
4
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41 Dv [ � > ===>[ � � Srlvvrq+�,/ dqg jlyhq wkdw W � @ [ @ 4
q

�
[

��� �
[ � / wkhq xvlqj hohphqwdu| surshuwlhv

ri h{shfwdwlrqv/ zh kdyh
H ���	� ^W � ` @ 4

q
�
[

��� �
H ��

� ^[ � ` @ 4

q
�
[

��� �
� @ �

vr wkdw W � lv dq xqeldvhg hvwlpdwru ri �1 Ixuwkhupruh

W � @ 4
q� 4

�
[

��� �
�[ � �[� � @ 4

q� 4
�
[

��� �
[ �� � 4

+q� 4,
�

[

��� �
�[� � @ 4

q� 4
�

[

��� �
[ �� � 4

+q� 4,
�
[

��� �

# 4
q

�
[

��� �
[ �

$ �

@ 4
q� 4

�
[

��� �
[ �� � 4

q � +q� 4,
�
[

��� �

# �
[

��� �
[ �

$ �

@ 4
q� 4

�
[

��� �
[ �� � 4

q+q� 4,
# �
[

��� �
[ �

$ �

Iurp surshuwlhv ri h{shfwdwlrqv/ yduldqfhv/ dqg wkh Srlvvrq glvwulexwlrq/
H � 


�[ � � @ Ydu � 
 ^[` . iH � 
 ^[`j � @ �. � � @ � +�. 4,
Qrz/ iurp surshuwlhv ri lqghshqghqw Srlvvrq udqgrp yduldeohv

\ � @
�
[

��� �
[ � � Srlvvrq+q�,

vr wkhuhiruh/ wdnlqj h{shfwdwlrqv lq wkh deryh

H � ��� ^W � ` @ 4
q� 4

�
[

��� �
H � 
 �

�[ �� �� 4
q+q� 4,H �����

�\ �
�
� @ 4

q� 4
�

[

��� �
� +�. 4,� 4

q+q� 4,q� +q�. 4,

@ q
q� 4� +�. 4,� 4

q� 4� +q�. 4, @ 4
q� 4 ^q� +�. 4,� � +q�. 4,`

@ 4
q� 4

�q� � . q�� q� � . �� @ �
51 Iurp wkh wkhruhp lq ohfwxuhv/ dqg e| surshuwlhv ri wkh Jdppd glvwulexwlrq/ zh fdq zulwh

Y � @ +q� 4,v ��
� � � " �

��� � � Jdppd
�q� 4

5 > 45
�

@, Y � @
��� �
[

��� �
[ �

zkhuh [ � � " � � � Jdppd
�4
5 >

4
5
�

/ vr wkdw/ xvlqj wkh Jdppd h{shfwdwlrq dqg yduldqfh uhvxowv

H � 
 � ^[ � ` @ 4@5
4@5 @ 4 @ � Ydu � 
 � ^[ � ` @ 4@5

+4@5, � @ 5 @ � �

vd|1 Khqfh/ e| wkh Fhqwudo Olplw Wkhruhp/
Y � � +q� 4,�
s+q� 4,� � @ Y � � +q� 4,

s5+q� 4,
��$ ] � Q+3> 4,
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Khqfh/ vxevwlwxwlqj lq wkh gh�qlwlrq iru Y � /
+q� 4,v ��

� � � +q� 4,
s5+q� 4, @

sq� 4 �v �� � � � �
� � s5

��$ ] � Q+3> 4,

dqg �qdoo|/ e| d orfdwlrq2vfdoh wudqvirupdwlrq wr ] � @ � � . � � s5sq� 4]/ zh kdyh

v ��
��$ ] � � Q

�

� � > 5� �
q� 4

�

61 [ � > ===>[ � � Jdppd+�> �, vr wkdw H � 
 � ^[ � ` @ �@� dqg Ydu � 
 � ^[ � ` @ �@� � vr wkdw

H � 
 �
�[ �� � @ Ydu � 
 � ^[ � ` .

q

H � 
 � ^[ � `
r � @ �

� � .
��
�
� �

@ � +�. 4,
� �

Khqfh iru wkh phwkrg ri prphqwv hvwlpdwruv a� ��� dqg a� ��� / qhhg wr vroyh wkh iroorzlqj sdluv ri
htxdwlrqv

