5Oȷ +A ßȷ N+5, WΠ ` Σv, 5WΣΠ WΠ6, +, Πß, G AO, ȷ +v ΣΠ# ¨ , AOȷ # 5G ¸ Σ+A WWW , j Σ¨ ¸ w, 5G Πȷ +¨ Σw¨ ȷ # , w5c +, B+, 55Wȷ Π ¨ ȷ # , w5 AO, k Σw¨ ΣΠ 6WwA, + ΣΠ# ` Σv, 5WΣΠ 5AΣA, 5¸ Σß, ¨ ȷ # , w5

$ ΥXY$ Υ ¸ 7C. œ Q. Σ 7

cΛ,+ 4hh4

ll

ß L?— i ?— t

4 H[ DP S OH 41 Ed— hvldq Whvwlqj ir u Qr up doGdwd 4 414 FodvvlfdoWz r Vdp soh Whvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 41414 Sdudp hwulf Whvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 415 Ed— hvldq Wz r Vdp soh Whvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5 41514 Ed— hvldq Sdudp hwulf Whvwv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5 41515 Ed— hvldq Vlp xodwlrq0edvhg SrvwhulruLqihuhqfh1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7

5 H[ DP S OH 5= D vlp s oh j hqhudol˝hg0olqhdu p r gho 8 514 Elqdu— Uhj uhvvlrq=R0ulqj I dloxuh gdwd 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8 515 Olnholkrrg dvvxp swlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8 516 SrvwhulruDqdo— vlvyld Vlp xodwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9

6 H[ DP S OH 6= Wkh Qr up doOlqhdu Uhj uhvvlr q P r gho ¡ 614 Ed— hvldq Lqihuhqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ¡

7 Vwdwh Vs dfh P r ghoolqj 44 71314 I lowhulqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44 71315 J dxvvldq P rghov=Wkh Ndop dq I lowhu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45

8 Vwr fkdvwlf Yr odwlolw— = Lqwur gxfwlr q dqg P r ghoI r up xodwlr q 48 814 Olnholkrrg fdofxodwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48 81414 Sulruvshflfflfdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48 815 P dunry Fkdlq P rqwh Fduor=ixoofrqglwlrqdoglvwulexwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49 816 Glvfuhwh wlp h FkdqjhsrlqwVY P rghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4: 817 Yduldeoh Glp hqvlrq P rghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4; 818 J DUFK+4/4,=Lqwurgxfwlrq dqg P rghoI rup xodwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54 81814 Olnholkrrg fdofxodwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54 81815 Sulruvshflfflfdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55 81816 P dunry Fkdlq P rqwh Fduor=ixoofrqglwlrqdoglvwulexwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55 819 W0J DUFK+4/4,=Lqwurgxfwlrq dqg P rghoI rup xodwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56 81914 Olnholkrrg fdofxodwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56 81915 Sulruvshflfflfdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56 81916 P dunry Fkdlq P rqwh Fduor=ixoofrqglwlrqdoglvwulexwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57 81: Dsshqgl– 4= I xoofrqglwlrqdovlq wkh vwdqgdug VY p rgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 58 81; Dsshqgl– 5= Uhsdudp hwhul˝dwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5; 81¡ Dsshqgl– 6= OrfdoP hwursrolv p ryhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63 8143 Dsshqgl– 7= Dowhuqdwlyh Yduldeoh Glp hqvlrq doj rulwkp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 64 8144 Dsshqgl– 8= I xoofrqglwlrqdoviruJ DUFK dqg W0J DUFK 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66

lll

ly FRQWHQWV

ß Ξ@T— i h � , j Σ ¨ ¸ w, �˘ ` @) i tı@? Ai t— ı?˝ uLh Π Lh4 @*# @— @

�˘� ß *@ttıU@*A¯ L 5@4 T*i Ai t— t

Wkh p dmrulw— ri vwdwlvwlfdodqdo— vhv ri p lfurduud— gdwd wkdwfrqfhqwudwh rq ghwhfwlqj glffihuhqfhv lq jhqh h–suhvvlrq xwlol˝h d sdudp hwulf k— srwkhvlvwhvwlqj iudp hz run/ dqg whvwrqo— irud glffihuhqfh lq p hdq ohyholq wkh wz r vdp sohv1 Lq wklv vhfwlrq z h ehjlq e— ghvfulelqj wkh vwdqgdug whvwv dqg vrp h jhqhudol˝dwlrqv/ exw wkhq orrn dwqrq0sdudp hwulf dowhuqdwlyhv1 I ruqrwdwlrqdovlp solflw— / z h vxssuhvvghshqghqfh rq j hqh lqgh– mdqg frqvlghu wkh wz r vdp sohv +ȷ_{44}>///>ȷ_{4q 4} , dqg +ȷ_{54}>///>ȷ_{5q 5} , z lwk vxp p du— vwdwlvwlfv wkh vdp soh p hdqv ȷ_4 dqg ȷ_5 dqg vdp soh yduldqfhvv^5_4 dqg v^5 z khuh

v^5_l @ 4 q_l ∗ 4 q_l⋃

m@4 +ȷ_{lm}∗ ȷ_l,^5

�˘�˘� ¸ @h@4 i — hıUAi t— t

Wkhvlp sohvwfodvvlfdowz r vdp sohwhvwlvwkhwz r vdp s oh w0whvwxqghuwkhdvvxp swlrq ri ht xdos r s xodwlr q yduldqfhv dqg wz r qrup doo— glvwulexwhg srsxodwlrqv/ lq z klfk wkh whvwvwdwlvwlf/ w^{+4,} / lv ghfflqhg dv

w^{+4,} @ ȷ_4 ∗ ȷ_5 v_S 4 q_4 . 4 q_5

+414,

z khuh v^5_S lv wkh srrohg vdp soh yduldqfh

v^5_S @ 4 q_4 . q_5 ∗ 5 ⌋ +q_4 ∗ 4, v^5_4 . +q_5 ∗ 4, v^5 ⌈ / Xqghuwkhqxook— srwkhvlvri ht xdop hdqvlq wkhwz r srsxodwlrqv/ wkhwhvwvwdwlvwlf kdvd Vwxghqwwglvwulexwlrq z lwk q_4 . q_5 ∗ 5 ghj uhhvri iuhhgrp 1 Qdwxudoo— / p xfk dwwhqwlrq kdvehhq sdlg wr wklvwhvwdvlwfdswxuhvwkh lghd ri d vwdqgdugl˝hg glffihuhqfh lq p hdqvp hdvxuh/ dqg lv yhu— vwudlj kwiruz dug wr frp sxwh11 D qdwxudoh–whqvlrq wr wkh vlp soh wz r vdp soh w0whvwlvwr doorz iruglffihuhqfhv lq s r s xodwlr q yduldqfh exwuhwdlqvwkh qrup dolw— dvvxp swlrq1 I ruwklvwhvw/ wkh whvwvwdwlvwlf w^{+5,} lvxvhg/ z khuh

w^{+5,} @ ȷ_4 ∗ ȷ_5

v^5_4 q_4 . v^5 q_5

+415,

z klfk lvdj dlq d vwdqgdugl˝hg glffihuhqfhlq p hdqvexwz lwk d glffihuhqfhdssurdfk wr vwdqgdugl˝dwlrq frp sduhg wr +414,1 Xqghu wkh qxooglvwulexwlrq ri qr glffihuhqfh lq p hdqv lq wkh wz r srsxodwlrqv/ wkh glvwulexwlrq ri

wkh whvwvwdwlvwlf lv qrwdydlodeoh lq forvhg irup / exwlv/ yld Vdwwhuwkz dlwh*v dssur–lp dwlrq/ dssur–lp dwho—

Vwxghqw0wglvwulexwhg z lwk ] v_5^4 q^4 . v_5 q^5

⌊^5 v_5^4∂q^4 q^4 ∗ 4 . v_5∂q^5 q^5 ∗ 4 ghj uhhvri iuhhgrp 1Li wklvt xdqwlw— lvodujhhqrxj k/ d qrup dodssur–lp dwlrq p d— ehxvhg¿wklvdssurdfk fdq dovr eh mxvwlfflhg iurp d olnholkrrg0udwlr whvwshuvshfwlyh Dowhuqdwho— / wkh Frfkudq dqg Fr– dssur–lp dwlrq frp sxwhvdq dssur–lp dwh s0ydoxh iru wkh whvwyld wkh t xdqwlw— v_5^4 q^4

f^4 .

v_5 q^5

f^5 v_5^4 q^4 . v_5 q^5 z khuh f^4 dqg f^5 duh wkhfulwlfdoydoxhvdwvljqlfflfdqfh ohyhos ri wkh w0whvwvdvvxp lqj q^4 ∗ 4 dqg q^5 ∗ 4 ghj uhhv ri iuhhgrp uhvshfwlyho— 1 Lq dgglwlrq/ iru frp sohwhqhvv/ dq I 0whvwiru ht xdolw— ri srsxodwlrq yduldqfhv p d— eh fduulhg rxw1

�˘2 ` @) i tı@? A¯ L 5@4 T*i Ai t— t

Wkh Ed— hvldq dssurdfk wr wz r vdp soh whvwlqj fhqwuhv rq wkh srvwhulru suredelolw— ri wkh wz r glvwulexwlrq k— srwkhvlv/ lq vrp h p dqlihvwdwlrq/ lq frp sdulvrq wr wkh vlqjoh glvwulexwlrq dowhuqdwlyh1 Wkh fdqrqlfdo

Ed— hvldq fdofxodwlrq lq d wz r vdp soh whvwlqj vlwxdwlrq frp sduhv wkh srvwhulru suredelolwlhv dv iroorz v¿li

P^3 dqg P^4 uhsuhvhqwwkh qxoodqg dowhuqdwlyh p rghov +wkdwlv/ rqh srsxodwlrq dqg wz r srsxodwlrq p rghov, uhvshfwlyho— / wkhq wkh srvwhulrusuredelolw— ri P^3 lq oljkwri wkh gdwd lvj lyhq e— τ^{P ⇕♮} +P^3⇕ȷ^4>ȷ^5, @ i^{♮ ⇕P} +ȷ^4>ȷ^5⇕P^3, τ +P^3, i^{♮ ⇕P} +ȷ^4>ȷ^5⇕P^3, τ +P^3, . i^{♮ ⇕P} +ȷ^4>ȷ^5⇕P^4, τ +P^4, +416,

Yduldwlrqvrq +416, wkdwduh riwhq xvhg duh wkh srvwhulru rggvudwlr τ +P^3⇕ȷ^4>ȷ^5,

4∗ τ +P^3⇕ȷ^4>ȷ^5, +417, dqg wkh Ed— hvI dfwruru p dujlqdoolnholkrrg udwlr i^{♮ ⇕P} +ȷ^4>ȷ^5⇕P^3, i^{♮ ⇕P} +ȷ^4>ȷ^5⇕P^4, / +418,

Lq d sdudp hwulf frqwh–w/ z khuhP^3 dqg P^4 duhsdudp hwhul˝hg yld sdudp hwhuvλ^3 dqg λ^4 uhvshfwlyho— / lwlvdovr srvvleoh wr irup xodwh wkh Ed— hvldq vlj qlfflfdqfh whvwv lq whup v ri srvwhulru t xdqwlwlhv ri lqwhuhvw+p rp hqwv/ t xdqwlohv/ fuhgleoh lqwhuydov,1 Lq idfw/ lwwudqvsluhv wkdwz h fdq p lp lf wkh w— shv ri whvwghvfulehg lq wkh vhfwlrq 414 z lwklq d ixoo— Ed— hvldq frqwh–w1 Z h djdlq vwxg— erwk sdudp hwulf dqg qrq0sdudp hwulf whvwv1

�˘2˘� ` @) i tı@? ¸ @h@4 i — hıUAi t— t

Wkh p rvwfrp p rq sdudp hwulf whvwv duh edvhg rq wkh qrup doglvwulexwlrq1 Lq wkh deryh qrwdwlrq/ li z h ohw λ^3 @ ] π>ϕ_5 ⌊ dqg λ^4 @ ] π^4>ϕ_5^4>π^5>ϕ_5 ⌊ wkhq wkh olnholkrrgviruwkh wz r p rghov+frqglwlrqdorq λ^3 dqg λ^4, duh i^{♮ ⇕λ>P} +ȷ^4>ȷ^5¿λ^3>P^3, @ ] 4 5τϕ_5 ⌊^{q∂5} h–s ⟩ ∗ 4 5ϕ_5 5⋃ l@4 q^l⋃ m@4 +ȷ^{lm}∗ π,_5 / i^{♮ ⇕λ>P} +ȷ^4>ȷ^5¿λ^4>P^4, @ ] 4 5τϕ_5^4

⌊^{q 4 ∂5} ] 4 5τϕ_5

⌊^{q 5 ∂5} h–s ⟩ ∗ 4 5ϕ_5^4 q^l⋃ m@4 +ȷ^{4m}∗ π^4,_5 ∗ 4 5ϕ_5

q^5⋃ m@4 +ȷ^{5m}∗ π^5,_5 /

+419,

4151 ED“ HVLDQ WZ R VDP SOH WHVWV 6

Wkh qh–wvwdjh lq wkh Ed— hv frp sxwdwlrq lv wr vshfli— sulru glvwulexwlrqv iru λ_3 dqg λ_4¿ rq wkh vxuidfh lw z rxog eh xvhixowr eh deoh wr p dnh ydj xh sulruvshflfflfdwlrqv/ exwfduh p xvweh wdnhq lq wklvfdvh/ rwkhuz lvh/ iruh–dp sohwkhEd— hvidfwrulq +418, lvlqghwhup lqdwh1 I ruwkhp rp hqwz hvshfli— frqmxj dwhQrup do2Lqyhuvh J dp p d sulruv

τ ] π>ϕ^5 ⌊ @τ ] π⇕ϕ^5 ⌊ τ ] ϕ^5 ⌊ @ ] 4 5τξϕ^5 ⌊_{4∂5} h–s ⟩ ∗ 4 5ξϕ^5 +π ∗ ω ,^5 / ] ϵ 5 ⌊_{δ ∂5}

Λ )δ 5 [ ] 4 ϕ^5 ⌊ δ 5^{. 4} h–s ⟩ ∗ ϵ 5ϕ^5 /

z lwk lqghshqghqwsulruv iruwkh wz r srsxodwlrq vlwxdwlrq τ +π_l>ϕ_l, @τ ] π_l⇕ϕ^5_l ⌊ τ ] ϕ^5_l ⌊

@ ] 4 5τξ_lϕ^5_l ⌊_{4∂5} h–s ⟩ ∗ 4 5ξ_lϕ^5_l

+π ∗ ω_l,^5 / ϵ_l 5 ⟨ δ ∂5

Λ ] δ_l 5 ⌊ ] 4 ϕ^5_l ⌊ δ^l 5^{. 4} h–s ⟩ ∗ ϵ_l 5ϕ^5_l / l @4>5

uhvshfwlyho— / z lwk k— shusdudp hwhuv ϑ wr eh vshflfflhg1 Z h ghvfuleh p hwkrgv iru dssursuldwh fkrlfh ri wkh k— shusdudp hwhuvlq Vhfwlrq BB1

Z lwk wklvp rghovshflfflfdwlrq/ urxwlqh fdofxodwlrqvjlyh wkdwwkh srvwhulruglvwulexwlrqviruwkh xqnqrz q sdudp hwhuv duh dydlodeoh lq forvhg irup τ_{λ⇕♮ >P} ] π⇕ȷ_4>ȷ_5>ϕ^5>⇀ ⌊ ≤ Q ] qξȷ . ω qξ . 4 > ξϕ^5 qξ . 4 ⌊

