M3S12 BIOSTATISTICS - EXERCISES 2
SOLUTIONS

1. In the usual notation, the risk difference is given by
RD:P(F\E)—P(F\E') =T — 7
and let § = P (E). Now, by an elementary result

P(F) = P(F|E)P(E)+P(F|E)P(E)
— P(F|E)P(E)+ P (F|E') (1 - P (E))
— P(E)(P(F|E) - P(F|E")) + P (F|E")

= 0(7T1—7T0)+7T0

Now, P (F') is the incidence rate in the population, and the primary factor that influences decisions
about healthcare provision; if P (F') is high, then the need for, say, General Practice or hospital
provision is also high. Clearly, from equation above P (F) increases linearly with RD. Now,
typically, P (F|E") may be thought to be small, and so a good approximation may be

P(F)%@(Wl—’ﬁg).

2. Using the following notation for the observed counts

EXPOSURE
OUTCOME FE E TOTAL
F ni1 n12 ni,
F n21 n22 na.
TOTAL n1 n.29 n.

with notation {N11, N12, Na1, Noo} and { N1, No, N1, No, N_} for the corresponding random vari-
ables, the count data in a cohort study can be thought of as being derived either from independent
binomial distributions in the columns (assuming fized column totals )

Nll‘Nl =N~ Binomaal (n_l, 7T1) N]_Q‘NQ =N~ Binomaal (n_g, 7T0>
or independent binomial distributions in the rows (assuming fized row totals )
Ni11|N1. = ny. ~ Binomial (n1.,7,) N1 | Ny, = ny. ~ Binomial (ng_, 7g)

or even a multinomial distribution across the whole table (assuming grand total N. = n_).
Similarly, the row and column totals have independent binomial distributions conditional on the
grand total

N1|N.. =n.. ~ Binomial (n_,0) N1 |N.. =n.. ~ Binomial (n_, ¢) .
Hence maximum likelihood estimation for a binomial problem is key. Suppose, in general

X ~ Binomial (n,p) .
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Then the likelihood function after observing X = x is given by

L(p) = fx (z;p) = <Z>p”” 1-p"™7* o0<p<l1

and hence

log L(p) = ¢(x,n) + xlogp + (n — x)log(l — p) where ¢(z,n) = log <n>

T
Thus p p
r n—=zx x
— {log L =—— . —{log L = p=—
Bl =7 5= log Lip)} =0 ==
and P
x n—x
— {log L =—|—+ <0 for all
iy Qos L)) = = |25+ p
verifies the maximum. Hence the results follow;
g n M2 G_m
ni n.2 n.. n..
3. Using the following formulae, all the quantities can be evaluated;
Parameter Notation Estimate
Risk Difference 1 — To i M2
ni n.2
(1)
Relative Risk/Risk Ratio i n/n.1
o n12/n.2
1—
Odds Ratio M niin2z
mo/ (1 —mo) n12M21

For the numerical calculations, see the attached SPLUS output sheet.

4. To compare the results for the two levels of the risk factor E, and the risk factor (or potential

confounder X), we can inspect either the relative risk or the odds ratio as given in (1) across
different levels of either variable. For example: let

(@)

T
_e

RR®@) —

denote the relative risk for X =z € {0,1}, and let then consider

ng) 7r81)

to compare the different levels of risk factor X for the same exposure status. To uncover the

relationship between X and FE, it is legitimate to pool across the outcome variable F' in the two
tables. For example
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(i)

In the exposed group F

70 70
X = 0:79 = - .
0:m =207 30 ~ 100 7
160 160
X = 1:780=_2
™ T Te0t40 200 0P
so that ©
T 07
~(0 T 08 = 0875
1

which indicates that X = 1 increases incidence in the exposed group, and hence is a risk
factor. However, for the unexposed group £’

80 80
X = 0:79=- " _ = _4
0:70" = g0 120 ~ 200~V
40 40
X = 1:7) = - —04
T = 40460 100 0
and
Ty _ 04
#0004

which indicates that there is no difference in risk for the two levels of X in the unexposed
group. Thus the conclusion is different for F and E’, so it appears that there is an interaction
between X and F in terms of effect size, that is, there is effect moderation.

