M2S1 : EXERCISE SHEET 8 : SOLUTIONS

1. As X3,..., X, ~ Poisson()\), and given that T} = X, then using elementary properties of expecta-

tions, we have

so that 77 is an unbiased estimator of A. Furthermore

2oL sy > (X)' = g S X gl(lixiy

n—1;3 _n—lz‘:r (”—1)z‘=1 n—1,3 (”—1)‘ ni=1

Zn_liile‘mgl(éxiy ni 2 n(n — )(ZX>

From properties of expectations, variances, and the Poisson distribution,

Bpy [X?] = Varg, [X]+ {Ep [X]P = A+ X2 =AM +1)

n
Now, from properties of independent Poisson random variables Y;, = > X; ~ Poisson(n\) so therefore,
i=1
taking expectations in the above

1 2 1
EfT2 Tx] = m;::l Efxi [XzZ] - mEfYn [Yrﬂ =

112A(A+1)— A (nA + 1)
- ta=1

n(n —1)

T A D - A1) =

n—1 n—1 7 A+ —A@mA+ D] = A

2. From the theorem in lectures, and by properties of the Gamma distribution, we can write

(n—1)s2 9 -11
Vn:T"NXn,I:Gamma T 5 :Vn—;X

1
where X; ~ x? = Gamma <2 2), so that, using the Gamma expectation and variance results

1/2 1/2 9
E Xi|l=—""==1= Vare, | X;)|=———=2=0

say. Hence, by the Central Limit Theorem,
Vo—(n—Dp  Vp—(—-1) 4

VO

Hence, substituting in the definition for V/,,

(n—1)s}
S aTi(2-0%)
— - o 4, Z ~N(0,1)

o2/2
vn—1

24
8%$Z”NN<02’ni1>

and finally, by a location/scale transformation to Z,, = o2 +

Z, we have
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3. Xi,..,Xp ~ Gamma(a, B) so that Eg, [X;] = /B and Vary, [X;] = a/B?% so that

2 2 1
Byy, [X7) = Varyy, X))+ {Eyy, [Xi]} = % N (%) _ %

Hence for the method of moments estimators é sy and 3 s need to solve the following:

FIRST MOMENT Solve L p %
n ;=1
n
SECOND MOMENT Solve D P PR I S (O; 1)
ni=1

Elementary algebra gives

T P T
MM = 53 B 52
5. (i) For60>0
STEP 1 LO) =] fx(zi;0) = [] 027 = 0" (H a:)
i=1 i=1 i=1
STEP 2 log L(#) =nlogh+ (6 —1)> logz;
i=1
STEP 3 %{logL(@)} = %—kZlogzi:O = Orr = —n/ > logz;
=1 =1
d? n
STEP 4 7 {log L(0)} = — <0 for all ¢
Hence R n n
ESTIMATE : fy, = ————— ESTIMATOR: — —
log x; log X;
i=1 =1
(ii) For 6 >0
n n —(0+2) n —(6+2)
STEP 1 20) = 1 sx(ei0) = 1 @+ 007" =0+ 107 (T
i=1 i=1 i=1
STEP 2 logL(f) =nlog(@+1)—(60+2)> logw;
i=1
STEP 3 i{logL(@)} S Y logx; =0 = Opr =n/ > loga; —1
d@ 9 + 1 i=1 i=1
STEP 4 & {logL()} =———— <0 foralld
d? U T 0+’
Hence X n n
> log > logz;
i=1 i=1
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(iii) For 8 >0

STEP 1 LO) =TI fx(zs;0) = [ 0% exp {—0x;} = 6" (H :L‘,) exp {—9 > :UZ}
i=1 i=1 i=1 i=1
STEP 2 log L(6) =2nlogf+ > logx; — 6> x;
i=1 i=1
d 2 n - 2
STEP 3 S flogL(0)} =2 —Sai=0 =  fyp=—0
de 0 = n
D i
i=1
d? 2n
STEP 4 T {logL(0)} =—-—5 <0 for all ¢
Hence 5 5
ESTIMATE : 07, = —— ESTIMATOR: = —-"
D, T 2. Xi
i=1 =1
(iv) Because of the constraint in the pdf that x < 6
" H292x;3:2"92n<n a:i_?’) 0 <x1,...,xy
STEP 1 L) T1 fxlaio)=={ = =
i=1
0 otherwise
STEP 2 log L(6) =nlog2+ 2nlogl — 3> logx;
i=1
At this point we note that the likelihood is monotonically increasing in 6, and hence the likelihood is
maximized when 6 is as large as possible but so that the constraint 8 < x1, ..., z,, is still satisfied, hence
ESTIMATE : 07 = min{xy,...,z,} ESTIMATOR: min{X1, ..., X,}
(v) For @ >0
n n 0 n
STEP 1 LO) =1]] fx(z;0) =[] (§> exp{—0|z;|} = 270" exp {—9 > |xz}
i=1 i=1 i=1
STEP 2 log L(#) = —nlog2+nlogh —06 > |z
i=1
d n & 5
STEP 3 —{log L(#)} =-— > |z;] =0 — Opr =
do 0 = i
> |wil
=1
d? n
STEP 4 — {logL(#)} =—-—5 <0 foralld
do 0
Hence R n n
ESTIMATE : 7, = — ESTIMATOR : —
; i ; |z
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(vi) Because of the constraint in the pdf that §; < x < 6