τ_{λ⇕♮ >P} ] ϕ^5⇕ȷ_4>ȷ_5>⇀ ⌊ ≤ LJ dp p d ] q . δ 5 > 4 5 ⌋ +q ∗ 4, v^5 . q qξ . 4 +ȷ ∗ ω ,^5 . ϵ ⌈⌊

j lylqj/ p dujlqdoo— / d Vwxghqw0wglvwulexwlrq iruπ/ dqg z lwk dssursuldwh vxevfulswvdgghg iruwkh sdudp hwhuv lq wkh wz r srsxodwlrq vlwxdwlrq1 I xuwkhu/ wkh p duj lqdoolnholkrrgv/ rewdlqhg dv

i_{♮ ⇕P} +ȷ_4>ȷ_5⇕P_3, @ ⊎ i_{♮ ⇕λ>P} ] ȷ_4>ȷ_5¿π>ϕ^5>P_3 ⌊ τ ] π⇕ϕ^5 ⌊ τ ] ϕ^5 ⌊ gπgϕ^5 +41: ,

iruP_3 dqg

i_{♮ ⇕P} +ȷ_4>ȷ_5⇕P_4, @i_{♮ ⇕P} +ȷ_4⇕P_4, i_{♮ ⇕P} +ȷ_5⇕P_4,

iruP_4 duh j lyhq e—

i_{♮ ⇕P} +ȷ_4>ȷ_5⇕P_3, @ ] 4 τ ⌊_{q∂5} ] 4 qξ . 4 ⌊_{4∂5} ϵ^{δ ∂5} Λ ] q . δ 5 ⌊

Λ )δ 5 [ ⟩ +q ∗ 4, v^5 . q qξ . 4 +ȷ ∗ ω ,^5 . ϵ /_{∗ +q. δ ,∂5}

+41; ,

dqg khqfh wkh p duj lqdoolnholkrrg udwlr lv

i_{♮ ⇕P} +ȷ_4>ȷ_5⇕P_3, i_{♮ ⇕P} +ȷ_4>ȷ_5⇕P_4, @ f_4f_5 f j_4+ȷ_4,j_5+ȷ_5,

j +ȷ_4>ȷ_5,

+41¡,

z khuh

f @ ] 4 qξ . 4 ⌊_{4∂5} ϵ^{δ ∂5} Λ ] q . δ 5 ⌊

Λ )δ 5 [ j +ȷ , @ ⟩ +q ∗ 4, v^5 . q qξ . 4 +ȷ ∗ ω ,^5 . ϵ

/_{+q. δ ,∂5}

z lwk ht xlydohqwghfflqlwlrqviruf^l dqg j^l irul @4>51

Dv lq Vhfwlrq 414/ lwlv srvvleoh wr p dnh d vlp soli— lqj dvvxp swlrq ri d frp p rq yduldqfh lq wkh wz r srsxodwlrqv1 Lq wklv fdvh/ wkh srvwhulru glvwulexwlrqv ri π^4 dqg π^5 duh lqghshqghqwqrup doglvwulexwlrqv frqglwlrqdorq ϕ_5/ dqg τ^{λ⇕♮ >P} ] ϕ_5⇕ȷ^4>ȷ^5>⇀>P^4 ⌊ ≤ LJ dp p d ] q^4 . q^5 . δ 5 > 4 5 ⌋ +q^4 . q^5 ∗ 5, v_5^S . 5⋃ l@4 q^l q^lξ^l . 4

+ȷ^l ∗ ω^l,_5 . ϵ ⌈⌊ z lwk d fruuhvsrqglqj p rglfflhg p duj lqdoolnholkrrg udwlr1

�˘2˘2 ` @) i tı@? 5ı4 Λ*@— ıL?´M@ti ˙ ¸ Lt— i hıLh W?ui hi ?Ui

I ru wkh frp sdulvrq ri j hqh h–suhvvlrq lq wz r vdp sohv/ srvwhulru vxp p dulhv iru wkh wz r vhwv ri srsxodwlrq sdudp hwhuv/ ruwkh p dujlqdoolnholkrrg udwlr lq +41:, fdq eh xvhg1 I rud gluhfwfrp sdulvrq z lwk wz r vdp soh whvwv/ frqvlghu/ iruh–dp soh/ wkh p dujlqdosrvwhulruglvwulexwlrq ri sdudp hwhuη @π^4 ∗ π^5 wkdwlv τ^{λ⇕♮ >P} +η⇕ȷ^4>ȷ^5>⇀>P^4, / +4143,

Qrz / wklv p dujlqdosrvwhulru lv qrwdydlodeoh uhdglo— lq forvhg irup / exwfdq eh vdp sohg urxwlqho— ehfdxvh wkh mrlqwsrvwhulru glvwulexwlrq τ^{λ⇕♮ >P} ] π^4>ϕ_5^4>π^5>ϕ_5⇕ȷ^4>ȷ^5>⇀>P^4 ⌊ dqg τ^{λ⇕♮ >P} ] π^4>π^5>ϕ_5⇕ȷ^4>ȷ^5>⇀>P^4 ⌊ fdq eh vdp sohg gluhfwo— e— vwdqgdug p hwkrgv1 Wkxv z h p d— dfklhyh ixoo/ vlp xodwlrq0edvhg Ed— hvldq lqihuhqfh1

Qrwh wkdw/ lq d srvwhulru lqihuhqfh udwkhu wkdq p rghofrp sdulvrq sureohp / d qrq0lqirup dwlyh dqg lp 0 surshu sulruvshflfflfdwlrq/ vxfk dv Mhffiuh— v*sulru τ +π^l>ϕ^l, ∈ 4 ϕ^l ru τ +π^4>π^5>ϕ, ∈ 4 ϕ fdq eh xvhg/ ohdglqj wr d mrlqwsrvwhulruz khuh τ^{λ⇕♮ >P} ] π^l⇕ȷ^l>ϕ_5^l ⌊ ≤ Q ] ȷ^l> ϕ_5^l q^l ⌊ l @4>5 τ^{λ⇕♮ >P} ] ϕ_5⇕ȷ^4>ȷ^5 ⌊ ≤ LJ dp p d ] q . 4 5 > +q^l ∗ 4, v_5^l 5 ⌊ +4144, iruglffihuhqwsrsxodwlrq yduldqfhvdqg τ^{λ⇕♮ >P} ] π^l⇕ȷ^l>ϕ_5 ⌊ ≤ Q ] ȷ^l> ϕ_5 q^4 . q^5 ⌊ l @4>5 τ^{λ⇕♮ >P} ] ϕ_5⇕ȷ^4>ȷ^5 ⌊ ≤ LJ dp p d ] q^4 . q^5 . 4 5 > +q^4 . q^5 ∗ 5, v_5^S 5 ⌊ +4145, iru d frp p rq srsxodwlrq yduldqfh1 Khqfh/ iru d vlp xodwlrq edvhg wz r0vdp soh whvw/ z h p d— surfhhg e— vlp xodwlqj d odujh qxp ehu ri yduldwhv yld hlwkhu +4144, ru +4145,/ irup lqj d fruuhvsrqglqj vdp soh iurp τ^{λ⇕♮ >P} +η⇕ȷ^4>ȷ^5>⇀>P^4, >dqg dvvhvvlqj d wkh vxssruwiruwkh p rghoη @π^4 ∗ π^5 @3 e— p hdqvri d ˙Ed— hvldq s0ydoxh%ruvdp soh srvwhulrufuhgleoh lqwhuydofdofxodwlrq1

9 FKDSWHU 51 H[ DP SOH 5=D VLP SOH J HQHUDOL] HG0OLQHDU P RGHO

b0

b1

3.0 3.5 4.0 4.5 5.0

-0 .1 4 -0 .1 2 -0 .1 0 -0 .0 8 -0 .0 6 -86-85-84-83-82-81

-80-79-78-77-76

-75-74-73-72-71

-70-69-68-67-66

-65-64-63-62

-61-60-59-58

-57-56-55-54

-53-52-51

-50-49-48-47

-46-45-44

-43-42-41

-40-39

-38

-38

-37

-37

-36

-36

-35

-35

-34

-34

-33

-33

-32

-32

-31

-31

-30

-30

-29

-29

-28

-28

-27

-27

-26

-26

-25

-25

-24

-24

-23

-23

-22 -22

Log-Likelihood

I lj xuh 514=R0ulqj Gdwd=Orj 0olnholkrrg ixqfwlrq

Wklv lv dq h–dp soh ri d J hqhudol˝hg Olqhdu P r gho1 Wkh wz r sdudp hwhuv +ϵ^3>ϵ^4, duh wkh fhqwuh ri lqihuhqwldolqwhuhvw= vshflfflfdoo— li z h fdq ghgxfh wkdwϵ^4 lv qhj dwlyh wkdq ˝hur wkhq z h frqfoxgh wkdwwkhuh lvd whqghqf— iru lqfuhdvhv lq whp shudwxuh wr ghfuhdvh idloxuh suredelolw— 1

Wkh uhvxowlqj olnholkrrg ixqfwlrq iurp +514, dqg +515, lv i^{♮ ⇕λ}+ȷ ¿ϵ^3>ϵ^4, @ q⋂ l@4 i^{♮ ⇕λ}+ȷ^l¿ϵ^3>ϵ^4, @ q⋂ l@4 ] q^l ȷ^l ⌊ ⟩ h–s ⟩ ϵ^3 . ϵ^4ı^l|

4. h–s ⟩ϵ^3 . ϵ^4ı^l| /^{ȷ l} ⟩ 4∗ h–s ⟩ ϵ^3 . ϵ^4ı^l|

4. h–s ⟩ϵ^3 . ϵ^4ı^l| /^{q l ∗ ȷ l}

+516,

I ru wkh gdwd deryh/ d frqwrxusorwri wkh +orj , olnholkrrg ixqfwlrq iru d j ulg ri ydoxhv ri +ϵ^3>ϵ^4, fdq eh rewdlqhg1

2˘fi ¸ Lt— i hıLh Σ ?@*) tıt fflı@5ı4 Λ*@— ıL?

Xqghu d qrq0lqirup dwlyh sulru τ+ϵ^3>ϵ^4, ⋐ frqvwdqw wkhmrlqwsrvwhulruτ^{λ⇕♮} +ϵ^3>ϵ^4⇕ȷ , lvsursruwlrqdowr +516,1 Dqdo— wlf lqihuhqfhlvqrwdydlodeoh/ exwvlp xodwlrq0 edvhg lqihuhqfh yld P dunry fkdlq P rqwh Fduor +P FP F, fdq eh rewdlqhg urxwlqho— 1

Wkh P hwur s r olv0Kdvwlqj v dojrulwkp / xvlqj wkh dffhswdqfh suredelolw— lq d sursrvhg p ryh iurp λ_{r og} wr λ_{qhz} δ+ı>ȷ , @p lq ⟩ 4> τ+λ_{qhz} , τ+λ_{rog}, t+λ_{qhz} >λ_{r og}, t+λ_{r og}>λ_{qhz} , / iruvrp h wudqvlwlr q ghqvlw— t/ fdq eh xvhg/ hlwkhurq wkh mrlqwsrvwhulruruz lwklq d J leevvdp sohufrqwh–w τ^{λ3 ⇕♮} >^{λ4} +ϵ^3⇕ȷ >ϵ^4, ⋐ i^{♮ ⇕λ}+ȷ ¿ϵ^3>ϵ^4, ϵ^3 ▽ U τ^{λ4 ⇕♮} >^{λ3} +ϵ^4⇕ȷ >ϵ^3, ⋐ i^{♮ ⇕λ}+ȷ ¿ϵ^3>ϵ^4, ϵ^4 ▽ U

5161 SRVWHULRU DQDO“ VLVYLD VLP XODWLRQ :

b0 b1

-2 0 2 4 6 8 -0 .2

-0 .1

0. 0

0. 1

0. 2

I lj xuh 515=P hwursrolv0z lwklq0J leevdojrulwkp iruwkh R0ulqj gdwd

I lj xuh+BB, ghslfwvwkhmrlqwsrvwhulruvdp sohrewdlqhg yld d P hwursrolv0z lwklq0J leevdoj rulwkp 1Wkhrxwsxw iurp wklv fkdlq fdq eh ixuwkhu dqdo— ˝hg= ffljxuh +516, vkrz v wkh wudfh dqg dxwrfruuhodwlrq sorwv iru wkh wz rsdudp hwhuv1 Fohduo— wkhuh lvh–wuhp h ghshqghqfh lq wkh rxwsxw1

Wklvsureohp fdq eh ohvvhqhg e— uhsdudp hwhul˝dwlrq wkdwuhgxfhvwkh fruuhodwlrq lq wkh srvwhulruehwz hhq wkh wz r sdudp hwhuv1 Vhwwlqj

⇀_3 @ p_3 . d_{33}ϵ_3 . d_{34}ϵ_4 ⇀_4 @ p_4 . d_{43}ϵ_3 . d_{44}ϵ_4

iru dssursuldwho— fkrvhq frqvwdqwv +p_3>p_4>d_{33}>d_{43}>d_{34}>d_{44},/ wkh srvwhulru fdq eh iudp hg lq whup v ri wkh qhz sdudp hwhuv+⇀_3>⇀_4, / Diwhuwklvuh0sdudp hwhul˝dwlrq/ d mrlqwlqghs hghqfh P hwursrolvvdp sohufhqwuhg dwwkh ruljlq fdq eh xvhg1

; FKDSWHU 51 H[ DP SOH 5=D VLP SOH J HQHUDOL] HG0OLQHDU P RGHO

b0

or in g. gi b s[ ,1 ]

0 1000 2000 3000 4000 5000 0

2

4

6 b0 samples

Lag

A C F

0 10 20 30 0. 0 0. 2 0. 4 0. 6 0. 8 1. 0 Series : oring.gibbs[, 1]

b0

or in g. gi b s[ ,2 ]

0 1000 2000 3000 4000 5000

-0 .1 5 -0 .1 0 -0 .0 5 b1 samples

Lag

A C F

0 10 20 30 0. 0 0. 2 0. 4 0. 6 0. 8 1. 0 Series : oring.gibbs[, 2]

I lj xuh 516=Rxwsxwdqdo— vlviurp wkh P hwursrolvz lwklq J leevP dunry fkdlq1

ß Ξ@T— i h fi , j Σ ¨ ¸ w, fiGAΞi Π Lh4 @*wı?i @h + i ˝hi ttıL? ¨ L˙i *

D jhqhudouhj uhvvlr q p r ghoiru gdwd ȷ fdq eh z ulwwhq ȷ_w@i +ϵ>w, . ϱ_w/ P ruh vshflfflfdoo— / z h dwwhp swwr uhsuhvhqwȷ xvlqj d olqhdup rgho

ȷ_w@♭_wϵ . ϱ_w

z khuh ♭_w lv +lq j hqhudo, d 4 ⋄ s yhfwru ri vshflfflhg ixqfwlrqv ri w/ dqg ϵ lv d s ⋄ 4 sdudp hwhu yhfwru1 Lq yhfwruuhsuhvhqwdwlrq/ z khuh ȷ @+ȷ_4>///>ȷ_W,/ z h kdyh

ȷ @♭ ϵ . ϱ +614,

dqg d fodvvlfdoolqhdu p rgho1 Wkh suhflvh irup ri ghvlj q p dwul– ♭ lv dwwkh p rp hqwohiwxqvshflfflhg1 W— slfdoo— z h wdnh wkh udqgrp huuruwhup v⟩ ϱ_w| dvlqghshqghqwdqg lghqwlfdoo— glvwulexwhg Qrup doyduldeohv z lwk yduldqfh ϕ^5/ lp so— lqj wkdwwkh frqglwlrqdoglvwulexwlrq ri wkh uhvsrqvhv ♮ lv p xowlyduldwh qrup do ♮ ⇕♭ >ϵ>ϕ^5 ⊃ Q ] ♭ ϵ>ϕ^5L_W ⌊ +615,

z khuh qrz ♭ lvW⋄ s z khuh L_W lvwkh W⋄ Wlghqwlw— p dwul–1

I ru wklv p rgho/ wkh p d–lp xp olnholkrrg2ruglqdu— ohdvwvt xduhv hvwlp dwhv ri ϵ dqg ϕ^5 fdq eh rewdlqhg vwudlj kwiruz dugo— = Wkh olnholkrrg lv