In the exposed group F

90 90
X = 0:70= — = —09
T 90410 100
80 80
X = 17l = 4
TR0+ 120 200
so that ©
70 09
T _ 22 995
~() ~ 04

1
which indicates that X = 1 decreases incidence in the exposed group, and hence is a risk
factor. For the unexposed group E’

60 60
X = 0:79 = = =06
0T 40460 100
20 20
X = 17 = - _q1
T T 501180 200 0
and
Ty _ 06 _
%81) 0.1

which indicates that X = 1 decreases incidence in the unexposed group, and hence is a risk
factor. Thus although it appears that there is an interaction between X and F in terms
of effect size, the effect is in the same direction in both cases. Hence we can conclude that
X =1 decreases incidence.
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To test whether X and E are related, can look at the odds ratio in pooled tables

E F
~100x 100 1
i) X =0]100 200 :wzH:Z:X,Earerelated
X =1/200 100 %
E F
~ 100 x 2
(i) X =01]100 100 ﬁwszlﬁX,Earenotrelated
X =1]200 200 %

See the attached SPLUS sheet for full computational details.

5. From notes ML estimate of
(E|F) "1

(E'F)  1-m

P
P
is n11/n12 Now, by Bayes Theorem

P(E|F) P(F|E) P(E)  P(F|E) P(E|F)PE) v 1-90

P(E|F) ~ P(FIE)P(E)  P(FIE)  P(EF)P(E) 1-7 0
but it is known that 6 = 0.4, so
(F|E) M 06 _3 m

1

P
m  P(FIE) 1-v04 21-7

and by similar calculations

l-m P(F|E)  P(E|F)P(E) v 06 3

l—m P(F|E) P(EF)PE) 1—7,04 21—r,

(i) In the case control study, we have

5, = ni Y1 ni1/ny. _nhn

1= =~ = =

ni. L—=7%;  niz/ni. ni
and similarly

5, = I 7 nai/na.  na

0= P - :

na. 1 =71  mna2/na. n22

The usual arguments say that the relative risk, 71 /79 cannot be estimated from a case control
study. However, in this case, the estimation is possible, as the exposure rate 0 is known
From above, we have two equations

T Y1 3

o 1_71X2 1 == T 1770 ()
1—m Yo 3
f— 1—’Yox2 0 = T 1 ( o) (3)

say, for two constants kg, k1 that are estimable from the data. Rearranging these formulae,

noting that
m+(1l—m)=1

we have that kimo + k1 (1 — m9) = 1, so that

1—]€0 _kl(l_kﬂ)
T ke

(4)

T =

ok — ko
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(i)

(iii)

Form the data we have that

5, 3 96 3
ko= L2 2 0 gg5
LT 15,2 1047 2

5 3 100 3
ko = —0 2 = V0 09245
0 T 175,27 666 2

and hence, from (4),
m = 0.917 o = 0.662.
The standard errors are in theory available from (4), as the estimators of
71 7o
I—m L=
are merely functions of the data, but are complicated. Simulation-based methods can be

used (in particular, the bootstrap; we will touch on this approach during the course). The
standard error for the relative risk 71 /7 is also complex, but on the log scale the formulae

T
from notes can be used, that is for log —1, estimate is
0

n11 3 96 3
]. - - __]. P - — . 2
o8 <n12 % 2) ©8 <104 s 2) 0325

and standard error is computed in a manner identical for the standard error for the odds
ratio. Let

t 3 1
t)=log | —— ) +log | = '(t) =
olt) =1og (15 ) +10x (5 ) = 70 = 75
and thus
1 / 1 1
log <L X §> has standard error = Mmoo = + —
L=my 2 n any ni12 n11M12 nip N2
B ni.

thus log ™ fas estimated standard error

0

1 1 1 1
— 4+ — =4/ =+ — =0.142.

niy N2 96 104

From above R

6 =71 — 7o =0.255
Again, the standard error is not readily available, but on the log scale, the standard error of
difference can be estimated

For the odds ratio, formulae from notes say log 1 has estimate and standard error

1 1 1 1
log <w> = 1.730 —t—+—+—=017

nia2n21 ni ni2 n21 n22

so that an approximate 95% confidence interval for log is
1.730 £ 2 x 0.175 = (1.380, 2.080)

that is, an interval that does not contain zero, so the log odds ratio is significantly different
from zero, and the direction of effect indicates that the odds on disease is greater in the
exposed group. We can exponentiate this interval to get a 95% confidence interval for 1,
that is

(3.974,8.00)
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