WORKED EXAMPLES 4

1-1 MULTIVARIATE TRANSFORMATIONS

Given a collection of variables (X1, ...X%) with range X*) and joint pdf fx, . x, we can construct the
pdf of a transformed set of variables (Y1, ...Yy) using the following steps:

1. Write down the set of transformation functions gy, ..., gk

Yl =01 (Xl7 7Xk‘)

Yk = 9k (Xla 7Xk)

2. Write down the set of inverse transformation functions g;° L gkfl

X1 =9;,"(M,...Yz)

X =gt (Y1,.., Yx)

3. Consider the joint range of the new variables, Y(*),

4. Compute the Jacobian of the transformation: first form the matrix of partial derivatives

oy1  Oya Oy,
Dy: 8y1 8y2 8yk
| Oy1 O Oy |
where, for each (i, 7)
83:1- 0

= Lo (y, ...,
oy~ 0y, {97 (1, uk)}

and then set |J (y1,...,yx)| = |det Dy|

Note that
det Dy = det D}

so that an alternative but equivalent Jacobian calculation can be carried out by forming Dg. Note

also that
1

- ’J (a:l, ,xk)\

where J (x1, ..., xx) is the Jacobian of the transformation regarded in the reverse direction (that is,
if we start with (Y1, ...,Yy) and transfrom to (X1,..., Xy))

|J(y17 ey yk)|

5. Write down the joint pdf of (Y7,...Y%) as

le,..A,Yk (yl’ 7yk:) - le,.A.,Xk (91_1 (?le 7yk> ’ "'7gk-_1 (3/17 7yk)) X |J(y17 7yk)|

for (y17 7yk) € y(*)



EXAMPLE Suppose that X; and X5 have joint pdf
fxix (T,22) =2 0<zp<ap<1

and zero otherwise. Compute the joint pdf of random variables

X

Y, =
1 X,

Yo =Xy

SOLUTION
1. Given that X®) = {(21,29) : 0 < 21 < 29 < 1} and

151
g1(ti,t2) = T g2(t1,t2) = to

2. Inverse transformations:

Y1 =X1/Xo o X1 =YY,
YEZZXb Xé==13

and thus
g1 L (t1, t2) = tats gy H(t1,t2) = to

3. Range: to find Y® consider point by point transformation from X3 to Y@ For a pair of points
(z1,22) € X®) and (y1,y2) € Y® linked via the transformation, we have

O<r1 <2<l 0<y1y2 <ya <1
and hence we can extract the inequalities

O<yo<land0<y <1 o Y@ =(0,1) % (0,1)

4. The Jacobian for points (y1,12) € Y is

Or - Omy
Oy1 Oy Y2 U1
Dy = = = |J (g1, 92)| = |det Dy | = |ya| =
O N 0 1 |7 (y1,92)| = [det Dy| = |ya] =2
Oy1 Oy2
Note that for points (z1,z2) € X?) is
Oy Oy T
0 0 — 1 1
Dm: T ) — T IE% :>‘J(Z1317,’L‘2>|:‘deth’:'_‘ [
ng ng 0 1 T2 L2
8$1 6$2
so that )
Ty = ————
) = 17 G )

5. Finally, we have

iye (Y1, 92) = fx1,x2 (Y192, Y2) X Y2 = 2y 0<yi<l,0<y2<1

and zero otherwise



EXAMPLE Suppose that X; and X, are independent and identically distributed random vari-
ables defined on R each with pdf of the form

1

fx (z) = ﬁeXp{—%} x>0

and zero otherwise. Compute the joint pdf of random variables Y7 = X7 and Yo = X7 + X

SOLUTION

1. Given that X2 = {(z1,22) : 0 < 21,0 < z2} and

gi1(t1,t2) = t1 ga(t1,t2) = t1 +t2
2. Inverse transformations:
Yi=X3 - X1=Y
Yo =X1+ Xy Xo=Yo—-Y;
and thus
gl_l(tlatZ) =t 92_1(t1,t2) =to— 1t

3. Range: to find Y® consider point by point transformation from X2 to Y For a pair of points
(z1,29) € X and (y1,92) € Y® linked via the transformation; as both original variables are
strictly positive, we can extract the inequalities

0<yr <y < o0

4. The Jacobian for points (y1,y2) € Y@ s

8%1 8.7)1
[ 1o
D, = = J = |det D,| =|1| =1
. | = Gl = [det Dyl = |1
Oy1 Oyo

Note, here, J (x1,22) = |det D,| = 1 also so that again

1
J (1, ye)| = ———
| (yl y2)‘ ’J(l‘l,$2)‘
5. Finally, we have for 0 < 17 < y2 < o0
iye (W,u2) = fxixo(Wi,y2 —y1) X 1= fx, (1) X fx,(y2 — y1) by independence

1 1 —
= exp{—ﬂ} —exp{——(y2 yl)}
27y 2 27 (y2 — y1) 2

1 1 { yg}
= ——F———exXpy——
27 /1 (Y2 — y1) 2

and zero otherwise



Here, for yo > 0

Y2 1 1 y
fra(y2) = /le,Yz (yl,y2)dy1:/0 _—eXP{—?Q}dyl

21 \/y1 (y2 — 1)

1 { y2} Y2 1 d
= —expi—= —_——diy

27 2 o Vyi(y2—u)

1 Yo 1 1 i
= —exp{——}/ yodt setting y1 = tys

2 20 Jo \tya (yo — tya)

2 20 Jo yt(1—1t)

se {2
= — e —_—

7 P

as (by MAPLE, or further transformations)

1 1
/oﬁdt‘“