~ϵ_{P O} @]♭^W♭ ⌊^{∗ 4} ♭^Wȷ ~ϕ^5 @ 4 W∗ s +ȷ ∗ ~ȷ ,^W+ȷ ∗ ~ȷ , irufflwwhg ydoxhv ~ȷ @♭ ~ϵ_{P O} @♭ ] ♭^W♭ ⌊_{∗ 4} ♭^Wȷ / fi˘� ` @) i tı@? W?ui hi ?Ui

Lq d Ed— hvldq dqdo— vlv ri wkh p rgholq +614, d mrlqwsulru glvwulexwlrq lv vshflfflhg iru ] ϵ>ϕ^5 ⌊ 1 W— slfdoo— / d frqmxj dwh sulruvshflfflfdwlrq lvxvhg z khuh s ] ϵ⇕ϕ^5 ⌊ ≤ Q ] y>ϕ^5Y ⌊ s ] ϕ^5 ⌊ ≤ LqyhuvhJ dp p d )δ 5 > ζ 5 [ +616,

+y lvs ⋄ 4/ Y lvs ⋄ s srvlwlyh ghfflqlwh dqg v— p p hwulf/ doorwkhusdudp hwhuvduh vfdoduv, dqg xvlqj wklvsulru vwdqgdug Ed— hvldq fdofxodwlrqv vkrz wkdwfrqglwlrqdorq wkh gdwd s ] ϵ⇕ȷ >ϕ^5 ⌊ ≤ Q ] y^±>ϕ^5Y^± ⌊ s ] ϕ^5⇕ȷ ⌊ ≤ LqyhuvhJ dp p d ] W. δ 5 > f . ζ 5 ⌊ +617,

¡

43 FKDSWHU 61 H[ DP SOH 6=WKH QRUP DOOLQHDU UHJ UHVVLRQ P RGHO z khuh

Y_± @ ] ♭_W♭ . Y_{∗ 4} ⌊^{∗ 4} y_± @ ] ♭_W♭ . Y_{∗ 4} ⌊^{∗ 4} ]

♭_Wȷ . Y_{∗ 4}y ⌊ f @ȷ_Wȷ . y_WY_{∗ 4}y ∗ ] ♭_Wȷ . Y_{∗ 4}y ⌊^W] ♭_W♭ . Y_{∗ 4} ⌊^{∗ 4} ]

♭_Wȷ . Y_{∗ 4}y ⌊

+618,

Lq uhj uhvvlrq p rghoolqj / lwlvxvxdowr frqvlghud fhqwuhg sdudp hwhul˝dwlrq iruϵ vr wkdwy @3/ j lylqj y_± @ ] ♭_W♭ . Y_{∗ 4} ⌊^{∗ 4} ♭_Wȷ f @ȷ_Wȷ ∗ ȷ_W♭ ] ♭ ♭ . Y_{∗ 4} ⌊^{∗ 4} ♭_Wȷ @ȷ_W ) L^W ∗ ♭ ] ♭_W♭ . Y_{∗ 4} ⌊^{∗ 4} ♭_W [ ȷ

Lq d ydjxh sulruvshflfflfdwlrq/ Y_{∗ 4} ↔ 3 dqg δ @ζ @3 wkhq f @ȷ_W ) L^W ∗ ♭ ] ♭_W♭ ⌊^{∗ 4} ♭_W [ ȷ wkdwlv/ wkh uhvlgxdovxp ri vt xduhv/ dqg s ] ϵ⇕ȷ >ϕ_5 ⌊ ≤ Q )] ♭_W♭ ⌊^{∗ 4} ♭_Wȷ >ϕ_5 ] ♭_W♭ ⌊^{∗ 4}[ s ] ϕ_5⇕ȷ ⌊ ≤ LqyhuvhJ dp p d ] W 5 > f 5 ⌊ +619,

Wkh fulwlfdot xdqwlw— lq rxufoxvwhulqj surfhgxuh z looeh wkh p dujlqdoolnholkrrg rusulrusuhglfwlyh glvwulex0 wlrq s+ȷ , @ ⊎ s ] ȷ ⇕ϵ>ϕ_5 ⌊ s ] ϵ⇕ϕ_5 ⌊ s ] ϕ_5 ⌊ gϵgϕ_5/ +61: ,

Frp elqlqj +615, dqg +616, j lyhv wkdw s+ȷ , @ ] 4 τ ⌊^{W∂5} ζ_{δ ∂5}Λ ] W. δ 5 ⌊

Λ )δ 5 [ ⇕Y_±⇕_{4∂5} ⇕Y⇕_{4∂5} 4 ⟩f . ζ|_{+W. δ ,∂5} +61; , z klfk fdq eh uh0h–suhvvhg s+ȷ , @j +W>δ>ζ, ⇕Y⇕_{∗ 4∂5} 4 ⇕♭_W♭ . Y_{∗ 4}⇕_{4∂5} ⟩ f . ζ|_{+W. δ ,∂5} +61¡,

Z h qrwh khuh wkdwY_{∗ 4} ↔ 3 lq +61¡, ohdgvwr s+ȷ , ↔ 3 dqg lp sursulhw— rulqghwhup lqdf— 1

I ru d froohfwlrq ri gdwd vht xhqfhv ȷ^4>///>ȷ^Q +61¡, fdq eh hydoxdwhg dqg xvhg dv wkh edvlv ri d vlp lodulw— p hdvxuh1 Lq idfw/ z h vkdooxvh wklvp dujlqdoolnholkrrg dvwkh edvlvri d Ed— hvldq klhudufklfdosurfhgxuh wkdw lvuhdglo— frp sxwdeoh iru odujh gdwd vdp sohv1

ß Ξ@T— i h e 5— @— i 5T@Ui ¨ L˙i **ı?˝

Frqvlghu wkh p rghoirurevhuydeohv⟩ ȷ_w| vshflfflhg yld d vwdwh0vsdfh uhsuhvhqwdwlrq

ȷ_w @λ_w. x_w x_w⊃ Q+3>ϕ^5_x , λ_w @π . ω +λ_{w∗ 4} ∗ π, . y_w y_w⊃ Q+3>ϕ^5_y, w@4>5>///W +714,

⟩ x_w| >⟩y_w| duh lqghshqghqwhuuruwhup v/ dqg z khuh irufrp sohwhqhvz h p d— ghfflqh λ_3 @π1 Wklvp rgholvwkh J dxvvldq DU+4, p rgho¿wkh ffluvwolqh lv wkh revhuydwlrq htxdwlrq dqg wkh vhfrqg lv wkh vwdwh htxdwlrq1 Wkh λ_wduh wkh vwdwhv/ z klfk duh xqrevhuyhg sdudp hwhuv/ dqg z klfk/ dorqj z lwk wkh p rghosdudp hwhuvπ>ω >ϕ^5_x >ϕ^5_y duh wkh remhfwlyhv ri rxu lqihuhqfh sureohp ¿ z h ghvluh hlwkhu p d–lp xp olnholkrrg ru Ed— hvldq srvwhulru lqihuhqfhv1 Fohduo— / z h p d— z ulwh wkh olnholkrrg dv O ] λ_4>λ_5>///>λ_W>π>ω >ϕ^5_x >ϕ^5_y ⌊ @i +ȷ_4>ȷ_5>///>ȷ_W¿λ_4>λ_5>///>λ_W>π>ω >ϕ^5_x >ϕ^5_y, z klfk idfwrul˝hv e— wkh lqghshqghqfh ri wkh ⟩ x_w| lqwr O ] λ_4>λ_5>///>λ_W>π>ω >ϕ^5_x >ϕ^5_y ⌊ @ ⟩_W ⋂ w@4 i +ȷ_w⇕λ_w, / i ] λ_4>λ_5>///>λ_W⇕π>ω >ϕ^5_x >ϕ^5_y ⌊

dqg khqfh wkh srvwhulrusgi iruwkh sdudp hwhuv lv i ] λ_4>λ_5>///>λ_W>π>ω >ϕ^5_x >ϕ^5_y⇕ȷ_4>ȷ_5>///>ȷ_W ⌊ ⋐ ⟩_W ⋂ w@4 i +ȷ_w⇕λ_w, / i ] λ_4>λ_5>///>λ_W⇕π>ω >ϕ^5_x >ϕ^5_y ⌊ s ] π>ω >ϕ^5_x >ϕ^5_y ⌊ +715,

Qrwh wkdw/ e— wkh frqglwlrqdolqghshqghqfh vwuxfwxuh lp srvhg z khuh ȷ_wdqg ȷ_{w. v} duh frqglwlrqdoo— lqghshq0 ghqw/ z h p d— uh0z ulwh wkh ohiw0kdqg vlgh ri +5, dv i ] λ_4>λ_5>///>λ_W>π>ω >ϕ^5_x >ϕ^5_y⇕ȷ_4>ȷ_5>///>ȷ_W ⌊ @ ⟩_W ⋂ w@4 i ] λ_w⇕λ_4>///>λ_{w∗ 4}>π>ω >ϕ^5_x >ϕ^5_y>ȷ_4>ȷ_5>///>ȷ_w ⌊ / i ] π>ω >ϕ^5_x >ϕ^5_y¿ȷ_4>ȷ_5>///>ȷ_W ⌊ +716,

e˘f ˘� 6ı*— i hı?˝

Lq jhqhudo/ wkh frp soh–/ kljk0glp hqvlrqdoqdwxuh ri +5, kdv hqfrxudj hg p dq— vrsklvwlfdwhg frp sxwdwlrqdo dssurdfkhv1 Lq wkhvlp sohJ dxvvldq fdvhlq +4,/ dqdo— wlf uhvxowvduhvwudlj kwiruz dug wr ghulyhdqg kdyhohg wr wkh whfkqlt xh ri I lowhulqj1 Wklvsurfhhgve— irup xodwlqj wkh lqihuhqfh sureohp vht xhqwldoo— dviroorz v1 I ru hdfk wlp h srlqwwghfflqh ℘_wdvwkh yhfwruri revhuydeohvxs wr dqg lqfoxglqj wlp h w/ wkdwlv℘_w@+ȷ_4>ȷ_5>///>ȷ_w, / Vxssuhvvlqj wkh ghshqghqfh rq wkh p rghosdudp hwhuv/ z h wkhq frqvlghusgiv

i +λ_{w. 4}⇕℘_w, @ ⊎ i +λ_{w. 4}⇕λ_w,i +λ_w⇕℘_w, gλ_w +717,

45 FKDSWHU 71 VWDWH VSDFH P RGHOOLQJ z klfk lvwhup hg wkh suhglfwlrq ghqvlw— / dqg i +λ^{w. 4}⇕℘^w>ȷ^{w. 4}, @ i +ȷ^{w. 4}⇕λ^{w. 4},i +λ^{w. 4}⇕℘^w, i +ȷ^{w. 4}⇕℘^w, @ i +ȷ^{w. 4}⇕λ^{w. 4},i +λ^{w. 4}⇕℘^w, ⊎ i +ȷ^{w. 4}⇕λ^{w. 4},i +λ^{w. 4}⇕℘^w, gλ^{w. 4} +718, z klfk lvwhup hg wkh fflowhulqj ghqvlw— 1 Lqvshfwlrq ri +6, uhyhdovwkdw i ] λ^{w. 4}⇕λ^4>///>λ^w>π>ω >ϕ_5^x >ϕ_5^y>ȷ^4>ȷ^5>///>ȷ^{w. 4} ⌊ ≤ i +λ^{w. 4}⇕℘^w>ȷ^{w. 4}, dqg wkxv uhfxuvlyh fdofxodwlrq yld +8, z loodoorz frp sohwh frp sxwdwlrq ri +5,1 Qrwh dovr wkdw+7, sod— v dq lqwhj udouroh lq +8,/ vr wkdw/ lq idfwuhfxuvlyh fdofxodwlrq yld +7, dqg +8, j lyh d p hwkrg ri lqihuhqfh iru wkh vwdwh vsdfh p rgho1

e˘f ˘2 B@Λttı@? ¨ L˙i *tGAΞi k @*4 @? 6ı*— i h

Lq wkh fdvh ghvfulehg lq +4,/ dqdo— wlf fdofxodwlrqvyld +7, dqg +8, duh srvvleoh/ uhyhdolqj wkdwlq idfwwkh sgiv lq +7, dqg +8, duh erwk J dxvvldq sgiv1 Z h vhwxs wkh uhfxuvlrq dv iroorz v¿ ghqrwh e— π^w dqg χ^w wkh p hdq dqg suhflvlrq sdudp hwhuv lq +7,/ wkdwlv λ^w⇕℘^w⊃ Qrup do ] π^w>χ_{∗ 4}^w ⌊ Wkhq/ uhfdoolqj wkh lghqwlw—

D+ı ∗ d,_5 . E+ı ∗ e,_5 @+D . E, ] ı ∗ Dd . Ee D . E ⌊^5 . DE D . E +d ∗ e,_5 z h p d— ghulyh i +λ^{w. 4}⇕℘^w, dv iroorz v i +λ^{w. 4}⇕℘^w, @ ⊎ i +λ^{w. 4}⇕λ^w,i +λ^w⇕℘^w, gλ^w @ ⊎) χ^y 5τ [^{4∂5} h–s √ ∗ χ^y 5 +λ^{w. 4} ∗ π ∗ ω +λ^w∗ π,,_5 √ ) χ^w 5τ [^{4∂5} h–s √ ∗ χ^w 5 +λ^w∗ π^w,_5 √ gλ^w

@ ) χ^y 5τ [^{4∂5} ) χ^w 5τ [^{4∂5} ⊎ h–s ⟩ ∗ 4 5 ⌋ χ^y +λ^{w. 4} ∗ π ∗ ω +λ^w∗ π,,_5 . χ^w+λ^w∗ π^w,_5 ⌈/ gλ^w

@ ) χ^y 5τ [^{4∂5} ) χ^w 5τ [^{4∂5} ⊎ h–s ⟩ ∗ 4 5 ⌋ χ^yω_5 +λ^w∗ π ∗ +λ^{w. 4} ∗ π,∂ω ,_5 . χ^w+λ^w∗ π^w,_5 ⌈/ gλ^w

+719,

Qrz / xvlqj wkh lghqwlw— deryh/ z h kdyh χ^yω_5 +λ^w∗ π ∗ +λ^{w. 4} ∗ π,∂ω ,_5 . χ^w+λ^w∗ π^w,_5 @ ] χ^yω_5 . χ^w ⌊ +λ^w∗ p^{w. 4},_5 . χ∋^w+λ^{w. 4} ∗ π∋^w,_5 z khuh p^{w. 4} @

χ^yω +λ^{w. 4} ∗ +4∗ ω ,π, . χ^wπ^w χ^yω_5 . χ^w π∋^w@π . ω +π^w∗ π, χ∋^w@ χ^yχ^w χ^yω_5 . χ^w +71: , dqg wkxvlqwhj udwlqj rxwλ^w lq +9, z h kdyh i +λ^{w. 4}⇕℘^w, @ ) χ^y 5τ [^{4∂5} ) χ^w 5τ [^{4∂5} ⊎ h–s ⟩ ∗ 4 5 ⌋ χ^yω_5 +λ^w∗ π ∗ +λ^{w. 4} ∗ π,∂ω ,_5 . χ^w+λ^w∗ π^w,_5 ⌈/ gλ^w

@ ) χ^y 5τ [^{4∂5} ) χ^w 5τ [^{4∂5} h–s √ ∗ χ∋^w 5 +λ^{w. 4} ∗ π∋^w,_5 √ ⊎ h–s ⟩ ∗ ] χ^yω_5 . χ^w ⌊ 5 +λ^w∗ p^{w. 4},_5 / gλ^w

@ )χ∋^w 5τ [4∂5 h–s √ ∗ χ∋^w 5 +λ^{w. 4} ∗ π∋^w,_5 √ +71; ,

46 dvwkh uhp dlqlqj lqwhjudqg lv p huho— d Qrup dosgi/ dqg rwkhu frqvwdqwvfdqfho1 Khqfh λ_{w. 4}⇕℘_w⊃ Qrup do ] π∋_w>χ∋^{∗ 4}_w ⌊ +71¡,

