M3S3,/M4S3
ASSESSED COURSEWORK 2 : SOLUTIONS

1. The likelihood for 8 is
@) = T [ (- ()}~ - (3) 5
i=1 i=1 ;

n
where t,, = Hmi, and hence the log-likelihood is
i=1

1 & o
I,(0) = nloga—nalog)\—l—(a—l)logtn—)\a;xi.

For the profile likelihood for «, we find the ML estimate of A as a function of fixed a. Partially
differentiating with respect to A\, we obtain

0l,(0) no Q=
o=y P
i=1

and equating to zero yields

Thus the profile likelihood for « is

[5 MARKS]

2. Let ng and np denote the numbers of years, and let s4 and sp be the totals of counts over those
years, for roads A and B respectively. Let T4 = sa/n4 and Tp = sp/np denote the mean count per
year for the two roads, and recall that T4 and Tp are the ML estimates for the two parameters.

In the original parameterization the likelihood takes the form
Lp,(Aa, AB) = AP AP exp{—[nada + npApl}

where ¢ is a constant that does not depend on the parameters, in fact
na np -1
Cc = <H£L'A,‘ H.Z‘Bl'>
i=1 i=1

(i) One way to compute the profile likelihood for 6 is to reparameterize, say, to

0=24 64—y — Ai=06, As=o
AB
Then
Ln(0,9) = c(09)°4¢°2 exp{—[na0¢ + npo|} = c0°4¢*4 75 exp{—[nad + np|p}
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and
In(0,0) =logec+ salogh+ (s4+ sp)logp — (nad + np)o.

Taking first derivatives with respect to ¢ yields
Oln(0,0) sa+sp

= — 0
9 5 (nab +npg)

and equating this to zero gives

~ SA+ sSB

0) = ——

9(0) nal +np

and a profile likelihood
. sS4+ sp sA+sB
L = Ln 5 = SA _— —
(0) = La(6.50) = o (420 ) T e (s + 5m)

and writing s = s4 + sp, we have

S 98A
LP(Q) = CS eXp{_S}m.

[3 MARKS]

(ii) There are many possible ways to carry out this test. For example, could test
Hy : 6=1

with ¢ unspecified, against the general alternative; the likelihood ratio test is most straightforward -
let R
_ 1.6,9)

Ln (007 ¢O)

where (5, qAb) are the ML estimates under the alternative hypothesis, 8y = 1, and gAZ)O is the ML estimate
of ¢ under the null. Now, the ML estimates under the alternative are available by the principle of
invariance, that is

n

~

~ T ~
h=A_TA G_gy

=~

AB rp
Under the null, where 8 = 6y = 1, the log-likelihood is
In(1,¢) =logc+ (sa + sp)logd — (na + np)o.
and thus R
¢g=s/n="1
where n = n4 +npg, that is, &0 is the pooled sample estimate of the Poisson parameter common to both

samples (as, if 6 =1, Ay = Ap = ¢). Hence

_ La(0,0) _ (@a/Tp)*A(Zp)* exp{—[na(@a/Tp) + nplTr} _ (Ta)*(Tp)""

Ln(1, 6p) T° exp{—[na + np]T} T

The LR test is completed by noting that using the standard theory, asymptotically,
2log A, = 2(Salog X 4 + Splog X g — Slog X) £, X3
Here the test statistic is

2(splogTa + splogZp — slogZ) = 2(12log2 + 4log1 — 16log 1.6) = 1.595.
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From tables, the 95 % quantile from the Chi-squared distribution with 1 degree of freedom is 3.841, so
there is no evidence to reject the hypothesis that 6 = 1.

Alternatively, could test the null hypothesis
H() : )\A - )\B

directly using asymptotic normal approximations and the Delta Method directly, using a test statistic
based on X 4 — X . This results in an approximate Z-test. However, it is questionable whether any
asymptotic methods would be valid here, where the sample sizes are very small.

[4 MARKS]

3.(1) Again here, the key is invariance; we know by elementary results that the ML estimates for 7

and 7y are
~ Z1 ~ €2
T = — Ty = —
ni n2

and by invariance (or indeed from first principles by writing out the likelihood in full) the ML estimate
of 0 is

/é: %1(1 *5’['\2) _ (ml/nl)(l *.’L’Q/Tlg) _ l‘l(ng *552)
%2(1 — ;['\1) (.Tg/ng)(l — xl/nl) l‘g(nl — 5(51).

log@zlog( e >—log< 2 )
1—m 1—mo

-~ x1/ny T /2
logf, =1 — ] =1 —=
% Og<1—$1/”1> Og<1—$2/n2)

with corresponding estimator
X1/m Xa/no
1 ——— ] =1 —— .
Og(l—Xl/TLl) Og(l—Xg/?’LQ

As X7 and X5 are independent, these two terms are independent random variables, and we can compute
the required distribution using the Central Limit Theorem and the Delta Method. We have, by standard

methods that x ) x )
ZL VAN <7r1,m( —7T1)> 22 U AN <772,7T2( _ﬂ2)>
nq ni ng N9

[} MARKS]
(ii) The log-odds ratio is

and thus

and taking ¢(t) = log(t/(1 —t)) in the Delta method so that

L mPe-m
21—t n nr(l—m)

~ AN |lo ,
X1/n1 & 1—7T1 77,171'1(1—71’1)

o (5
( Xigfnz) h AN<IOg<1j27T2>’n2W2(11—7T2))'

~ 1 1
log6,, ~ AN (log¥, + >
& ( & n17T1(1—7T1) n27r2(1—7r2)

a(t) = LY =

and we have that

Thus for the estimator

[/ MARKS]
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