M3S12 BIOSTATISTICS - EXERCISES 3
SOLUTIONS

1.(a) Under the normal model, the likelihood is

1 \"? 1 &
L(p,0)= Ix|no (95; M7U2) = <27m2> exXp {—ﬁ Z (zi — M)2}
i=1

and thus, in terms of the random variables, for X7,

1 1
log fx,|p0 (X1;p,0%) = 3 log (2m0?) — = (X1 — 1)

202
and, for p
0 2 1
8_M{long1|ma (Xl;u,a )} = E(Xl_ﬂ) (1)
0? .
57 o8 fxus (X o)} = ——
whereas for o2
503 08 Frus (Xis1 o)} = g5+ 50 06— 2
802 X1 |,U/70' ) Yy 20—2 20—4
0? . )
W {log fxyjpe (X1 0%)} = 994 56 (X1 — p)?

and
0? 5 1
9007 {log fx,\u0 (X150,0°)} = — (X1 —p)
(here taking o2 as the variable with which we differentiating with respect to). Now because

Efxllmd (X1 —w)]=0 Ele“"a [(Xl B M)ﬂ =0

we have for the Fisher Information for (u, 02) from a single datum as

1 1 1
E |:——2:| E |:——4 (Xl —M):| —2 0
I ( 0_2) — _ g g _ g
s |-t (x Joll PR 1
{—g( 1—M)] {ﬁ_ﬁ( 1-#)] 0 55
and thus
n
2 o?
I, (M?U ) = 0 n
204
and
2
a2 0 % 0
1 2\ _ -1 2\ _
Il (/J,,O' ) - |: 0 20_4 :| In (N’?O— ) - . 20_4
n
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(b) (i) The LR statistic is

sup fx|o(X;0)
_ (ASSH

sup fx|o(X;0)
ASSH

Under Hy, the MLE of o2 is
21 XH:X?
0 n gt A

whereas under Hj, the MLEs of y and 02 are (by the usual arguments)

n

X :lZXi 52:12(&-—)_()2.

n 4 n <

=1 =1
Thus

1 n/2 1 n .

_L()_(,S2)_<27TS2> exp{ 2—52;()(1—)()} 52 n/2
n L(O,Sg) 1 n/2 1 & S2
- _ 2

<27r502> P 2502;)(’

and
2
2logT;, = nlog <%>
But, also,
LY (- X) - (7
i l g '
SO
§? =52 (X)?
and thus
S8 (xX)"
2log T, =nlog | —2— | = —nlog |1 — . 3
o7 = () = (1 5 ¥

(ii) The Rao Statistic is
s -1
Ry =75 |1 (eff)ﬂ Zno
where 57(10) is the estimate of # under Hy. Now, using an estimate based on the MLE of ¢ under H
~2
R ~(0) -1 B g 0 _ Sg 0
LGNS N R I
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and, as u = 0 under Hy, from (1) and (2),

1 n
— . X; —
1, /=0 1 G l; VnX/S?
Zno ===l (0, ) = == =
252 2wt
and thus
4 [VaX/sg)" [ s3 0 ] [vax/sg] _n(X)° n
N 0 253 o ] s

(iii) Finally, the Wald Statistic in this multiparameter setting is, from notes

= i )" [129 3)] 5 (- )
Here, as

— A ~ 1
Oy =X  01o=0 I (9n> =Ty —Tia[In] ' Iy = = — 0
o
(as I12 = I3 = 0, where now & is estimated under Hj, so that 52 = 5?), we thus have

1
s2

W= v ()" | ]mm:"{?ﬁf )

Under Hy, all three statistics (3), (4) and 5) have a x? distribution asymptotically.

(c) (i) Under Hy, the pu and o2 are completely specified, whereas under Hy, the MLEs of i and o2 are,
as in (b),

n 4 n <
i=1 i=1
Thus
1 n/2 1 n —
- X;— X
L(X,8?) <27TS2> xp{ 252 ._1( ) }
= Twed) ~ T\ T
< 2) expi —=—5 ZXi2
2rof 208 —
52\ /2 1 « n
— _ X12 _
<27ra%> P 203 Pt 2
and thus
2 1 n
2logT, = -—-nlog <S—2> +—= ZXi2 -n
70 90 ;=1
= —nlog s +i(n52+n(X)>—n
a3 6
S? S? n(X)?
= ”<—z—1—10g<—2>>+ (2) (6)
99 99 99

M3512 EXERCISES 8 SOLUTIONS: Page 3 of 10



(i) For the Rao Statistic, under Hy

and, from (1) and (2),

12 _
— > X nX
Zoo =1, (0)) = — “3;11 ) -1 {2 n
: amrmn] TlmET
and thus
' VX e 0 VX
SR TigiéXf_g [0 2031 %l;Xf—g

Il
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S
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(iii) The Wald Statistic is
e = o) [ (3] 5 (-0
g N | i

V(82— a2 0 1/(28Y || va(s?-o2
- ng) +n(52;400) ®

and again, under Hy, all three statistics (6), (7) and (8) have a x7 distribution asymptotically.