I lqdoo— / iru+8,/ z h kdyh

i +λ_{w. 4}⇕℘_w>ȷ_{w. 4}, ⋐ i +ȷ_{w. 4}⇕λ_{w. 4},i +λ_{w. 4}⇕℘_w,

@h–s √ ∗ χ_x 5 +ȷ_{w. 4} ∗ λ_{w. 4},^5 √ h–s √ ∗ χ∋_w 5 +λ_{w. 4} ∗ π∋_w,^5

√ +7143,

iurp z klfk z h fdq ghgxfh xvlqj wkh lghqwlw— wkdw λ_{w. 4}⇕℘_w>ȷ_{w. 4} ⊃ Qrup do ] π_{w. 4}>χ^{∗ 4}_{w. 4} ⌊ z khuh

π_{w. 4} @ χ_x ȷ_{w. 4} . χ∋_{w. 4}π∋_{w. 4}

χ_x . χ∋_{w. 4} χ_{w. 4} @ χ_x χ∋_{w. 4} χ_x . χ∋_{w. 4}

+7144,

I lqdoo— / z h kdyh wkh d gdwd suhglfwlrq ghqvlw— iurp +8,

i +ȷ_{w. 4}⇕℘_w, @ ⊎ i +ȷ_{w. 4}⇕λ_{w. 4},i +λ_{w. 4}⇕℘_w, gλ_{w. 4}

z klfk lvwkh qrup dol˝lqj frqvwdqwlq +44,/ wkdwlv ȷ_{w. 4}⇕℘_w⊃ Qrup do ] π∋_{w. 4}>χ^{∗ 4}_{w. 4} ⌊ +7145,

47 FKDSWHU 71 VWDWH VSDFH P RGHOOLQJ

z khuh/ d sulrul/ π ⊃ Q ] 3>ϕ_5^π ⌊ s +π, @ ] 4 5τϕ_5^π ⌊^{4∂5} h–s ⟩ ∗ π_5

5ϕ_5^π / ω . 4 5 ⊃ Ehwd+δ^ω >ϵ^ω , s +ω , @ ] 4 5 ⌊^{δ ω . ϵω ∗ 4} Λ +δ^ω . ϵ^ω ,

Λ +δ^ω , Λ +δ^ω , +4. ω ,_{δ ω ∗ 4} +4∗ ω ,_{ϵω ∗ 4} ϕ_5 ⊃ LqyhuvhJ dp p d+δ^ϕ >ϵ^ϕ , s ] ϕ_5 ⌊ @ ϵ_{δ ϕ}^ϕ Λ +δ^ϕ , ] 4 ϕ_5

⌊^{δ ϕ . 4} h–s ⟩ ∗ ϵ^ϕ ϕ_5 / /

+815,

W— slfdoo— / iroorz lqj Nlp Vkhskdug dqg Fkle +4¡¡B, 0ghqrwhg NVF 0lq sduw/ z h p ljkwfkrrvh ϕ^π @8/ δ^ω @5/8>ϵ^ω @3/58/ dqg δ^ϕ @ϵ^ϕ @4/ Wkhuhiruh/ frp elqlqj olnholkrrg dqg sulru/ z h fdq p dnh lqihuhqfh yld wkh ixoosrvwhulruglvwulexwlrq1

D˘2 ¨ @h! Lffl ß Ξ@ı? ¨ L?— i ß @h*LGuΛ**UL?˙ı— ıL?@*˙ıt— hıMΛ— ıL?t

Vdp sohv iurp wkh mrlqwsrvwhulru glvwulexwlrq duh wr eh rewdlqhg xvlqj d J leev0vdp sohu w— sh P dunry fkdlq

P rqwh Fduor dojrulwkp / z khuh wkh sdudp hwhuv duh vdp sohg lwhudwlyho— z lwk xsgdwlqj1 Wkuhh sdudp hwhul˝d0 wlrqv duh xvhg iru wkh vwdwh vsdfh ht xdwlrq¿wkh uht xluhg ixoofrqglwlrqdov duh irxqg wr eh ri wkh iroorz lqj irup v+dvj lyhq e— NVF 0vhh dsshqgl– iruixooghwdlov,1

Wkh ixoo frqglwlrqdov ri π dqg vwdwhv k^4>///>k^q duh lghqwlfdo xqghu hdfk sdudp hwhul˝dwlrq/ wkdwlv/ li p^w@k^w∗ π dqg g^w@k^w∗ ω k^{w∗ 4} dqg ßg @ 4

+q ∗ 4, q⋃ w@5 g^w wkhq π ⇕∗ ≤ Q +4. ω , k_4 . +q ∗ 4, ßg +4. ω , . +4∗ ω , +q ∗ 4, > ] ] 4∗ ω_5 ⌊ . +4∗ ω ,_5 +q ∗ 4, ϕ_5 . 4 ϕ_5^π ⌊^{∗ 4} ⟨ s+k^4 ⇕∗ , ⋐ h–s ⟩ ∗ k^4 5 / h–s ⟩ ∗ ȷ_5^4 5h_{k4} / h–s ⟩ ∗ 4 5ϕ_5

+k^4 ∗ π ∗ ω +k^5 ∗ π,,_5 / s+k^w⇕∗ , ⋐ h–s ⟩ ∗ k^w 5 / h–s ⟩ ∗ ȷ_5^w 5h_{kw} / h–s ⟩ ∗ ] 4. ω_5 ⌊ 5ϕ_5 ] k^w∗ +4∗ ω ,_5π . ω +k^{w∗ 4} . k^{w. 4},

+4. ω_5,

⌊^5/ s+k^q ⇕∗ , ⋐ h–s ⟩ ∗ k^q 5 / h–s ⟩ ∗ ȷ_5^q 5h_{kq} / h–s ⟩ ∗ 4 5ϕ_5

+k^q ∗ π ∗ ω +k^{q∗ 4} ∗ π,,_5 / z khuh sdudp hwhuv ] ω >ϕ_5 ⌊ duh hlwkhuvdp sohg gluhfwo— / ruirup hg dv ixqfwlrqvri wkh vdp sohg sdudp hwhuv1

Sdudp hwhul˝dwlr q 4= ] π>ω >ϕ_5 ⌊ ϕ_5 ⇕∗ ≤ LqyhuvhJ dp p d ] q 5 . δ^ϕ > ] 4∗ ω_5 ⌊ 5 +k^4 ∗ π,_5 . 4 5 q⋃ w@5 +k^w∗ π ∗ ω +k^{w∗ 4} ∗ π,,_5 . ϵ^ϕ ⌊ s+ω ⇕∗ , ⋐ +4. ω ,_{δ ω . 4∂5∗ 4} +4∗ ω ,_{ϵω . 4∂5∗ 4} h–s ⟩ ∗ p_5^4

5ϕ_5 ] 4∗ ω_5 ⌊/ h–s ⟩ ∗ P^4

5ϕ_5 +ω ∗ P^5,_5 /

8161 GLVFUHWH WLP H FKDQJ HSRLQWVY P RGHOV 4:

Sdudp hwhul˝dwlr q 5= ] π>ϑ>ϕ^5 ⌊ Xqghuuhsdudp hwhul˝dwlrq 5/ z khuh

ϑ @ 4. ω 4∗ ω wkh ixoofrqglwlrqdoiruϑ lv s+ϑ ⇕∗ , ⋐ ] 4. ϑ ∗ 4 ϑ . 4

⌊_{δ ω . 4∂5∗ 4} ] 4∗ ϑ ∗ 4 ϑ . 4 ⌊_{ϵω . 4∂5∗ 4}

⋄ h–s ⟩ ∗ p^5_4 5ϕ^5 ] 4∗ ] ϑ ∗ 4 ϑ . 4

⌊_5⌊ / h–s ⟩ ∗ P_4 5ϕ^5 ] ϑ ∗ 4 ϑ . 4

∗ P_5

⌊_5/ 4 +ϑ . 4,^5

Sdudp hwhul˝dwlr q 6= ] π>λ>χ^5 ⌊ Xqghuuhsdudp hwhul˝dwlrq 6/ z khuh

λ @ ] 4. ω 4∗ ω ⌊ χ^5 χ^5 @ϕ^5

wkh ixoofrqglwlrqdov s+χ^5 ⇕∗ , ⋐ ] 4 χ^5

⌊_{q∂5. δ ϕ . 4} ] 4. ] λ∗ χ^5 λ. χ^5 ⌊ ⌊_{δ ω ∗ 4} ] 4∗ ] λ∗ χ^5 λ. χ^5 ⌊ ⌊_{ϵω ∗ 4} ] 4∗ ] λ∗ χ^5 λ. χ^5

⌊_5⌊ 4∂5

⋄ h–s ⟩ ∗ 4 5χ^5 ⌋] 4∗ ] λ∗ χ^5 λ. χ^5

⌊_5⌊ p^5_4 . ⋃_q w@5 ] p_w∗ ] λ∗ χ^5 λ. χ^5 ⌊ p_{w∗ 4} ⌊_5

. 5ϵ_ϕ ⌈/

⋄ χ^5 +λ. χ^5,^5

s+λ⇕∗ , ⋐ ] 4∗ ] λ∗ χ^5 λ. χ^5

⌊_5⌊ 4∂5 h–s ⟩ ∗ 4 5χ^5 ⌋] 4∗ ] λ∗ χ^5 λ. χ^5

⌊_5⌊ p^5_4 .^q ⋃ w@5 ] p_w∗ ] λ∗ χ^5 λ. χ^5 ⌊ p_{w∗ 4} ⌊_5⌈/

⋄ λ^{δ ω ∗ 4} ] 4 λ. χ^5 ⌊_{δ ω . ϵω}

I ruhdfk sdudp hwhul˝dwlrq/ wkh ixoofrqglwlrqdovz loohlwkhueh vdp sohg gluhfwo— z khuh srvvleoh/ ruxvlqj d orfdorulqghshqghqwP K vwhs1 Ghwdlovduh j lyhq lq Dsshqgl– 6/ exweurdgo— wkh orfdovwhs z looeh edvhg rq d v— p p hwulf +qrup do, sursrvdoiru sdudp hwhuv rq U/ dqg xvlqj d J dp p d sursrvdoiru sdudp hwhuv rq U^. 1 Sdudp hwhuv lq wkh P K sursrvdoduh fkrvhq wr rswlp l˝h p l–lqj ri wkh fkdlq¿w— slfdoydoxhv xvhg duh ξ @3/4 dqg δ @833/

D˘fi # ıtUhi — i — ı4 i ß Ξ@?˝i TLı?— 5V ¨ L˙i *t

Wr uhod– wkh dvvxp swlrq ri krp rjhqhlw— ri wkh VY surfhvv/ z h doorz irudq xqnqrz q fkdqjhsrlqwv1 Dvvxp h wkdwwkh hqwluh gdwd vht xhqfh fdq eh vhjp hqwhg lqwr N . 4 krp rj hqhrxv uhj lrqv/ wkdwlv/ iru lqwhj huv 3 @ u_3 ⋆ u_4 ⋆ u_5 ⋆ ///⋆ u_N ⋆ q @ u_{N . 4}/ ghfflqlqj vhjp hqwv odehoohg4>5>///>N . 4 dqg uxqqlqj iurp u_{n∗ 4} . 4 ⪰ w⪰ u_n uhvshfwlyho— / wkh revhuyhg gdwd lq vhj p hqwn iroorz dq VY p rgho z lwk sdudp hwhuv

4; FKDSWHU 81 VWRFKDVWLF YRODWLOLW“ =LQWURGXFWLRQ DQG P RGHOI RUP XODWLRQ

+π^n>ω^n>ϕ_5^n, ru ht xlydohqw1 Frqglwlrqdorq wkh +lqwhj hu0ydoxhg, fkdqj hsrlqwsrvlwlrqv/ wkh ixoofrqglwlrqdo glvwulexwlrq iru wkh N . 4 vhwv ri VY sdudp hwhuv duh ri wkh vdp h irup dv ghvfulehg deryh/ exwz lwk gdwd lqglfhv uhvwulfwhg wr wkh vhjp hqwudqj h1

I ru wkh p xowlsoh fkdqjhsrlqwp rgho/ lwlv dovr qhfhvvdu— wr xsgdwh wkh fkdqjhsrlqwsrvlwlrq sdudp hwhuv gxulqj wkh P FP F f— foh¿ z h fdq xsgdwh hdfk fkdqj hsrlqwsrvlwlrq lq wxuq/ frqglwlrqdorq wkh rwkhu N ∗

4 sdudp hwhuv1 J lyhq doo rwkhu fkdqj hsrlqwsrvlwlrqv/ ehfdxvh ri wkh fkdqj hsrlqwp rgho dvvxp swlrqv/ wkh ixoofrqglwlrqdosrvwhulru ri u^n ghshqgv rqo— rq u^{n∗ 4} dqg u^{n. 4}/ vhj p hqwsdudp hwhuv +π^n>ω^n>ϕ_5^n, dqg

+π^{n. 4}>ω^{n. 4}>ϕ_5^{n. 4},/ dqg vwdwhvz lwk lqglfhvlq wkh udqj h u^{n∗ 4} . 4>///>u^{n. 4}¿doorwkhuwhup vduh lqghshqghqwri u^n Vshflfflfdoo— s+u^n ⇕∗ , ⋐ o ] k^{un ∗ 4 . 4}>///>k^{un} ¿π^n>ω^n>ϕ_5^n ⌊ o ] k^{un . 4}>///>k^{un . 4} ¿π^{n. 4}>ω^{n. 4}>ϕ_5^{n. 4} ⌊ s+u^n ⇕u^{n∗ 4}>u^{n. 4}, z khuh s+u^n ⇕u^{n∗ 4}>u^{n. 4}, lvwkh +frqglwlrqdo, sulruz klfk z h wdnh wr eh xqlirup s+u^n ⇕u^{n∗ 4}>u^{n. 4}, @ 4 +u^{n. 4} ∗ u^{n∗ 4} ∗ 4, u^{n∗ 4} . 4 ⪰ u^n ⋆ u^{n. 4}> dowkrxjk lwp d— eh dgydqwdjhrxvwr uhvwulfwwkh frqglwlrqdoudqjh iruu^n vr wkdwqr vhj p hqwlvvkruwhuwkdq vrp h p lqlp xp ohqjwk1 Qrwh wkdwwkh ixoofrqglwlrqdoiruu^n grhvqrwghshqg rq wkh gdwd ȷ lq dq— z d— / exw grhvghshqg rq vrp h ri wkh +xqrevhuyhg, vwdwhv1

Wkh ixoofrqglwlrqdoiruu^n wkhuhiruh wdnhv wkh irup s+u^n ⇕∗ , ⋐ ] 4 ϕ_5^n

⌊ +u_n ∗ u_{n∗ 4},

5_{. δ . 4} h–s ⟩ ∗ ] 4∗ ω_5^n ⌊ 5ϕ_5^n ] k^{un ∗ 4 . 4} ∗ π^n ⌊^5 /

⋄ ⟩ ⋂^{un} w@u^{n ∗ 4} . 5 h–s ⟩ ∗ 4 5ϕ_5^n

+k^w∗ π^n ∗ ω^n +k^{w∗ 4} ∗ π^n,,_5 / /

⋄ ] 4 ϕ_5^{n. 4}

⌊ +u_{n. 4} ∗ u_n,

5_{. δ . 4} h–s ⟩ ∗ ] 4∗ ω_5^{n. 4} ⌊ 5ϕ_5^{n. 4} +k^{un . 4} ∗ π^{n. 4},_5 /

⋄ ⟩ ⋂^{un . 4}

w@u^n . 4 h–s ⟩ ∗ 4 5ϕ_5^{n. 4} +k^w∗ π^{n. 4} ∗ ω^n +k^{w∗ 4} ∗ π^{n. 4},,_5 / / iru u^{n∗ 4} . 4 ⪰ u^n ⋆ u^{n. 4}1 Wklv lv d glvfuhwh glvwulexwlrq rq wklv vhwri lqglfhv/ dqg khqfh fdq eh hydoxdwhg h–dfwo— dqg vdp sohg xvlqj fgi lqyhuvlrq/ ru vdp sohg xvlqj d P hwursrolv vwhs z lwk fdqglgdwh fkdqj hsrlqw vdp sohg xqlirup o— rq +u^{n∗ 4}>u^{n. 4},1

