M2S1 : EXERCISES 2 : SOLUTIONS

1. Need Z fz(z) = 1. Hence

=1
o.¢] 1 oo
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(a) ¢ _ng_l (b) ¢ _Zx2 =log 2
=1 =1
oo o0
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(c) ¢ _Zx2_6 (d) ¢ o= 1
=1 =1

(a) is given by the sum of a geometric progression; (b) uses the fact that

1

) = 2 13 >t
— =1+t =) = —log(l—t)=t+ 5+ o+ =) —
il s 2 og(l—t) =t+5 + 3+ "

by integrating both sides with respect to t. Hence for ¢t = 1/2, we have
1
log2 = —1 — = —.
og og(l—1/2) o
=1
(c) is a “well-known” mathematical result (you would not be expected to remember it for the
examination); (d) uses the power series expansion of !, evaluated at t = 2, that is

o0 x [e.e] [e.e]

Pt 22 20
Q—Za:” —Za— +Za
x=0 x=0 =1
Clearly PP X >1]=1-P[ X =1],s0
1 1
Pl X>1]|=< PlX>1]=1-
() PlX>1]=] () P{X>1]=1- o
© PX>1]=1-% (@ Plx>1]==3
¢ B 72 Ce2-1
P[Xiseven]:ZP[X:%],so
=1
1 1
() P[Xiseven]=2  (b) P[Xiseven]:1_£§i
: 1 : 1—e?
(c) P[Xlseven]:Z (d) P[X iseven]|= 5

a) is still the sum of a geometric progression

(a)
(b) follows from the previous result

(c) follows from the previous result taking out a factor of 1/4
(

d) uses the sum of the two power series of ¢! and e, to knock out the odd terms, evaluated at ¢ = 2.
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2. Let Z and X be the numbers of Heads obtained on the first and second tosses respectively. Then
the ranges of Z and X are both {0,1,2,...,n}. Now

A RS AT YT

z=1 z=x

using the Theorem of Total probability. Hence

fle) = G)Z ﬂ(i 2)! z!(nni o)l G) N G) @; (Z:i) G)

zZ=T

> (206 =2 () () =6 ()

Z=T

where t = z — x, and m = n — x, using the Binomial Expansion. Hence

Fx(@) = (Z) (%)n G)x (1 n %)n_x = (Z) 3;; 2=01,2, .. n.

Alternately, as all tosses are independent, consider tossing all n coins twice, and counting the number
that show heads twice; this is identical to evaluating X. Then as each coin shows heads twice with

=G -G} - O

3. Each of the n(n + 1)/2 points has equal probability p = 2/(n(n + 1)) of being selected. In column x
of the triangular array of points, there are z points in total; in row y, there are (n + 1 — y) points (for
x,y = 1,2,...,n) and therefore

as before.

fX(l') = P[X:J,'] = xp = m r=1,2,...,n
fy(y) = P[Y=y] = (n+1-yp 2(Z(Ziz)y) =1,2,...,n

4. Can calculate F'x by integration
23 4

FX(x):/;fX(t) dt:/oxctQ(l—t) dt:c{g—%] O<z<l1

and Fx (1) =1 gives ¢ = 12. Finally,
P[X >1/2]=1-P[X <1/2] =1— Fx(1/2) =1 —12[1/24 — 1/64] = 11/16.

5. Valid pdf if (i) it is a non-negative function (that is, if & > 0), and (ii) integrates to 1 over the range

x > 1, that is
| @ [T dx—[—ﬂl 1tk

1
so fx isa pdfif k>0, and Fx(z) =1— — for x > 1.
x
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6. Sketch of fx;

x .7}2
/tdt = — O<zr<l1
0 2
P = [ pma={ . . P
— /tdt+/(2—t)dt —aw-t 1 1<e<2
0 1

Note that Fx is continuous, and Fx(0) =0, Fx(2) = 1.

1

7. FX(l):1:Q_5

, and

fre) = G PO} = 725 (7 - T) 021

and zero otherwise, and hence

Ef [ X7] = /00 2" fx(v) dv = /01 ab x" (:vﬁfl — ma’l) dx

oo o —

aﬁ |: $ﬁ+T xa+7' :| 1
0

Ca—-f|B+r a+r
_ B
(a+r)(B+7)
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8. By differentiation,

28(6° — 2?)

fxle) = GOl ="Cr g 0Se<

and zero otherwise, and hence

o0 6] 2_$2
Efe [ X ] :/_ooxfx(x) dx:/O x% dx

w/4 201
= / 22 tan 0%6 sec’0 df  (xz = [tand)

(1 — tan? (1 —tan®0)
—2ﬁ/ tanH (1F tan20) de

w/4
= Qﬁ/ tan @ cos 20 d6
0

r 1 7T/4 71'/4
=20 5 tan @ sin 29] - ﬁ/ sec?20sin20 df  (by parts)
L 0

0

1 w/4
=20 |= —/ tan @ df
2 Jo

=20 % — [~ log(cos 9)]3/4]

=20 % +log(cos7r/4)} = [3(1 —log2)

as cosm/4 = 1//2.
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