

As the particle systems are independent, application of the §—method results in
_ m
(A.6) VNI (Quesi(B)) = N (0,67, (h)
i=1

where an(h) = (i, i)' Qi Qs (n,t+1)(f, 1)) (i, B;) and we have dropped the superscripts

for notational convenience.
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Let n = n* 41, in order to prove a CLT for v NnN (Qp.¢+1(h)) we follow the approach

of Chopin (2004) Lemma A.1 and consider the characteristic function:
B | exp itV VI @uea®)]| = B[ E[expity N (@uesa(h) ~ Balu ) @ueea BN
exp{itVN[@n (17" 1)(Qn+1(R)]} |-

where we have denoted the o—algebra generated by the particles at time n — 1 as .7-",]LV_ 1-

Consider

\/—nn 1( n—1Mny, (Qnt+1( )
nn—l(Wn—l) .

By assumption W;,_1(21.m.,) > 0 and since g(y) = 1/y is continuous for y € Rt we have

VN (@ (1) (Qnes1(R) =

by Lemma 3.2:

1
nrjzv—l(Wn—l)

where —,, denotes convergence in probability. By the result (A.6) and using the corollary

—p 1

to Slutsky’s theorem we obtain:

\/—nn 1 (W1 M, (Qnt+1( )
nn—l(Wn—l) Zezn !

where we have used the semigroup property of Qp, ¢+1.

Additionally, conditional on F2 ;, we have that

1

\/—N(Qn,t-f—l(i_l)(g{:m,n) — ®, (7 1) (Qni41(h)))

forms a triangular array, with N i.i.d elements and satisfies the Lindeberg condition (see

Del Moral (2004) p. 294) thus applying the CLT for triangular arrays we yield:
VN 1Y (Qni+1(R) = @0 1) (Qnir1(h)) = N(0,70(Qn41(R)%))
where we have used
A E{(@Qna1(h) = () [@uas (DAIFLL] 0 n(@nara(R)°)

via Lemma 3.2 and clearly Qy,¢+1(h) € Sp(E,) (where —, 5 denotes almost sure conver-

gence). Application of Theorem 25.12 in Billingsley (1995) yields:

Jim E| exp{itV'N (i (h) —mn(h)}| = exp{ £ [0(Qnes1() +29m 1(h)]/2}
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and thus VN7 (Qnet1(R) = N (0,00(Qni+1(h)?) + X1 Oin-1(h)).

We now propose the induction hypothesis:
(A7) VNI (@uea(R) = N(0,0n(h)).

forn*+2<n<t+1and f € S(E,).
Following the above arguments for characteristic functions and applying the induction

hypothesis (A.7) yields that the asymptotic variance is:
On(h) = On_1(h)+ 77n(Qn,t+1(B)2)
which completes the proof. ]

Proof of Theorem 3.4. We first consider n = 0 and assume 2 < ¢ < N (the proof for

g = 1is trivial) with f € By(E{) and note that by Proposition 8.6.1 of Del Moral (2004):

E[m)(5) = ng (5] = BT R —ng (1)

where
1
oaeMy = ™, > Ogo)  eo@
oze(qN ‘
( ) (Ve 5
RY = 2954, + it B

where (N)y, = N!/(N —q)!, (¢, N) is the set of all one-to-one mappings of {1, ..., ¢} into
{1,...,N} and « is such a mapping, R(q) : zO X T — [0, 1] is a Markov kernel (see
Del Moral (2004) p. 289 for details) and Id; is the identity operator on ng .

Now we have that for any f € By(E{):

m

E(J]°™MNH = ngU(s)

i=1
since the product measure in the expectation operates on seperate parts of the function.

Therefore:

E[md)21(f) —n$" (D] = ([ RY - 1))

=1
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where Id is the identity operator on EJ. Note that:
iﬁlegl? —Id = ﬁl <(]J\\//:3q[di + (1 - %_}f)fgg@) —Id
_ [ﬁl (%—quﬁ (1 - %)E%)) - (%—Z")mm] - (1 _ <(]J\\//:3q>m)1d
- (- () )l
where Eg\?) is a Markov kernel:

- (- (50 T e (- 5200) - (3]

As a result:

Bl -l = (1= () ) (R - ra)

/AN
N
—
|
N

—~
=213
I Q

=]
N~
3
N~
=
°®

)
~

m/-\
S
)
~
P
°®

)
—~
=
=

/AN
N
|
N
2‘2
Q| ~—
e}
~

3
~
o
w0
2
=

Since (1 — (N)4/N?) < ¢*/N, elementary manipulations yield:

(A3) o)) )| < 2L

We will also require a bound on E[((ny")®(f) — n(()g)q(f))Q]. This is obtained via:

E[((mo)®U(f) = ng X (£))?] = E[(m)®Uf)* = ng*(£)?] -
2 [(10)®U(£)ng 1 (f) — g (£)?].