D˘e V@hı@M*i # ı4 i ?tıL? ¨ L˙i *t

Lq vhfwlrq 5 wkhN fkdqj hsrlqwp rghoz dvghvfulehg/ dvvxp lqj wkdwwkhuh z huh suhflvho— N . 4 krp rj hqhrxv vhjp hqwv lq wkh klgghq surfhvv1 Lq uhdolw— / N lv xqnqrz q +w— slfdoo— d Srlvvrq sulru glvwulexwlrq z lwk vrp h sdudp hwhu ξ^N wuxqfdwhg wr ^3>N^{p d–}‘ lv xvhg wr h–suhvv d sulrul rslqlrq derxwN, dqg khqfh yduldeoh glp hqvlrq +uhyhuvleoh mxp s, P FP F dojrulwkp vp xvweh xwlol˝hg1

Hvvhqwldoo— / yduldeoh glp hqvlrq P FP F lv lghqwlfdo wr ffl–hg glp hqvlrq P FP F z lwk dgglwlrqdo p ryhv wr doorz fkdqj hv ri glp hqvlrq1 Lq fkdqj hsrlqwsureohp v/ wkh vlp sohvwglp hqvlrq fkdqjlqj p ryhv +wkdw p dnh sursrvdov lq p rghov z lwk rqh p ruh ru rqh ihz hu fkdqjhsrlqw, 0Eluwk dqg Ghdwk p ryhv 0duh hdv— wr irup xodwh1 Vxssrvh wkdw/ diwhud qxp ehu ri lwhudwlrqv/ wkh fxuuhqwp rghokdv N fkdqjhsrlqwv1 D Eluwk ru

Ghdwk p ryh lv vhohfwhg dqg d fdqglgdwh srlqw+lq wkh N . 4 ru N ∗ 4, glp hqvlrqdop rgholv sursrvhg/ dqg dffhswhg ru uhmhfwhg z lwk vrp h suredelolw— / ghwdlohg ehorz 1 Wkh eluwk dqg ghdwk p ryhv duh irup xodwhg lq frp solp hqwdu— sdluv1

8171 YDULDEOH GLP HQVLRQ P RGHOV 4¡

I rud j hqhulf dffhswdqfhsuredelolw— fdofxodwlrq irup ryhvehwz hhq wz r uhdovsdfhv/ frqvlghufxuuhqwsrlqw ı ▽ U^{g4} dqg d sursrvhg p ryh wr srlqwȷ ▽ U^{g4 . g5} 1 Vxssrvh wkdwȷ lv j hqhudwhg dv d ixqfwlrq ri ı dqg udqgrp yduldeohvx ⊃ t+/, z khuh x ▽ U^{g5} dv ȷ @j +ı>x, z khuh j lv 404/ dqg t lv vrp h sursrvdoghqvlw— 1 Wkhq p ryh wr ȷ lvdffhswhg z lwk suredelolw—

δ+ı>ȷ , @p lq ⟩ 4> τ+ȷ , τ+ı, 4 t+x, s +g_4 . g_5 ↔ g_4, s +g_4 ↔ g_4 . g_5, \ \ Cȷ C+ı>x, \ \ /

z khuh s +g_4 ↔ g_4 . g_5, dqg s +g_4 . g_5 ↔ g_4, duh wkh suredelolwlhv ri fkrrvlqj p ryhv iurp g_4wr g_4 . g_5 dqg iurp g_4 . g_5 wr g_4 glp hqvlrqvuhvshfwlyho— / dqg \ \ Cȷ C+ı>x, \ \ lvwkh Mdfreldq ri wkh wudqvirup dwlrq iurp +ı>x, wr ȷ 1 Li ȷ @+ȷ_4>///>ȷ_{gl . g5} , wkhq wkh +l>m,wk hohp hqwri wkh Mdfreldq p dwul– lv \ \Cȷ^l Cı_m \ \ 4 ⪰ m⪰ g_4 dqg \ \ Cȷ^l Cx_{m∗ g4} \ \ g_4 . 4 ⪰ m⪰ g_5

I rufrp sxwdwlrqdofrqyhqlhqfh/ z h xvh wkh ] π>ϑ>ϕ^5 ⌊ sdudp hwhul˝dwlrq lq wkh yduldeoh glp hqvlrq fkdqjh0 srlqwirup xodwlrq1

Eluwk P ryh= I rueluwk p ryhv/ wkh qxp ehuri fkdqjhsrlqwvlvwr fkdqj h iurp N wr N . 4/ dqg wkh qxp ehu ri fkdqjhsrlqwvhj p hqwv iurp N . 4 wr N . 51 Wkh p ryh lqyroyhv wkh j hqhudwlrq ri d qhz fkdqj hsrlqw srvlwlrq/ dqg d qhz vhwri fkdqjhsrlqwsdudp hwhuv1 Wr hqvxuh uhyhuvlelolw— ri wkh eluwk p ryh/ z h p xvw frqvlghu wkh frp solp hqwdu— ghdwk p ryh/ dqg sursrvh wkh p ryh wr wkh oduj h p rghodv iroorz v

+4, vdp soh d vhjp hqwxqlirup o— iurp wkh N . 4 dydlodeoh¿vxssrvh vhj p hqwn lvvhohfwhg1

+5, vdp soh qhz fkdqjhsrlqwsrvlwlrq xqlirup o— rq wkh vhwri lqwhj huv +u_{n∗ 4} . 4>///>u_n ∗ 4,¿vxssrvh u lv vhohfwhg

+6, vdp soh udqgrp yduldwhv x>y>z lqghshqghqwo— dffruglqj wr wkh iroorz lqj glvwulexwlrqv x ⊃ Q ] 3>ξ^5 ⌊ y>z ⊃ J dp p d+δ>δ, +7, wudqvirup wkh rulj lqdosdudp hwhuv iurp vhjp hqwn/ wkdwlv ] π_n>ϑ_n>ϕ^5_n ⌊ dqg x>y>z wr rewdlq wkh sd0 udp hwhuv iruwkh wz r qhz vhjp hqwvdviroorz v

π_{+4,} @π_n π_{+5,} @π_n . x

ϑ_{+4,} @ϑ_n ϑ_{+5,} @yϑ_n

ϕ^5_{+4,} @ϕ^5_n ϕ^5_{+5,} @z ϕ^5_n

⇓ ⇔ π_n @π_{+5,} ∗ π_{+4,}

ϑ_n @ϑ_{+5,} ∂ϑ_{+4,}

ϕ^5_n @ϕ^5_{+5,} ∂ϕ^5_{+4,} /

Hdfk ri wkhvh vwhsv p dnhv d frqwulexwlrq wr wkh wudqvlwlrq dffhswdqfh suredelolw— ¿j hqhulfdoo— z h qhhg wr frp sxwh t+ı>ȷ , +dqg lwv frp solp hqwt+ȷ >ı,,1 Whup e— whup / z h kdyh frqwulexwlrqv iurp +4, wr +6, dv iroorz v t+ı>ȷ , @ 4 N . 4 ⋄ 4 u^n ∗ u^{n∗ 4} ∗ 4 ⋄ t+x,t+y,t+z , wkdwdsshdulq wkh ghqrp lqdwruri wkh wudqvlwlrq suredelolw— 1I ruwkh eluwk p ryh/ wkh Mdfreldq whup lvjlyhq e— \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \

Cπ^{+4,} Cπ^n Cπ^{+4,} Cx Cπ^{+4,} Cϑ^n Cπ^{+4,} Cy Cπ^{+4,} Cϕ_5^n Cπ^{+4,} Cz Cπ^{+5,} Cπ^n Cπ^{+5,} Cx Cπ^{+5,} Cϑ^n Cπ^{+5,} Cy Cπ^{+5,} Cϕ_5^n Cπ^{+5,} Cz Cϑ^{+4,} Cπ^n Cϑ^{+4,} Cx Cϑ^{+4,} Cϑ^n Cϑ^{+4,} Cy Cϑ^{+4,} Cϕ_5^n Cϑ^{+4,} Cz Cϑ^{+5,} Cπ^n Cϑ^{+5,} Cx Cϑ^{+5,} Cϑ^n Cϑ^{+5,} Cy Cϑ^{+5,} Cϕ_5^n Cϑ^{+5,} Cz Cϕ_5^{+4,} Cπ^n Cϕ_5^{+4,} Cx Cϕ_5^{+4,} Cϑ^n Cϕ_5^{+4,} Cy Cϕ_5^{+4,} Cϕ_5^n Cϕ_5^{+4,} Cz Cϕ_5^{+5,} Cπ^n Cϕ_5^{+5,} Cx Cϕ_5^{+5,} Cϑ^n Cϕ_5^{+5,} Cy Cϕ_5^{+5,} Cϕ_5^n Cϕ_5^{+5,} Cz

\ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \

@

\ \ \ \ \ \ \ \ \ \ \ \

4 3 3 3 3 3

4 4 3 3 3 3

3 3 4 3 3 3

3 3 ϑ^n y 3 3

3 3 3 3 4 3

3 3 3 3 ϕ_5^n z

\ \ \ \ \ \ \ \ \ \ \ \

@yz

Ghdwk P ryh= I rughdwk p ryhv/ wkhqxp ehuri fkdqj hsrlqwvlvwr fkdqjhiurp N . 4 wr N/ dqg wkhqxp ehu ri fkdqjhsrlqwvhj p hqwv iurp N . 5 wr N . 51 Wkh p ryh lqyroyhv wkh uhp rydori dq h–lvwlqj fkdqj hsrlqw srvlwlrq/ dqg wkh frp elqdwlrq ri wkh wz r vhwv ri sdudp hwhuv1 Wr hqvxuh uhyhuvlelolw— ri wkh eluwk p ryh/ z h p xvwfrqvlghuwkh frp solp hqwdu— ghdwk p ryh/ dqg sursrvh wkh p ryh wr wkh vp doohup rghodviroorz v

+4, vdp soh d fkdqj hsrlqwxqlirup o— iurp wkh N . 4 dydlodeoh¿vxssrvh fkdqj hsrlqwn lvvhohfwhg1

+5, uhyhuvh wudqvirup wkh wz r vhwv ri ruljlqdosdudp hwhuv iurp vhj p hqwn +ghqrwhg e— vxevfulsw+4,, dqg n . 4 +ghqrwhg e— vxevfulsw+5,, wkdwlv π^n @π^{+5,} ∗ π^{+4,} ϑ^n @ϑ^{+5,} ∂ϑ^{+4,} ϕ_5^n @ϕ_5^{+4,} ∂ϕ_5^{+5,} / lq dffrugdqfh z lwk wkh eluwk p ryh deryh

Wkhvh wz r vwhsv p dnh d frqwulexwlrq wr wkh wudqvlwlrq dffhswdqfh suredelolw— Wkh frqwulexwlrqv iurp

+4, lv t+ı>ȷ , @ 4 N . 4 wkdwdsshdulq wkh ghqrp lqdwruri wkh wudqvlwlrq suredelolw— 1I ruwkh ghdwk p ryh/ wkhMdfreldq whup lvjlyhq e— 4 ϑ^{+4,} ϕ_5^{+4,}

8181 J DUFK+4/4,=LQWURGXFWLRQ DQG P RGHOI RUP XODWLRQ 54

Wkhuhiruh/ wkh dffhswdqfh suredelolw— irud eluwk p ryh ] π_n>ϑ_n>ϕ^5_n¿u_{n∗ 4}>u_n>N ⌊ ↔ ) π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} >π_{+5,} >ϑ_{+5,} >ϕ^5_{+5,} ¿u_{n∗ 4}>u>u_n>N . 4 [

lvj lyhq e— wkh p lqlp xp ri 4 dqg

τ+π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} >π_{+5,} >ϑ_{+5,} >ϕ^5_{+5,} ¿u_{n∗ 4}>u>u_n>N . 4, τ+π_n>ϑ_n>ϕ^5_n¿u_{n∗ 4}>u_n>N, ⋄ 4 N . 4 4 N . 4 ⋄ 4 u_n ∗ u_{n∗ 4} ∗ 4 ⋄ t+x,t+y,t+z , ⋄ yz

z khuh τ+π_n>ϑ_n>ϕ^5_n¿u_{n∗ 4}>u_n>N, ⋐ o ] k_{un ∗ 4 . 4}>///>k_{un} ¿π_n>ω_n>ϕ^5_n ⌊ s+π_n>ϑ_n>ϕ^5_n,s+n, dqg τ+π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} >π_{+5,} >ϑ_{+5,} >ϕ^5_{+5,} ¿u_{n∗ 4}>u>u_n>N . 4, ⋐ o ) k_{un ∗ 4 . 4}>///>k_u¿π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} [ o ) k_{u. 4}>///>k_{un . 4} ¿π_{+5,} >ϑ_{+5,} >ϕ^5_{+5} ⋄ s+π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} , s+π_{+5,} >ϑ_{+5,} >ϕ^5_{+5,} , s+u⇕u_{n∗ 4}>u_n,s+n . 4,

dqg fdqfhoolqj whup v/ z h kdyh wkdwδ +ı>ȷ , lvwkh p lqlp xp ri 4 dqg o ) k_{un ∗ 4 . 4}>///>k_u¿π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} [ o ) k_{u. 4}>///>k_{un . 4} ¿π_{+5,} >ϑ_{+5,} >ϕ^5_{+5,} [ o ] k_{un ∗ 4 . 4}>///>k_{un} ¿π_n>ω_n>ϕ^5_n ⌊ ⋄ s+π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} , s+π_{+5,} >ϑ_{+5,} >ϕ^5_{+5,} , s+π_n>ϑ_n>ϕ^5_n, ⋄ 4 t+x,t+y,t+z , ⋄ s+n . 4, s+n, ⋄ yz

Wkh dffhswdqfh suredelolw— iruwkh uhyhuvh +ghdwk, p ryh lvj lyhq hvvhqwldoo— wkh uhflsurfdori wklvh–suhvvlrq1 Qrwh wkdwfduh p xvweh wdnhq wr hqvxuh wkdwdoofrqvwdqwvwkdwdsshdulq wklvh–suhvvlrq +yld wkh olnholkrrg/ sulru/ ruP hwursrolvsursrvdoghqvlw— , p xvweh lqfoxghg1

Dq dojrulwkp edvhg rq wklv yduldeoh glp hqvlrq P FP F dssurdfk dsshduv wr z run z hoolq sudfwlfh1 Z h kdyh dovr h–shulp hqwhg z lwk rwkhudoj rulwkp vxvlqj rwkhusursrvdop hfkdqlvp v+vhh Dsshqgl– 8, z klfk dovr dsshdu wr z run dght xdwho— 1

D˘D BΣ + ß OE�c�øGW?— hL˙ΛU— ıL? @?˙ ¨ L˙i *6Lh4 Λ*@— ıL?

Wkh J DUFK+4/4, p rgholv irup xodwhg dv iroorz v=iru gdwd ȷ_4>///>ȷ_q

ȷ_w @k_w℘_w ℘_w⊃ Q+3>4, l1l1g +L, k^5_w @π . δk^5_{w∗ 4} . ϵȷ^5_{w∗ 4} +LL,

z khuh k^5_4 @π/ dqg z khuh/ iruvwdwlrqdulw— ri wkh vwdwh ht xdwlrq +LL, z h kdyh wkh frqvwudlqw3 ⋆ δ . ϵ ⋆ 41

D˘D˘� wı! i *ıΞLL˙ U@*UΛ*@— ıL?