2. Y; ~ Poisson (N§)

e N0 (NG
fyijo (y;0) = # y=0,1,2, ..
and a Gamma (a, 3) prior
— IBOC a—1_-—p36
p9(9)—r(a)9 e 0>0

combine to give a posterior
Payy (0ly) o fyija (y:0) po () o e N (NO)Y x 9>~ 1e™?

o 0y+a—1€—(N+ﬁ)6
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and thus

0|Y =y = Gamma (y + a, N + (3)

and hence
& y+a—1
POSTERIOR MODE : 0 - z'= -
MODE N1
> yt+o
POSTERIOR MEAN : 0 =
MEAN = 7 e
POSTERIOR VARIANCE . —ZL2%_
(N +8)

Ify=4, N =025

Ovope Oumean VAR
PRIOR 1 8.86 11.71 3347
PRIOR 2 3.20 4.00 3.20
PRIOR 3 1.27 1.37 0.13

Posterior Distributions for different priors

§
h
o i
-] i .
i —— Priorl
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5o !
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o !
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o ]
i
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o
i
T T T T T T
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Theta

Clearly here the prior is very influential; with a fairly non-informative prior (PRIOR 1), the posterior
is also fairly disperse, whereas with an informative prior (PRIOR 3) the posterior has low dispersion.

Note for comparison that the ML estimate of 6 is ¢t = y/N = 16, with associated standard error

VarfYIe Y] 0 ) Y
T = W e.s.e (T) = m = m =16

which is the equivalent of a Bayesian result with a = 6 = 0.
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3. As given in lectures

e Likelihood: BINOMIAL
n xr n—x
Feotaio) = (1) -0

e Prior: BETA

I'(a+p5)

P 0) = T )T (5)

0t (1-0)"

e Posterior :
Poyx (01z) o fxjp (2360) pp () o 6% (1= 0)" % x 6271 (1 —9)°~F = grre=t (1 — )" ~=+0!
so that the posterior is also BETA
pojx (0|z) = Beta (z + a,n — x + ()

Hence, here as the data within the rows are independently Binomially distributed with 6 = v; and
0 = 7, respectively.

v1IN11 = ni1 ~ Beta(niy + a,niz + )

(9)

Yo|N21 = mo1 ~ Beta(ngy + a,nos + 3)

with « = 3 = 1. From standard results, for a Beta (a, 3) random variable

MEAN : —2 VARIANCE : _of
a+p3 (a+B) " (a+B+1)

Thus the posterior means/variances are

ni + 1 96+ 1
MEAN = =04
n R R T IE R
1 1 1) (104 + 1
vagp ; (it )2("12+ ) _ (96 + )2( 04+1) —1.23 % 107°
(n1.+2)"(n1. +3) (96 +104+2)° (96 + 104 + 3)
no1 + 1 109 +1
MFEAN = =0.142
7o e +2 100166642 |
VAR : (n21 +1)2(n22+1) _ (109+1)2(666+1) — 156 x 10_4
(ng. +2)" (ng. +3) (109 4 666 + 2)“ (109 + 666 + 3)
whereas the “pure likelihood” approach has a = 8 = 0, so that
v MEAN © —2%_ _0480 VAR = (92) (104) =124 %1073
96 + 104 (96 + 104)” (96 + 104 + 1)
1 1
vo MEAN : — % __ _g141 VAR 202 _ (109) (666) =155 x 107
109 + 666 ns (n2. +1) (109 + 666)° (109 + 666 + 1)
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The results are fairly similar as we would expect when the sample sizes are so large. The prior with
«a = 3 =1 is perhaps not sensible, as it is uniform, and thus places too much probability on the range,
say, (0.5,1). A more sensible prior might be o =4, 5 = 10.