Now

B[ 2(F)% = nU()?]| = \E[(név)®(q’2)(f(2))—m?(q’m(f”))]\
_ 2m(20)%1f]?
= N

where n®(@2) = p®1 x n®1, f2) — f @ f and we have used the result (A.8) (note the

inequality holds for any q as |E[(n))®9(f) — n?q(f)]\ < osc(f)). Thus

(19) )20 - (%) <« SR
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Now consider the time point n =1, f € By(E])

E[nM)®(f) =0l = |+ I
L= E[m)®(f) — &2 (n)®)(f)]

L = E[@P(m)%)(f) —ndU(f)]

where & P(E!_|) — P(E}) is the semigroup:

(a)
(ng) f) = wQn’ (f))
() (f) 09 (1))

where p € P(E]L_)).

Firstly, considering I:

1L < E[E[mM)®(f) — &9 (nd) =) (HIF] ]

2mg’| |||

<
N

recall .7-"0N is the o —algebra generated by f(()N) and we can argue in an analogous manner
to (A.8).
Secondly, for I, applying Lemma 2.2 of Del Moral & Miclo (2000) we have:
1
®
"o q(Wéq))

B2 ((0d)20) (f) (0 (W) — () 2I W) |

E[(nd)2UQ0 (1)) — nd(@W(£))]] +

o] <

By (A.8) we obtain:

E[(nd)21(QP (1)) — n$@QW (]l < DYh(a N 1))

where we have denoted the bound on [E[((n2)®4(f) — ngq(f))p]\ as D#Z’)n(q, N, fID-

Applying Holder’s inequality we have:
B[ ((nd)2) (£) WD) — ) =AW < B[P ()29 ()] x

E[(ng* (W) — () 2 (W i))?)?

< FIE[(mPUWED) = i) =awi™))*] M.



37

We thus have:

2ma?||f]] 1
N e
1£11(DLy(a, N, WD) )

DY (g, N, [|£1]) [DY(a, N 11QV(H)I]) +

and arguing as for (A.9)
2 1 1
D@ (g, N, |Ifl) = DW,2q, N, |I£11%) + 201 /11D, (a, N, [I£1D).

Since the proof used for n = 1 will apply for any 1 < n < n* we thus define the
recursion for Dg,)n, Dg)n in the statement of the proof (i.e. by induction).

To obtain the bound on the total variation distance, we note:

N ® ®
l £10 [g+1] neallov = £ SUE[O . Upno [t+1](f) =11 (f)]-
t+1 )

Now

PO L) =nEA AL < P () = B[RS N] |+ B[R D®UA)] = i ()]

< R[] - nEA ()

where we have used part of the proof of Theorem 8.3.3 of Del Moral (2004).
In order to complete the proof, note that since m = 1 when n = n* + 1 (immediately

after mutation) we have

2¢* 1
D (@ N If]]) = %+W[Dfi?n*<q, N QI +
A1(DS (a0, N, W 21D) 2]

2 1 1
DP (@ N Ifl) = DU i(2¢,N,||f]] >+2\\qu§ Y@ NI

and similar definitions for recursions (i.e. as in the statement of the proof) when n >

n* 4+ 1. Thus we have that:

E[nN)2()] -0 () < DYL(a, NI

24> 1 a ( (2 ( 1/2
< WJFW[DJ((;,N,HW#)HH(Dl,g(q,N,HWtq)H)) ]

where we have used ||f|| < 1 and that Dglt) 41 is non-decreasing function in terms of the

norm.
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Due to the above arguments:

1
(D) (g, N, ||W2)) +

P& ®
PO - (D) < M T

(D& (g, N, W2 )) )

since the construction is true for any f € By(E{, ;) with ||f|| < 1 we have:

p(N:0) ®q (¢—1)?*  2¢° 1 (1) (q)
1P M0, [t+1] —eallrv < N +W+ 2q 7@ [Dl,t(Q7N7HWt )+
ng (W)
2 1/2
(D& (@, N W 21D) ]
as required. O
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Algorithm 2.1 Interacting Sequential Monte Carlo Sampler.
1. (INITIALIZATION)

e Setn=0.

e Fort=1,....m,j=1,...,N draw{z{owmﬁo.

o Set
j 77‘,0(5?0)
wio(&] ) oc ==
77z‘,0(§z‘,0)

Iterate steps 2. and 3.

2.(SELECTION)
e Fori=1,...,m.

-1
o If ([ZJ wi,n(égm)Q]/[Zl wi,n(éé:n)f) < L (for some threshold L), resample the

particles for sampler i and set all weights equal to 1.

3.(MUTATION)
e Setn=n+1, if n=n" go to 4.
o Fori=1,...,m j=1,...,Ndraw &, ~ Kin(&], 1,°).

e Reweight

J
j Vi 7,0:n
Wi,n(fi(o:n)) = j n(é - )j J
Vin—1 (5i,0:n—1)Ki,n(fi,n—1a 5z‘,n)

wi,n( zq,O:n) X wi,n—l(ég,O:n—l)Wi,n(gz{O:n)'

4.(SINGLE SAMPLER)

e Sample all particles with the same Markov kernel, reweight and then resample (for

each sampler). Sample all particles from kernel K p«1.

e Form new particles & . 1 = (§] 1> Epn41)-

e Continue with a single SMC sampler targeting the appropriate densities.