Wkh ixooolnholkrrg xqghu wklv p rgholv jlyhq e— O+π>δ>ϵ, @^q ⋂ w@4 ] 4 5τk^5_w ⌊_{4∂5} h–s ⟩ ∗ ȷ^5_w 5k^5_w / +816,

Wklv wkuhh sdudp hwhuolnholkrrg lv vwudljkwiruz dug/ exwfrp sxwdwlrqdoo— t xlwh oderulrxv/ wr hydoxdwh1

D˘D˘2 ¸ hıLh tTi Uı�U@— ıL?

Wkh mrlqwsulruglvwulexwlrq iru wkh sdudp hwhuv+π>δ>ϵ, lv wr eh h–suhvvhg dv iroorz v= s +π>δ>ϵ, @s +π, s +δ>ϵ, z khuh/ d sulrul/ orj π ⊃ Q ] 3>ϕ_5^π ⌊ s +π, @ ] 4 5τϕ_5^π ⌊^{4∂5} π_{∗ 4} h–s ⟩ ∗ +orj π,_5

5ϕ_5^π / δ>ϵ ⊃ Glulfkohw+ζ^4>ζ^5>ζ^6, s +δ>ϵ, @ Λ +ζ^4 . ζ^5 . ζ^6,

Λ +ζ^4, Λ +ζ^5, Λ +ζ^6, δ_{ζ4 ∗ 4}ϵ_{ζ5 ∗ 4} +4∗ δ ∗ ϵ,_{ζ6 ∗ 4} / +817,

Z h p ljkwfkrrvh ϕ^π @8/ ζ^4 @ζ^5 @ζ^6 @4 Wkhuhiruh/ frp elqlqj olnholkrrg dqg sulru/ z h fdq p dnh lqihuhqfh yld wkh ixoosrvwhulruglvwulexwlrq1

D˘D˘fi ¨ @h! Lffl ß Ξ@ı? ¨ L?— i ß @h*LGuΛ**UL?˙ı— ıL?@*˙ıt— hıMΛ— ıL?t

Vdp sohv iurp wkh mrlqwsrvwhulru glvwulexwlrq duh wr eh rewdlqhg xvlqj d J leev0vdp sohu w— sh P dunry fkdlq

P rqwh Fduor doj rulwkp 1 Wkuhh sdudp hwhul˝dwlrqv duh xvhg iru wkh vwdwh vsdfh ht xdwlrq¿wkh uht xluhg ixoo frqglwlrqdov duh irxqg wr eh ri wkh iroorz lqj irup v +dvj lyhq e— NVF 0vhh dsshqgl– iruixooghwdlov,1

Sdudp hwhul˝dwlrq 4= +π>δ>ϵ,

Sdudp hwhul˝dwlrq 5= +π>ω^4>ω^5,

Sdudp hwhul˝dwlrq 6= +π>ϑ^4>ϑ^5, z khuh ω^4 @ δ +4∗ δ ∗ ϵ, ω^5 @ ϵ +4∗ δ ∗ ϵ, ⇓ ⇔ δ @ ω^4

+4. ω^4 . ω^5, ϵ @ ω^5

+4. ω^4 . ω^5,

Mdfreldq = 4 +4. ω^4 . ω^5,_6 irusdudp hwhul˝dwlrq 5/ dqg ϑ^4 @orj ] δ 4∗ δ ∗ ϵ ⌊ ϑ^5 @orj ] ϵ 4∗ δ ∗ ϵ ⌊ ⇓ ⇔ δ @ h_{ϑ 4} +4. h_{ϑ 4} . h_{ϑ 5} , ϵ @ h_{ϑ 5} +4. h_{ϑ 4} . h_{ϑ 5} ,

Mdfreldq = h_{ϑ 4 . ϑ 5}

+4. h_{ϑ 4} . h_{ϑ 5} ,_6

I ru hdfk sdudp hwhul˝dwlrq/ wkh ixoofrqglwlrqdov duh vdp sohg xvlqj d orfdoP K vwhs/ dv shu wkh ghwdlov duh j lyhq lq Dsshqgl– 6 edvhg rq d v— p p hwulf +qrup do, sursrvdoirusdudp hwhuvrq U/ dqg xvlqj d J dp p d sursrvdoirusdudp hwhuvrq U_. 1 Sdudp hwhuvlq wkh P K sursrvdoduh djdlq fkrvhq wr rswlp l˝h p l–lqj ri wkh fkdlq¿w— slfdoydoxhvxvhg duh ξ @3/4 dqg δ @833/

8191 W0J DUFK+4/4,=LQWURGXFWLRQ DQG P RGHOI RUP XODWLRQ 56

D˘S A´BΣ + ß OE�c�øGW?— hL˙ΛU— ıL? @?˙ ¨ L˙i *6Lh4 Λ*@— ıL?

Wkh W0J DUFK+4/4, p rghofdq eh irup xodwhg dviroorz v=irugdwd ȷ_4>///>ȷ_q

ȷ_w @k_w℘_w ℘_w⊃ Q+3>ξ_w, l1l1g +L, ξ_w ⊃ LJ dp p d )ψ 5 > ψ 5 [ w@4>///>q k^5_w @π . δk^5_{w∗ 4} . ϵȷ^5_{w∗ 4} +LL,

z khuh k^5_4 @π/ dqg z khuh/ iru vwdwlrqdulw— ri wkh vwdwh ht xdwlrq +LL, z h kdyh wkh frqvwudlqw3 ⋆ δ . ϵ ⋆ 41 Wkh sdudp hwhuv ξ_w>w@4>///>q p rgli— wkh p rghovr wkdwlq vwdj h +L, wkh revhuyhg gdwd iroorz d Vwxghqw0w glvwulexwlrq z lwk ψ ghj uhhvri iuhhgrp 1 W— slfdoo— / z h ohwψ wdnh vrp hvp doosrvlwlyhlqwhjuydoxh +ψ @6∗ : ,/ ru srvvleo— uhjdug ψ dv ixuwkhu xqnqrz q sdudp hwhu1 Qrwh wkdwvhwwlqj hdfk ξ_w @4 uhfryhuv wkh ruljlqdo J DUFK+4/4, p rgho1

D˘S˘� wı! i *ıΞLL˙ U@*UΛ*@— ıL?

Wkh ixooolnholkrrg xqghu wklv p rgholv jlyhq e—

O+π>δ>ϵ, @^q ⋂ w@4 ] 4 5τξ_wk^5_w ⌊_{4∂5} h–s ⟩ ∗ ȷ^5_w 5ξ_wk^5_w / +818,

Wklv wkuhh sdudp hwhuolnholkrrg lv vwudljkwiruz dug/ exwfrp sxwdwlrqdoo— t xlwh oderulrxv/ wr hydoxdwh1

D˘S˘2 ¸ hıLh tTi Uı�U@— ıL?

Wkh mrlqwsulruglvwulexwlrq iru wkh sdudp hwhuv+π>δ>ϵ, lv wr eh h–suhvvhg dv iroorz v= s +π>δ>ϵ, @s +π, s +δ>ϵ, z khuh/ d sulrul/

orj π ⊃ Q ] 3>ϕ^5_π ⌊ s +π, @ ] 4 5τϕ^5_π ⌊_{4∂5}

π^{∗ 4} h–s ⟩ ∗ +orj π,^5

5ϕ^5_π /

δ>ϵ ⊃ Glulfkohw+ζ_4>ζ_5>ζ_6, s +δ>ϵ, @ Λ +ζ_4 . ζ_5 . ζ_6, Λ +ζ_4, Λ +ζ_5, Λ +ζ_6, δ^{ζ4 ∗ 4}ϵ^{ζ5 ∗ 4} +4∗ δ ∗ ϵ,^{ζ6 ∗ 4}

/ +819,

Djdlq z h fkrrvh ϕ_π @8/ ζ_4 @ζ_5 @ζ_6 @4 Wkhuhiruh/ frp elqlqj olnholkrrg dqg sulru/ z h fdq p dnh lqihuhqfhyld wkhixoosrvwhulruglvwulexwlrq1 Li ψ lvdovr wr ehlqfoxghg dvdq xqnqrz q sdudp hwhu/ z hfrxog xvh d glvfuhwh sulru vd— / J hrp hwulf/ Qhj dwlyh elqrp ldoru Wuxqfdwhg Srlvvrq/ ru li frqwlqxrxv sdudp hwhul˝dwlrq lvxvhg/ shukdsvd wuxqfdwhg J dp p d ru Sduhwr sulru

s+ψ , @ ζ +4. ψ ,^{ζ. 4} ψ A 4

D˘S˘fi ¨ @h! Lffl ß Ξ@ı? ¨ L?— i ß @h*LGuΛ**UL?˙ı— ıL?@*˙ıt— hıMΛ— ıL?t

Vdp sohv iurp wkh mrlqwsrvwhulru glvwulexwlrq duh wr eh rewdlqhg xvlqj d J leev0vdp sohu w— sh P dunry fkdlq

P rqwh Fduor dojrulwkp 1 Wkh uht xluhg ixoofrqglwlrqdov duh p rglfflhg dffruglqj wr wkh fkdqj hv lq olnholkrrg irup xodwlrq1 Wkh ξ^w sdudp hwhuv duh dovr wr eh vdp sohg/ dqg hohp hqwdu— fdofxodwlrqv vkrz wkdwwkh ixoo frqglwlrqdolv ξ^w⊃ LJ dp p d ] ψ . 4 5 > 4 5 ⌋ ȷ_5^w k_5^w . ψ ⌈⌊

Lq wkh+mrlqw, ixoofrqglwlrqdoiruwkhsdudp hwhuvlq +LL,/ z hvlp so— uhsodfhk_5^w e— ξ^wk_5^w lq wkhuhohydqwolnholkrrg h–suhvvlrqv¿doorwkhuwhup v uhp dlq xqdffihfwhg1

I xoofr qglwlr qdoir u ϕ_5 = Froohfwlqj whup vlq ϕ_5 iurp +4, dqg +5,/ z h kdyh s+ϕ_5 ⇕∗ , ⋐ ] ] 4∗ ω_5 ⌊ 5τϕ_5 ⌊^{4∂5} h–s ⟩ ∗ ] 4∗ ω_5 ⌊ 5ϕ_5

+k^4 ∗ π,_5 / ⟩^q ⋂ w@5 ] 4 5τϕ_5 ⌊^{4∂5} h–s ⟩ ∗ 4 5ϕ_5

+k^w∗ π ∗ ω +k^{w∗ 4} ∗ π,,_5 / /

⋄ ] 4 ϕ_5

⌊^{δ ϕ . 4} h–s ⟩ ∗ ϵ ϕ_5 /

⋐ ] 4 ϕ_5 ⌊ q 5_{. δ . 4} h–s ⟩ ∗ 4 ϕ_5 ⌋] 4∗ ω_5 ⌊ 5 p_5^4 . 4 5 ⋃^q w@5 +p^w∗ ω p^{w∗ 4},_5 . ϵ^ϕ ⌈/ dqg wkhuhiruh ϕ_5 ⇕∗ ≤ LqyhuvhJ dp p d ] q 5 . δ^ϕ > ] 4∗ ω_5 ⌊ 5 p_5^4 . 4 5 q⋃ w@5 +p^w∗ ω p^{w∗ 4},_5 . ϵ^ϕ ⌊ z khuh p^w@k^w∗ π1

I xoofr qglwlr qdoir u ω = Froohfwlqj whup vlq ω iurp +4, dqg +5,/ z h kdyh s+ω ⇕∗ , ⋐ ] ] 4∗ ω_5 ⌊ 5τϕ_5 ⌊^{4∂5} h–s ⟩ ∗ ] 4∗ ω_5 ⌊ 5ϕ_5

+k^4 ∗ π,_5 / ⟩^q ⋂ w@5 ] 4 5τϕ_5 ⌊^{4∂5} h–s ⟩ ∗ 4 5ϕ_5

+k^w∗ π ∗ ω +k^{w∗ 4} ∗ π,,_5 / /

⋄ +4. ω ,_{δ ω ∗ 4} +4∗ ω ,_{ϵω ∗ 4}

⋐ +4. ω ,_{δ ω . 4∂5∗ 4} +4∗ ω ,_{ϵω . 4∂5∗ 4} h–s ⟩ ∗ ] 4∗ ω_5 ⌊ 5ϕ_5

p_5^4 / h–s ⟩ ∗ 4 5ϕ_5 q⋃ w@5 +p^w∗ ω p^{w∗ 4},_5 /

@+4. ω ,_{δ ω . 4∂5∗ 4} +4∗ ω ,_{ϵω . 4∂5∗ 4} h–s ⟩ ∗ p_5^4

5ϕ_5 ] 4∗ ω_5 ⌊/ h–s ⟩ ∗ 4 5ϕ_5 q⋃ w@5 p_5^{w∗ 4} ] ω ∗ p^w p^{w∗ 4} ⌊^5/

⋐ +4. ω ,_{δ ω . 4∂5∗ 4} +4∗ ω ,_{ϵω . 4∂5∗ 4} h–s ⟩ ∗ p_5^4

5ϕ_5 ] 4∗ ω_5 ⌊/ h–s ∗ 4 5ϕ_5 ]^q ⋃ w@5 p_5^{w∗ 4} ⌊ ⟩ ω ∗ q⋃ w@5 p^{w∗ 4}p^w q⋃ w@5 p_5^{w∗ 4} ⨆ ⟨

5

@+4. ω ,_{δ ω . 4∂5∗ 4} +4∗ ω ,_{ϵω . 4∂5∗ 4} h–s ⟩ ∗ p_5^4

5ϕ_5 ] 4∗ ω_5 ⌊/ h–s ⟩ ∗ P^4

5ϕ_5 +ω ∗ P^5,_5 / >vd— z khuh

P^4 @ q⋃ w@5 p_5^{w∗ 4} dqg P^5 @ q⋃ w@5 p^{w∗ 4}p^w q⋃ w@5 p_5^{w∗ 4}

Khqfhwkhfrqglwlrqdoghqvlw— iruω lvqrwdydlodeohlq forvhg irup 1 Krz hyhu/ z hp d— vdp sohiurp s+ω ⇕∗ , xvlqj hlwkhuuhmhfwlrq vdp solqj +dvlq NVF, rup huho— e— xvlqj d P hwursrolvvwhs1 Wz r w— shvri P hwursrolv

81:1 DSSHQGL[ 4= I XOOFRQGLWLRQDOVLQ WKH VWDQGDUG VY P RGHO 5:

vwhs p d— eh xvhg¿hlwkhud orfdovwhs frqglwlrqdorq wkh fxuuhqwsrlqw+uhfdoolqj wkdwwkh ω olhvlq +∗ 4>4,, ru dq lqghshqghqfh vwhs¿vhh Dsshqgl– 6 irud ixooglvfxvvlrq1

I xoofr qglwlr qdoir u k_4 = Froohfwlqj whup v lq k_4 iurp +4, dqg +5,/ z h kdyh

s+k_4 ⇕∗ , ⋐ h–s ⟩ ∗ k_4 5 / h–s ⟩ ∗ ȷ^5_4 5h^{k4} / h–s ⟩ ∗ ] 4∗ ω^5 ⌊ 5ϕ^5

+k_4 ∗ π,^5 / h–s ⟩ ∗ 4 5ϕ^5

+k_5 ∗ π ∗ ω +k_4 ∗ π,,^5 /

⋐ h–s ⟩ ∗ k_4 5 / h–s ⟩ ∗ ȷ^5_4 5h^{k4} / h–s ⟩ ∗ 4 5ϕ^5 ⌋ ] 4∗ ω^5 ⌊ +k_4 ∗ π,^5 . ω^5 ] k_4 ∗ π ∗ +k_5 ∗ π, ω ⌊_5⌈/

⋐ h–s ⟩ ∗ k_4 5 / h–s ⟩ ∗ ȷ^5_4 5h^{k4} / h–s ∗ ]] 4∗ ω^5 ⌊ . ω^5 ⌊ 5ϕ^5 ] k_4 ∗ ] 4∗ ω^5 ⌊ π . ω^5π . ω +k_5 ∗ π, +4∗ ω^5, . ω^5 ⌊_5