n 1
n I1 = w01 < w1, < 0o
STEP 1 L(61,605) T1 fx(so)={ = %27 S
i=1
0 otherwise
STEP 2 log L(@l, 92) =N log (92 — 01)

At this point we note that the likelihood is monotonically increasing in ;and monotonically decreasing
in 62, and hence the likelihood is maximized when 607 is as large as possible and when 65 is as small
as possible, but so that the constraint 6; < z1,...,x, < 62 (and 05 > 0;) is still satisfied, hence

O = min {1, ..., Tn} 01 min{Xy,.. Xp}
ESTIMATE : ESTIMATOR:
92ML :max{xl,...,xn} 92 max{Xl,...,Xn}

(vii) Noting the constraint in the pdf that > 63, we have

n n n (01+1)
STEP 1 L(01,02) =[] fx(xi;0) = [] 01051 a; @ = orou0 (H 3:)

i=1 i=1 i=1

0<,...,zn < 0o
STEP 2 log L(01,02) =nlogfi+nbiloghs — (01 +1) > loguz;
i=1
0
STEP 3 — {log L(01,02)} + nlogfy — E logz; =0
06, 91 i=1

n

= O = -
> logx; —nlogOanr
i=1

7101

802 {log L(61,02)} = b

The second of the partial derivative equations indicates again that the maximum of the likelihood occurs
when 6 is as large as possible, that is, when 02577, = min {z1, ..., z,} .Hence

5 n
bivr =+
[Z log z; — nlog {min {x1, ,xn}}}
i=1
ESTIMATES
Ooprr, = min{xq, ...,z }
g &
[Z log z; — nlog {min { X1, ,Xn}}]
i=1
ESTIMATORS:

02 min {X17 ,Xn}

5. Follow the four step procedure that can be summarized as follows: for an observed random sample
Z1,..., Ty from a distribution represented by mass/density function fx (z;6)
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STEP 1 : Form the likelihood function L(9)

n

L(6) = [ fx (@)

i=1

STEP 2 Take (natural) log to obtain log L(9)

STEP 3: Find the value of 0 at which log L(6) (and hence L()) is maximized within the parameter
space O by differentiation

STEP 4: Check the maximum value has been found.
Formally, we define the maximum likelihood estimate of 6, 0,7, as

éML =arg max L(@)
0

Hence, for the Poisson(\) case

n n e*)\)\fz‘ e*n)\)\igl i
STEP 1 L\ = 1:[1 fx(xi; A) = _1:[1 e
= = ! (H IE1'>
i=1
n n
STEP 2 log L(A) =—> logx;! —nA+ <Z a:z> log A\
i=1 i=1
d n 1 s 1 _
STEP 3 —{logL()\)} =-n++ le —=0 - )\ML:—Z.IZ‘:.I
d\ i=1 A n ;=
d? n 1
STEP 4 — {logL(\)} =— (X %) =<0 for all A
dX -1 A
Therefore A
ESTIMATE : Ay, =7 ESTIMATOR: X
1=
and from question 1 on this sheet, we know that if 7} = X = — > X, then Ep, [T1] = X and T3 is
n =1
unbiased. Now, if
T=7(\)=e " so that A= —logT

and we can reformulate the likelihood in terms of 7, giving

log L(T) = — Zlog !+ nlog T+ (Z J:@) log(—log )
i=1 i=1

(£)

d n 1 n
X {log ()} —T1logT * T 0 TML = &P { n Zil . } exp{=T}

and

which can be shown to be the value that maximizes the likelihood, so that
(N =7 (XML>
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6. Noting the constraint in the pdf that x > n, we have

STEP 1 LOvn) = 1 fx(eist) = T aem (-3 (@ -} = 3o { -2 5 (@ -}
i=1 i=1 i=1
n < x1,..., Ty, zero otherwise
STEP 2 log L(A,n) =nlogA =AY (x; —n) =nlogA—=A> x; +nAn
i=1 i=1
0 n n - n
STEP 3 —{logL(\,n)} =~+> x;—nn=0 - AML =
B =] n )
> T —ni)
i=1