Using simulation-based inference, it is possible to derive posterior samples (and hence posterior sum-
maries) for derived parameters such as the odds ratio. Using the SPLUS function rbeta we can produce
samples from each distribution in . We then combine the sampled values using the odds ratio formula,
and summarize the samples for the derived parameter. If a« = § = 1, this proceeds using the follow-
ing SPLUS code to produce samples of size 5000 from the posterior distributions of v;,7g, 71/ and
¥ =(11/(1 =71))/ (7/(1 = %))

nl1<-96

nl2<-104

n21<-109

n22<-666

gl<-rbeta(5000,n11+1,n12+1)

g0<-rbeta(5000,n21+1,n22+1)

par (mfrow=c(2,2))

hist(gl,xlab=’’gammal’’)

axes()

hist(g0,xlab=""gamma0’’)

axes()

hist(gl/g0,xlab=""’gammal/gamma0’’)

axes ()

hist((g1/(1-g1))/(g0/(1-g0)) ,xlab=’’0dds Ratio’’)

axes ()

par (mfrow=c(1,1))
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4. The likelihood and prior in the normal linear model Y| X, 3,02 ~ N, (X 0, 021n) are as follows:

e Likelihood:

1 n/2 1 n/2 1 T
frxper X507 = (52) (35) ew{-gmu-x9"w-xa} (0

e Prior:
) 1\ (B2 1\ E+D/2 1 Tl
pglo2 (Blo?) = <§> 121—1/2 <§> exp {—ﬁ (B-0) X (B 9)} (11)
Bor (L\* B
D2 (02) = T o) <§> exp {—ﬁ} (12)

To compute the posterior, we combine these three distributions multiplicatively. Up to proportionality,
therefore, we have the posterior as

< 1 )(n+K+1)/2+O¢a+1 { 1
exp —

o2 202

(0= X0)" (v~ X0) + (-0 =7 (5- )26, |
We combine terms in the quadratic term form for §: first, completing the square

(y=XB)" (y—XB)+(B-0)" S (B-0)=(B-v)" V(B-v)+c
where we must have (by multiplying out and equating terms in BT AB, B and the constant)

V = XTX+3x!
v = (XTX+5) T (XTy+51p)

c = —v'Vu+ [yTy + 0T2_10]

Thus we have the posterior as proportional to

(n+K+1)/2+as+1
<i2> exp{—% {(ﬁ—v)TV(ﬁ—v)—i-c—i-Qﬁa}} (13)

g

Integrating out 3, we get the marginal posterior for o2; this integral is tractable, as (13) is proportional
to the Multivariate normal distribution

Ni1 (v,0°V). (14)
On integrating out (3, we obtain a constant of integration

(02)(K+1)/2 ‘V‘1/2

and thus the marginal posterior for o2 is of the form

1 (n+K+1)/24as+1 1 o\ (F41)/2 1 n/24+as+1 1
< ) eXp{—ﬁ[CJF?ﬁa]} x (0% = <—> exp{—ﬁ[CJF?ﬁa]}

o2 o2
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which is proportional to the Inverse Gamma pdf
IGamma (g + oy, g + ﬁ0> . (15)

Hence, from (15) gives the marginal for o2, and (14) gives the conditional posterior for 3 given o2 (and
X, y, and the prior). In the notation of the question

0* =v Y =y-1
* n * c
040254—0[0 /80:§+/80

5. The SPLUS code/output attached summarizes the analysis and results: key points are

e both 3, and 3, are significantly different from zero; using a Wald-type test

Hy : By=0 LA = 8.325 p-value is 0.0000
e.s.e (,80)
Hy : B;,=0 B 51151 p-value is 0.0005

e.s.e (31>

e The ANOVA table for the test of the full regression model against the null model is

Source D.F. Sum of squares Mean square F p-value

x 1 122.7772 122.7772 26.1643 4.54 x 1074
Residual 10 46.9254 4.6925

Total 11 168.4697

so the regression model with 3, included fits better than the null model

e The estimates and standard errors of the parameters are

Bo : 9.5158 (1.1430)

B1 : 0.5124 (0.1002)

e The unbiased estimate of o2 is
Residual Sum of Squares ~ 46.9254
Residual Degrees of Freedon 10

= 4.6925 = (2.166)*

6. From a plot of the data, it is evident that a quadratic model should be fitted, that is
VENTILATION = 3, + 3; x OXYGEN + 3, x OXYGEN?

This can be readily fitted (within the linear model framework, as the model is linear in the elements
of the parameter vector). The SPLUS sheet attached gives the necessary code. In particular, the
parameter estimates/e.s.e, t-value (the test statistic in a Wald-type test) and p-value are as follows

‘ Estimate Std. Error  t-value p-value
By | 2.427 x 10* 1.94 12.51  0.000
By | —1.344 x 1072 1.76 x 1073 —7.63  0.000
By | 8.902x107% 344 x1073 2585 0.000
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Ventilation

Line of Best Fit for Quadratic Model

VENT = 24.27 - 0.013*OXYGEN + 8.90x10-6*OXYGEN"2 |

1000 2000 3000 4000 5000
Oxygen Uptake
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