@h–s ⟩ ∗ k_4 5 / h–s ⟩ ∗ ȷ^5_4 5h^{k4} / h–s ⟩ ∗ 4 5ϕ^5

+k_4 ∗ π ∗ ω +k_5 ∗ π,,^5 /

dqg wkhuhiruh wkh frqglwlrqdo lv dj dlq qrwdydlodeoh lq forvhg irup 1 Z h dj dlq xvh hlwkhu d orfdo ru dq lqghshqghqfh P hwursrolvvwhs1

I xoofr qglwlr qdoir u k_w>w@5>///>q ∗ 4 = Froohfwlqj whup v lq k_w iurp +4, dqg +5,/ z h kdyh

s+k_w⇕∗ , ⋐ h–s ⟩ ∗ k_w 5 / h–s ⟩ ∗ ȷ^5_w 5h^{kw} / h–s ⟩ ∗ 4 5ϕ^5

+k_w∗ π ∗ ω +k_{w∗ 4} ∗ π,,^5 / h–s ⟩ ∗ 4 5ϕ^5

+k_{w. 4} ∗ π ∗ ω +k_w∗ π,,^5 /

⋐ h–s ⟩ ∗ k_w 5 / h–s ⟩ ∗ ȷ^5_w 5h^{kw} / h–s ⟩ ∗ 4 5ϕ^5 ⌋ +k_4 ∗ π ∗ ω +k_{w∗ 4} ∗ π,,^5 . ω^5 ] k_w∗ π ∗ +k_{w. 4} ∗ π, ω ⌊_5⌈/

⋐ h–s ⟩ ∗ k_w 5 / h–s ⟩ ∗ ȷ^5_w 5h^{kw} / h–s ⟩ ∗ ] 4. ω^5 ⌊ 5ϕ^5 ] k_4 ∗ π . ω +k_{w∗ 4} ∗ π, . ω^5π . ω +k_{w. 4} ∗ π, +4. ω^5,

⌊_5/

@h–s ⟩ ∗ k_w 5 / h–s ⟩ ∗ ȷ^5_w 5h^{kw} / h–s ⟩ ∗ ] 4. ω^5 ⌊ 5ϕ^5 ] k_w∗ +4∗ ω ,^5π . ω +k_{w∗ 4} . k_{w. 4},

+4. ω^5,

⌊_5/

I xoofr qglwlr qdoir u k_q = Froohfwlqj whup v lq k_q iurp +4, dqg +5,/ z h kdyh

s+k_q ⇕∗ , ⋐ h–s ⟩ ∗ k_q 5 / h–s ⟩ ∗ ȷ^5_q 5h^{kq} / h–s ⟩ ∗ 4 5ϕ^5

+k_q ∗ π ∗ ω +k_{q∗ 4} ∗ π,,^5 /

dqg wkhuhiruh wkh frqglwlrqdo lv dj dlq qrwdydlodeoh lq forvhg irup 1 Z h dj dlq xvh hlwkhu d orfdo ru dq lqghshqghqfh P hwursrolvvwhs1

5; FKDSWHU 81 VWRFKDVWLF YRODWLOLW“ =LQWURGXFWLRQ DQG P RGHOI RUP XODWLRQ

D˘H Σ TTi ?˙ı 2G + i T@h@4 i — i hı3@— ıL?

Z h frqvlghuvhyhudouhsdudp hwhul˝dwlrqvwkdwp d— eh xwlol˝hg hlwkhuirufrp sxwdwlrqdofrqyhqlhqfh/ rulq dq dwwhp swwr uhgxfh wkh dp rxqwri dxwrfruuhodwlrq lq wkh P dunry fkdlq/ ruwr uhp ryh srvwhulrufruuhodwlrq lq wkh vdp sohg sdudp hwhuv¿ri frxuvh/ rqo— p xowlyduldwh wudqvirup dwlrqvz loouhgxfh srvwhulru fruuhodwlrq1 Z h vkdoofrqvlghuxqlyduldwh wudqvirup dwlrqvri ω rumrlqwwudqvirup dwlrqvri ] ω >ϕ_5 ⌊

Uhs dudp hwhul˝dwlr q 4= ϑ @ 4. ω 4∗ ω Frqvlghuqhz sdudp hwhu ϑ @ 4. ω 4∗ ω ⇓ ⇔ ω @ ϑ ∗ 4 ϑ . 4 vr wkdwϑ wdnhvydoxhvrq U_. 1 Wkh Mdfreldq ri wkh wudqvirup dwlrq lvj lyhq e— M+ϑ, @ \ \gω gϑ \ \@ 5 +ϑ . 4,_5 dqg khqfh wkh ixoofrqglwlrqdoiruϑ wdnhv wkh irup s+ϑ ⇕∗ , ⋐ ] 4. ϑ ∗ 4 ϑ . 4

⌊^{δ ω . 4∂5∗ 4} ] 4∗ ϑ ∗ 4 ϑ . 4 ⌊^{ϵω . 4∂5∗ 4}

⋄ h–s ⟩ ∗ p_5^4

5ϕ_5 ] 4∗ ] ϑ ∗ 4 ϑ . 4

⌊^5⌊ / h–s ⟩ ∗ P^4

5ϕ_5 ] ϑ ∗ 4 ϑ . 4

∗ P^5 ⌊^5/ 5 +ϑ . 4,_5 z khuh

Uhs dudp hwhul˝dwlr q 5= σ @orj ] 4. ω 4∗ ω ⌊ Frqvlghu qhz sdudp hwhu σ @orj ] 4. ω 4∗ ω ⌊ ⇓ ⇔ ω @ h_σ ∗ 4 h_σ . 4 vr wkdwσ wdnhvydoxhvrq U1 Wkh Mdfreldq ri wkh wudqvirup dwlrq lvj lyhq e— M+σ, @ \ \gω gσ \ \@ \ \ \ ] h_σ . 4 ⌊ h_σ ∗ ] h_σ ∗ 4 ⌊ h_σ +h_σ . 4,_5 \ \ \ @ 5h_σ +h_σ . 4,_5 dqg khqfh wkh ixoofrqglwlrqdoiruσ wdnhv wkh irup s+σ⇕∗ , ⋐ ] 4. h_σ ∗ 4 h_σ . 4

⌊ δ^ω . 4∂5∗ 4 ] 4∗ h_σ ∗ 4 h_σ . 4

⌊ ϵ^ω . 4∂5∗ 4

⋄ h–s ⟩ ∗ p_5^4

5ϕ_5 ] 4∗ ] h_σ ∗ 4 h_σ . 4

⌊^5⌊ / h–s ⟩ ∗ P^4

5ϕ_5 ] h_σ ∗ 4 h_σ . 4

∗ P^5 ⌊^5/ h_σ +4. h_σ,_5

81;1 DSSHQGL[ 5= UHSDUDP HWHUL] DWLRQ 5¡

Uhs dudp hwhul˝dwlr q 6= λ @ϕ^5 ] 4. ω 4∗ ω ⌊ >χ^5 @ϕ^5 Frqvlghud mrlqwwudqvirup dwlrq z lwk qhz sdudp hwhuv

λ @ϕ^5 ] 4. ω 4∗ ω ⌊

χ^5 @ϕ^5 ⇓ ⇔ ω @ ] λ∗ χ^5 λ. χ^5 ⌊

χ^5 @ϕ^5

vr wkdw ] λ>χ^5 ⌊ wdnhvydoxhv rq U^. ⋄ 1U^. Wkh Mdfreldq ri wkh wudqvirup dwlrq lv jlyhq e—

M+λ>χ^5, @ \ \ \ \ gω gλ gω gχ^5 gϕ^5 gλ gϕ^5 gχ^5

\ \ \ \ @ \ \gω gλ \ \@ \ \+λ. χ^5, ∗ +λ∗ χ^5, +λ. χ^5,^5 \ \@ 5χ^5 +λ. χ^5,^5 /

E— lqvshfwlrq ri +4, dqg +5,/ wkh mrlqw+frqglwlrqdo, srvwhulruiru ] λ>χ^5 ⌊ wdnhv wkh irup

s+λ>χ^5 ⇕∗ , ⋐ ] 4 χ^5 ⌊_{q∂5} ] 4∗ ] λ∗ χ^5 λ. χ^5

⌊_5⌊ 4∂5 h–s ⟩ ∗ 4 5χ^5 ] 4∗ ] λ∗ χ^5 λ. χ^5

⌊_5⌊

p^5_4 /

⋄ h–s ⟩ ∗ 4 5χ^5 ⋃_q w@5 ] p_w∗ ] λ∗ χ^5 λ. χ^5 ⌊ p_{w∗ 4} ⌊_5/

⋄ ] 4. ] λ∗ χ^5 λ. χ^5 ⌊ ⌊_{δ ω ∗ 4} ] 4∗ ] λ∗ χ^5 λ. χ^5 ⌊ ⌊_{ϵω ∗ 4} ⋄ ] 4 χ^5

⌊_{δ ϕ . 4} h–s ⟩ ∗ ϵ_ϕ χ^5 / ⋄ χ^5 +λ. χ^5,^5

z klfk lv sursruwlrqdowr wkh xqlyduldwh frqglwlrqdoiru χ^5/ z khuhdv wkh xqlyduldwh frqglwlrqdoiru λ lv jlyhq xs wr sursruwlrqdolw— e—

s+λ⇕∗ , ⋐ ] 4∗ ] λ∗ χ^5 λ. χ^5

⌊_5⌊ 4∂5 h–s ⟩ ∗ 4 5χ^5 ] 4∗ ] λ∗ χ^5 λ. χ^5

⌊_5⌊

p^5_4 / h–s ⟩ ∗ 4 5χ^5 ⋃_q w@5 ] p_w∗ ] λ∗ χ^5 λ. χ^5 ⌊ p_{w∗ 4} ⌊_5/

⋄ λ^{δ ω ∗ 4} ] 4 λ. χ^5 ⌊_{δ ω . ϵω}

Wkhvh wz r frqglwlrqdov duh qrwdydlodeoh lq forvhg irup / exwp d— eh vdp sohg xvlqj d P hwursrolvvwhs1

D˘b Σ TTi ?˙ı fiG wLU@*¨ i — hLTL*ıt 4 Lffli t

I rusdudp hwhuvwdnlqj ydoxhvrq U/ wkh frqfhswri d ˙orfdo%P hwursrolvsursrvdolvz lgho— xvhg1 Ohwt +ı>ȷ , eh wkh P hwursrolv0Kdvwlqj v +P K, sursrvdoghqvlw— lq fdqglgdwh srlqwȷ iru fxuuhqwsrlqwı¿vr wkdwt +ı>ȷ , fdq p huho— frqvlghuhg dv d frqglwlrqdoghqvlw— t +ı>ȷ , ≤ t+ȷ ⇕ı,/ z khuh wkh P K dffhswdqfh suredelolw— iru wduj hwghqvlw— τ lv jlyhq e— δ+ı>ȷ , @p lq ⟩ 4> τ+ȷ , τ+ı, t+ȷ >ı, t+ı>ȷ , /

Lq d sxuh ˙orfdo%P hwursrolvvwhs z lwk d v— p p hwulf sursrvdoghqvlw— / z h kdyh ri frxuvh wkdw t+ı>ȷ , @t+ȷ >ı, @⇔ δ+ı>ȷ , @p lq ⟩ 4> τ+ȷ , τ+ı, / dqg vxfk d orfdosursrvdolvvwudlj kwiruz dug wr dfklhyh z khq wkh vxssrwri τ lvU¿vhwt+ȷ ⇕ı, ≤ Q+ı>ξ_5, iru vrp h ξ/

Z khq wkh vxssruwri τ lvvrp h vxe0lqwhuydori U/ z h frqvlghuwkh iroorz lqj p ryhv=

Vxs s r uwU_. = Li τ kdvvxssruwU_. / ghfflqh t +ı>ȷ , ≤ t+ȷ ⇕ı, ≤ J dp p d ) δ> δ ı [ / vr wkdw t+ȷ ⇕ı, @ δ_δ ı_δ Λ+δ,

ȷ_{δ ∗ 4} h–s √ ∗ δȷ ı √ j lylqj t+ȷ >ı, t+ı>ȷ , @ t+ı⇕ȷ , t+ȷ ⇕ı, @ δ_δ ȷ_δ Λ+δ,

ı_{δ ∗ 4} h–s ⟩ ∗ δı ȷ / δ_δ ı_δ Λ+δ,

ȷ_{δ ∗ 4} h–s √ ∗ δȷ ı √ @ ] ı ȷ ⌊^{5δ ∗ 4} h–s ⟩ ∗ δ ⌋ ı ȷ ∗ ȷ ı ⌈/ z khuh wkh ˙orfdo%qdwxuh ri t lvghwhup lqhg e— δ¿li δ lv odujh/ wkhq wkh sursrvhg p ryhv duh vp doo/ dqg ylfh yhuvd1

Vxs s r uw+d>e, = Li τ kdv erxqghg vxssruw+d>e,/ z h frqvlghu d uhsdudp hwhul˝dwlrq ri wkh p ryh ghfflqhg deryh= li τ lq yduldeoh ♭ kdv vxssruw+d>e, wkhq τ^± iruyduldeoh X X @ ♭ ∗ d e∗ ♭ vr wkdw ♭ @ X ∗ e X ∗ d kdvvxssruwU_. / dqg z h fdq ghfflqh t^± +x>y, ≤ t^±+y⇕x, ≤ J dp p d ) δ> δ x [ / vr wkdw t^±+y⇕x, @ δ_δ x_δ Λ+δ,

y_{δ ∗ 4} h–s √ ∗ δy x √ j lylqj/ lq wkh ruljlqdosdudp hwhul˝dwlrq/ t+ȷ ⇕ı, @t^± ] ȷ ∗ d e∗ ȷ ⇕ ı ∗ d e∗ ı ⌊ \ \gy gȷ \ \@ δ_δ Λ+δ, ] e∗ ı ı ∗ d ⌊^δ ] ȷ ∗ d e∗ ȷ ⌊^{δ ∗ 4} h–s ⟩ ∗ δ ] ȷ ∗ d e∗ ȷ ⌊ ] e∗ ı ı ∗ d ⌊ / ⋄ +e∗ d, +e∗ ȷ ,_5

81431 DSSHQGL[ 7= DOWHUQDWLYH YDULDEOH GLP HQVLRQ DOJ RULWKP 64

dqg vr

t+ȷ >ı, t+ı>ȷ , @ t+ı⇕ȷ , t+ȷ ⇕ı, @ δ^δ Λ+δ, ] e∗ ȷ ȷ ∗ d ⌊_δ ] ı ∗ d e∗ ı ⌊_{δ ∗ 4} h–s ⟩ ∗ δ ] e∗ ȷ ȷ ∗ d ⌊ ] ı ∗ d e∗ ı ⌊ / ⋄ +e∗ d, +e∗ ı,^5 δ^δ Λ+δ, ] e∗ ı ı ∗ d ⌊_δ ] ȷ ∗ d e∗ ȷ ⌊_{δ ∗ 4} h–s ⟩ ∗ δ ] e∗ ı ı ∗ d ⌊ ] ȷ ∗ d e∗ ȷ ⌊ / ⋄ +e∗ d, +e∗ ȷ ,^5 @ ] +ı ∗ d,+e∗ ȷ , +e∗ ı,+ȷ ∗ d, ⌊_{5δ ∗ 4} h–s ⟩ ∗ δ ⌋] e∗ ȷ ȷ ∗ d ⌊ ] ı ∗ d e∗ ı ⌊ ∗ ] e∗ ı ı ∗ d ⌊ ] ȷ ∗ d e∗ ȷ ⌊ ⌈/ +e∗ ȷ ,^5 +e∗ ı,^5

Khqfh/ li d @∗ 4>e @4 z h kdyh t+ȷ >ı, t+ı>ȷ , @ ] +4. ı,+4∗ ȷ , +4∗ ı,+4. ȷ ,

⌊_{5δ ∗ 4} h–s ⟩ ∗ δ ⌋] 4∗ ȷ 4. ȷ ⌊ ] 4. ı 4∗ ı ⌊ ∗ ] 4∗ ı 4. ı ⌊ ] 4. ȷ 4∗ ȷ ⌊ ⌈/ +4∗ ȷ ,^5 +4∗ ı,^5