B
2 flogL =
877{og (Am)} =nA

The second of the partial derivative equations indicates again that the maximum of the likelihood occurs
when 7 is as large as possible, that is, when 7 = min {z1, ..., z,, } .Hence

5\ML =— n = — n
Yxp—nmin{zy,...,xn} Y, (z; —min{z1,...,zn})
i=1 i=1

ESTIMATES
7 =min{z1,...,zn}
N = n
Z (Xz — min {Xl, ceey Xn})
i=1
ESTIMATORS:

n min{Xy,..., X,}

7. Xi,..,Xy ~ Exponential(1/0) so that Ey, [X;] = 0 and hence, using standard mgf techniques, we

have "
1
X = E X; ~ Gamma (n,§> — E¢ [X] == =nb

=1

SIS

sothat if Ty = X = lX then
n
1
Ele [T1] = En& =0

and hence 77 is an unbiased estimator of 6.
Now if Y1 = min{ X3, ..., X;,}, then previous order statistics results give that

Fry)=1—{1 - Fy(y)}"=1— {1 . (1 . e—y/a) }” — 10y

so that Y1 ~ Exponential <%> Hence if T5 = nY; then

0 0
Efyl V1] = " EfT2 [T5] = nﬁ =0
and hence 75 is an unbiased estimator of 6.
1 —(0-1 —-60+1
Ix@ =5 f-1<z<6+1 Fy(z) =2 (2 )_= 2+ f-1<z<0+1
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Egy, [Xi] = 0 (by integration, or by noting that the pdf is constant and hence symmetric about #) and
hence, using standard expectation techniques, we have that if T, = X

1 — 1 <& 1
Epr [T1] = n ZEin [Xi] = ” 29 = ﬁnG =0
1=1 i=1

and hence 77 is an unbiased estimator of 6.
Now if Y7 = min{Xj, ..., X;,}and Y;, = max{Xy,..., X;,}, then previous order statistics results give
that

n—1 n—1
(o) = nix) (1= Fx(py ™ =ng {1 - L=G=I BT i<y <o

and

n—1 n—1
) = nfx(o) (P~ =g { =G 2 A i<y <o

For the expectations,

0+1 n 1 +0_y n—1
Ef, Y] :/ Uy {T} dy

0—1
n 1
25/0((1+9)—2t)t"12dt settingt = (1460 —y) /2. .y=(140)— 2t
1 1
=(1 +9)/ nt”ldt—Qn/ tdt
0 0
2n
= (1 -
(1+9) n+1
and
0+1 n—1
B n(l—0+y
Efy" (Yol _/01y2{ 2 } 24
n 1
25/0(2t—(1—9))t”—12dt settingt = (1 —0+y) /2. .y=2t—(1-0)
1 1
:2/ nt”dt—(l—e)/ nt"Ldt
0 0
2n
= —(1-6
n+1 ( )

so that if M = (Y1 +Y,,) /2 then by properties of expectations

1 1 1 n n 1
B (M) = 585, WA+ 3B, 0] = [50+0) - 2|+ | LS -0)| =0

and hence M is an unbiased estimator for 6
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9. (i) For A>0

n n )\2 )\271 n
STEP 1 LN = TisA) = ——z;exp{—Ax;} = ———5 T; | exp{ —A
O = [l et = fl g toaod = e ({1 e
STEP 2 log L(A) =2nlogA—nlogl'(2)+ > logx; — A > x;
i=1 i=1
d 2 n o 2
STEP 3 —{logL(\)} =— S a;=0 =  Ayp=——1
do D i
T4
i=1
d? 2n .
STEP 4 o {log L(AN)} = 3z <0 at A\ = Ay

n
Hence the estimator is 2n/ (Z Xi)
i=1

(ii) The result from q. 4 can be generalized so that for any function 7 = 7(\)
Farn () = 7 (Aurz )

which is referred to as the invariance property of maximum likelihood estimators.
have that the ML estimator of 7 =1/\ is

1 n
T= Z X;
=1
Now, using mgfs, it is straightforward to show that

n 1 n
ZXi ~ Gamma(2n, \) T=_— ZXi ~ Gamma(2n,2n\)
i=1 2n =
so that

2n 1 2n 1 1

1 2
Bl =553 Vel pimme Bl g (5) -

(iii) Using the Central Limit Theorem we have that
n 2n

X - =
S5

2n
A2

A 4, 7~ N(0,1)

4, Z ~N(0,1)

so that, dividing through by 2n

and hence, approximately

1 1
T~N|(-,—
(A’2n)\2)

and as n — oo then variance tends to zero, and hence for € > 0
P [T-%’ <5} %1.-.Ti>%

Thus we must

_ 2n+1
2n\?
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