P luur u p ryhv Li τ kdv vxssruwU^. / frqvlghu wkh sursrvdop hfkdqlvp wkdwj hqhudwhv ℘ ⊃ Q+3>ξ^5,/ dqg sursrvhvfdqglgdwh srlqwȷ dv ȷ @⇕ı . ℘⇕ Wkhq/ e— hohp hqwdu— suredelolw— duj xp hqwv z h kdyh S ^♮ ⪰ ȷ ⇕♭ @ı‘@S ^⇕ı . ♯ ⇕⪰ ȷ ‘@S ^∗ ȷ ⪰ ı . ♯ ⪰ ȷ ‘@S ^∗ ȷ ∗ ı ⪰ ♯ ⪰ ȷ ∗ ı‘@ff ] ȷ ∗ ı ξ ⌊ ∗ ff ] ∗ ȷ ∗ ı ξ ⌊

z khuh ff +/, lv wkh vwdqgdug qrup dofgi dqg khqfh t+ȷ ⇕ı, @ 4 ξ ⌋ ω ] ȷ ∗ ı ξ ⌊ . ω ] ∗ ȷ ∗ ı ξ ⌊ ⌈ @ ] 4 5τξ^5 ⌊_{4∂5} ⌋ h–s ⟩ ∗ 4 5ξ^5

+ȷ ∗ ı,^5 / . h–s ⟩ ∗ 4 5ξ^5

+ȷ . ı,^5 / ⌈

dqg vr t+ȷ ⇕ı, @t+ı⇕ȷ , dqg wkh srsrvdolv v— p p hwulf1

D˘�f Σ TTi ?˙ı eG Σ *— i h?@— ıffli V@hı@M*i # ı4 i ?tıL? @*˝Lhı— Ξ4

Eluwk P ryh=

+4, vdp soh d vhjp hqwxqlirup o— iurp wkh N . 4 dydlodeoh¿vxssrvh vhj p hqwn lvvhohfwhg1

+5, vdp soh qhz fkdqjhsrlqwsrvlwlrq xqlirup o— rq wkh vhwri lqwhj huv +u_{n∗ 4} . 4>///>u_n ∗ 4,¿vxssrvh u lv vhohfwhg

+6, vdp soh udqgrp yduldwhv x>y>z lqghshqghqwo— dffruglqj wr wkh iroorz lqj glvwulexwlrqv x ⊃ Q ] 3>ξ^5 ⌊ y>z ⊃ J dp p d+δ>δ,

+7, wudqvirup wkh rulj lqdosdudp hwhuv iurp vhjp hqwn/ wkdwlv ] π^n>ϑ^n>ϕ_5^n ⌊ dqg x>y>z wr rewdlq wkh sd0 udp hwhuv iruwkh wz r qhz vhjp hqwvdviroorz v π^{+4,} @π^n . x π^{+5,} @π^n . x ϑ^{+4,} @ϑ^ny ϑ^{+5,} @ϑ^n∂y ϕ_5^{+4,} @z ϕ_5^n ϕ_5^{+5,} @ϕ_5^n∂z

⇓ ⇔ π^n @_4^5 ] π^{+4,} . π^{+5,} ⌊ ϑ^n @ √ ϑ^{+4,} ϑ^{+5,} ϕ_5^n @ ϕ_5^{+4,} ϕ_5^{+5,} /

Hdfk ri wkhvh vwhsv p dnhv d frqwulexwlrq wr wkh wudqvlwlrq dffhswdqfh suredelolw— ¿j hqhulfdoo— z h qhhg wr frp sxwh t+ı>ȷ , +dqg lwv frp solp hqwt+ȷ >ı,,1 Whup e— whup / z h kdyh frqwulexwlrqv iurp +4, wr +6, dv iroorz v t+ı>ȷ , @ 4 N . 4 ⋄ 4 u^n ∗ u^{n∗ 4} ∗ 4 ⋄ t+x,t+y,t+z , wkdwdsshdulq wkh ghqrp lqdwruri wkh wudqvlwlrq suredelolw— 1I ruwkh eluwk p ryh/ wkh Mdfreldq whup lvjlyhq e— \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \

Cπ^{+4,} Cπ^n Cπ^{+4,} Cx Cπ^{+4,} Cϑ^n Cπ^{+4,} Cy Cπ^{+4,} Cϕ_5^n Cπ^{+4,} Cz Cπ^{+5,} Cπ^n Cπ^{+5,} Cx Cπ^{+5,} Cϑ^n Cπ^{+5,} Cy Cπ^{+5,} Cϕ_5^n Cπ^{+5,} Cz Cϑ^{+4,} Cπ^n Cϑ^{+4,} Cx Cϑ^{+4,} Cϑ^n Cϑ^{+4,} Cy Cϑ^{+4,} Cϕ_5^n Cϑ^{+4,} Cz Cϑ^{+5,} Cπ^n Cϑ^{+5,} Cx Cϑ^{+5,} Cϑ^n Cϑ^{+5,} Cy Cϑ^{+5,} Cϕ_5^n Cϑ^{+5,} Cz Cϕ_5^{+4,} Cπ^n Cϕ_5^{+4,} Cx Cϕ_5^{+4,} Cϑ^n Cϕ_5^{+4,} Cy Cϕ_5^{+4,} Cϕ_5^n Cϕ_5^{+4,} Cz Cϕ_5^{+5,} Cπ^n Cϕ_5^{+5,} Cx Cϕ_5^{+5,} Cϑ^n Cϕ_5^{+5,} Cy Cϕ_5^{+5,} Cϕ_5^n Cϕ_5^{+5,} Cz

\ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \

@

\ \ \ \ \ \ \ \ \ \ \ \ \ \

4 4 3 3 3 3

4 ∗ 4 3 3 3 3

3 3 y ϑ^n 3 3 3 3 4 y ∗ ϑ^n y_5 3 3 3 3 3 3 z ϕ_5^n

3 3 3 3 4 z ∗ ϕ_5^n z_5

\ \ \ \ \ \ \ \ \ \ \ \ \ \

@ ;ϑ^nϕ_5^n yz

Ghdwk P ryh= I rughdwk p ryhv/ wkhqxp ehuri fkdqj hsrlqwvlvwr fkdqjhiurp N . 4 wr N/ dqg wkhqxp ehu ri fkdqjhsrlqwvhj p hqwv iurp N . 5 wr N . 51 Wkh p ryh lqyroyhv wkh uhp rydori dq h–lvwlqj fkdqj hsrlqw srvlwlrq/ dqg wkh frp elqdwlrq ri wkh wz r vhwv ri sdudp hwhuv1 Wr hqvxuh uhyhuvlelolw— ri wkh eluwk p ryh/ z h p xvwfrqvlghuwkh frp solp hqwdu— ghdwk p ryh/ dqg sursrvh wkh p ryh wr wkh vp doohup rghodviroorz v

+4, vdp soh d fkdqj hsrlqwxqlirup o— iurp wkh N . 4 dydlodeoh¿vxssrvh fkdqj hsrlqwn lvvhohfwhg1

+5, uhyhuvh wudqvirup wkh wz r vhwv ri ruljlqdosdudp hwhuv iurp vhj p hqwn +ghqrwhg e— vxevfulsw+4,, dqg n . 4 +ghqrwhg e— vxevfulsw+5,, wkdwlv π^n @ 4 5 ] π^{+4,} . π^{+5,} ⌊ ϑ^n @ ϑ^{+4,} ϑ^{+5,} ϕ_5^n @ ϕ_5^{+4,} ϕ_5^{+5,} / lq dffrugdqfh z lwk wkh eluwk p ryh deryh

81441 DSSHQGL[ 8= I XOOFRQGLWLRQDOVI RU J DUFK DQG W0J DUFK 66

Wkhvh wz r vwhsv p dnh d frqwulexwlrq wr wkh wudqvlwlrq dffhswdqfh suredelolw— Wkh frqwulexwlrqv iurp +4, lv t+ı>ȷ , @ 4 N . 4 wkdwdsshdulq wkh ghqrp lqdwruri wkh wudqvlwlrq suredelolw— 1I ruwkh ghdwk p ryh/ wkhMdfreldq whup lvjlyhq e— 4 ; ϑ_{+5,} ϕ^5_{+5,}

Wkhuhiruh/ wkh dffhswdqfh suredelolw— irud eluwk p ryh ] π_n>ϑ_n>ϕ^5_n¿u_{n∗ 4}>u_n>N ⌊ ↔ ) π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} >π_{+5,} >ϑ_{+5,} >ϕ^5_{+5,} ¿u_{n∗ 4}>u>u_n>N . 4 [

lvj lyhq e— wkh p lqlp xp ri 4 dqg

τ+π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} >π_{+5,} >ϑ_{+5,} >ϕ^5_{+5,} ¿u_{n∗ 4}>u>u_n>N . 4, τ+π_n>ϑ_n>ϕ^5_n¿u_{n∗ 4}>u_n>N, ⋄ 4 N . 4 4 N . 4 ⋄ 4 u_n ∗ u_{n∗ 4} ∗ 4 ⋄ t+x,t+y,t+z , ⋄ ;ϑ_nϕ^5_n yz

z khuh τ+π_n>ϑ_n>ϕ^5_n¿u_{n∗ 4}>u_n>N, ⋐ o ] k_{un ∗ 4 . 4}>///>k_{un} ¿π_n>ω_n>ϕ^5_n ⌊ s+π_n>ϑ_n>ϕ^5_n, dqg τ+π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} >π_{+5,} >ϑ_{+5,} >ϕ^5_{+5,} ¿u_{n∗ 4}>u>u_n>N . 4, ⋐ o ) k_{un ∗ 4 . 4}>///>k_u¿π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} [ o ) k_{u. 4}>///>k_{un . 4} ¿π_{+5,} >ϑ_{+5,} >ϕ^5_{+5} ⋄ s+π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} , s+π_{+5,} >ϑ_{+5,} >ϕ^5_{+5,} , s+u⇕u_{n∗ 4}>u_n,

dqg fdqfhoolqj whup v/ z h kdyh wkdwδ +ı>ȷ , lvwkh p lqlp xp ri 4 dqg o ) k_{un ∗ 4 . 4}>///>k_u¿π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} [ o ) k_{u. 4}>///>k_{un . 4} ¿π_{+5,} >ϑ_{+5,} >ϕ^5_{+5,} [ s+π_{+4,} >ϑ_{+4,} >ϕ^5_{+4,} , s+π_{+5,} >ϑ_{+5,} >ϕ^5_{+5,} , o ] k_{un ∗ 4 . 4}>///>k_{un} ¿π_n>ω_n>ϕ^5_n ⌊ s+π_n>ϑ_n>ϕ^5_n,t+x,t+y,t+z , ;ϑ_nϕ^5_n yz

D˘� Σ TTi ?˙ı DG 6Λ**UL?˙ı— ıL?@*t uLh BΣ + ß O @?˙ A´BΣ + ß O

Wkh jhqhudoJ DUFK+4/4, olnholkrrg

O+π>δ>ϵ, @^q ⋂ w@4 ] 4 5τξ_wk^5_w ⌊_{4∂5} h–s ⟩ ∗ ȷ^5_w 5ξ_wk^5_w /

z khuh ȷ_w @k_w℘_w ℘_w⊃ Q+3>ξ_w, l1l1g +L, ξ_w ⊃ LJ dp p d )ψ 5 > ψ 5 [ w@4>///>q k^5_w @π . δk^5_{w∗ 4} . ϵȷ^5_{w∗ 4} +LL,

z lwk ξ^w ≤ 4 li J DUFK udwkhu wkdq W0J DUFK lv uht xluhg1 Uhwdlqlqj wklv rulj lqdosdudp hwhul˝dwlrq/ wkh mrlqwsulruglvwulexwlrq iruwkh sdudp hwhuv +π>δ>ϵ, lvwr eh h–suhvvhg dv iroorz v= s +π>δ>ϵ, @s +π, s +δ>ϵ, z khuh/ d sulrul/ orj π ⊃ Q ] 3>ϕ_5^π ⌊ s +π, @ ] 4 5τϕ_5^π ⌊^{4∂5} π_{∗ 4} h–s ⟩ ∗ +orj π,_5

5ϕ_5^π / δ>ϵ ⊃ Glulfkohw+ζ^4>ζ^5>ζ^6, s +δ>ϵ, @ Λ +ζ^4 . ζ^5 . ζ^6,

Λ +ζ^4, Λ +ζ^5, Λ +ζ^6, δ_{ζ4 ∗ 4}ϵ_{ζ5 ∗ 4} +4∗ δ ∗ ϵ,_{ζ6 ∗ 4} /

Khqfh/ wkh ixoofrqglwlrqdoiruπ>δ>ϵ j lyhq ξ^w>w@4>///>q lv s+π>δ>ϵ ⇕∗ , @ ⟩ ⋂^q w@4 ] 4 5τξ^wk_5^w ⌊^{4∂5} h–s ⟩ ∗ ȷ_5^w

5ξ^wk_5^w / /

⋄ ] 4 5τϕ_5^π ⌊^{4∂5} π_{∗ 4} h–s ⟩ ∗ +orj π,_5

5ϕ_5^π / ⋄ Λ +ζ^4 . ζ^5 . ζ^6,

Λ +ζ^4, Λ +ζ^5, Λ +ζ^6, δ_{ζ4 ∗ 4}ϵ_{ζ5 ∗ 4} +4∗ δ ∗ ϵ,_{ζ6 ∗ 4}

⋐ h–s ⟩ ∗ 4 5 ⌋^q ⋃ w@4 orj k_5^w.

ȷ_5^w ξ^wk_5^w ⌈/ ⋄ π_{∗ 4} h–s ⟩ ∗ +orj π,_5

5ϕ_5^π / ⋄ δ_{ζ4 ∗ 4}ϵ_{ζ5 ∗ 4} +4∗ δ ∗ ϵ,_{ζ6 ∗ 4}

Li uht xluhg/ wkh ixoofrqglwlrqdoiruξ^w>w@4>///>q lv fdofxodwhg dv iroorz v s+ξ^w⇕∗ , @ ⟩ ] 4 5τξ^wk_5^w ⌊^{4∂5} h–s ⟩ ∗ ȷ_5^w

5ξ^wk_5^w / / ⋄ )ψ 5 [^{ψ ∂5} Λ )ψ 5 [ ] 4 ξ^w ⌊^{ψ ∂5. 4} h–s ⟩ ∗ ψ 5ξ^w /

⋐ ] 4 ξ^w ⌊^{+ψ . 4,∂5. 4} h–s ⟩ ∗ 4 5 ⌋ ȷ_5^w k_5^w . ψ ⌈ 4 ξ^w /

≤ LJ dp p d ] ψ . 4 5 > 4 5 ⌋ ȷ_5^w k_5^w . ψ ⌈⌊

Li ψ lvdovr uhjdughg dvdq xqnqrz q sdudp hwhu/ lwv ixoofrqglwlrqdolvj lyhq e— s+ψ ⇕∗ , @ q⋂ w@4 )ψ 5 [^{ψ ∂5} Λ )ψ 5 [ ] 4 ξ^w ⌊^{ψ ∂5. 4} h–s ⟩ ∗ ψ 5ξ^w / ⋄ s+ψ ,

⋐ )ψ 5 [^{ψ ∂5} Λ )ψ 5 [ q ⋄ 4 ⟩^q ⋂ w@4 ξ^w /^{ψ ∂5. 4} h–s ⟩ ∗ ψ 5 ⋃^q w@4 4 ξ^w / ⋄ s+ψ ,

D glvfuhwh ru frqwlqxrxv sdudp hwhul˝dwlrq iru ψ jlyhv hlwkhu d glvfuhwh ru frqwlqxrxv ixoofrqglwlrqdo¿erwk fdq eh vdp sohg xvlqj d P hwursrolv vwhs1