ILUVW PRPHQW Vroyh 4
q

�
[

��� �
{� @ { @ �

�

VHFRQG PRPHQW Vroyh 4
q

�
[

��� �
{ �� @ +{, � . V � @ � +�. 4,

� �

zkhuh
V � @ 4

q
�
[

��� �
+{ � � {, � @ 4

q
�

[

��� �
{ �� � +{, �

Hohphqwdu| dojheud jlyhv
a� ��� @ +{, �

V � a� ��� @ {
V �

71 Iroorz wkh irxu vwhs surfhgxuh wkdw fdq eh vxppdul}hg dv iroorzv= iru dq revhuyhg udqgrp vdpsoh
{ � > ===> { � iurp d glvwulexwlrq uhsuhvhqwhg e| pdvv2ghqvlw| ixqfwlrq i � +{> �,
VWHS 4 = Irup wkh olnholkrrg ixqfwlrq O+�,

O+�, @
�
\

��� �
i � +{ � > �,

VWHS 5 Wdnh +qdwxudo, orj wr rewdlq orjO+�,
VWHS 6= Ilqg wkh ydoxh ri � dw zklfk orjO+�, +dqg khqfh O+�,, lv pd{lpl}hg zlwklq wkh sdudphwhu
vsdfh � e| gl�huhqwldwlrq
VWHS 7= Fkhfn wkh pd{lpxp ydoxh kdv ehhq irxqg1
Irupdoo|/ zh gh�qh wkh pd{lpxp olnholkrrg hvwlpdwh ri �/ a� ��� / dv

a� ��� @dujpd{� O+�,
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Khqfh/ iru wkh Srlvvrq+�, fdvh

VWHS 4 O+�, @
�
\

��� �
i � +{ � >�, @

�
\

��� �
h ��� � � �
{ � $ @ h � ��� �

�
[

��� �
� �

# �
\

��� �
{ � $

$

VWHS 5 orjO+�, @ � �
[

��� �
orj { � $� q�.

# �
[

��� �
{ �
$

orj�

VWHS 6 g
g� iorjO+�,j @ �q.

# �
[

��� �
{ �
$ 4

� @ 3 @, a� ��� @ 4
q

�
[

��� �
{ � @ {

VWHS 7 g �
g� � iorjO+�,j @ �

# �
[

� � �
{ �
$ 4

� � ? 3 iru doo �

Wkhuhiruh
HVWLPDWH = a� ��� @ { HVWLPDWRU= [

dqg iurp txhvwlrq 4 rq wklv vkhhw/ zh nqrz wkdw li W � @ [ @ 4
q

�
[

��� �
[ � wkhq H � � � ^W � ` @ � dqg W � lv

xqeldvhg1 Qrz/ li
� @ �+�, @ h ��� vr wkdw � @ � orj �

dqg zh fdq uhirupxodwh wkh olnholkrrg lq whupv ri � / jlylqj

orjO+�, @ � �
[

��� �
orj {� $ . q orj � .

# �
[

��� �
{ �
$

orj+� orj �,

dqg

g
g� iorjO+�,j @

# �
[

��� �
{ �
$

�� orj � . q
� @ 3 @, a� ��� @ h{s

+

� 4
q

�
[

��� �
{ �
,

@ h{s i�{j
zklfk fdq eh vkrzq wr eh wkh ydoxh wkdw pd{lpl}hv wkh olnholkrrg/ vr wkdw

a� ��� +�, @ �
�a� ���

�
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81 +l, Iru � A 3

VWHS 4 O+�, @
�
\

��� �
i � +{ � > �, @

�
\

��� �
�{ � � �� @ � �

# �
\

��� �
{ �
$

� � �

VWHS 5 orjO+�, @ q orj � . +� � 4,
�

[

��� �
orj{ �

VWHS 6 g
g� iorjO+�,j @ q

� .
�
[

��� �
orj { � @ 3 @, a� ��� @ � q

�
[

��� �
orj { �

VWHS 7 g �
g� � iorjO+�,j @ � q

� � ? 3 iru doo �
Khqfh

HVWLPDWH = a� ��� @ � q
�
[

��� �
orj { �

HVWLPDWRU= � q
�
[

��� �
orj[ �

+ll, Iru � A 3

VWHS 4 O+�, @
�
\

��� �
i � +{ � > �, @

�
\

��� �
+� . 4,{ ���

��� ���� @ +� . 4, �
# �
\

��� �
{ �
$ � ��� ���

VWHS 5 orjO+�, @ q orj +� . 4,� +� . 5,
�
[

��� �
orj { �

VWHS 6 g
g� iorjO+�,j @ q

� . 4 � �
[

��� �
orj{ � @ 3 @, a� ��� @ q

�
[

��� �
orj { �

� 4

VWHS 7 g �
g� � iorjO+�,j @ � q

+� . 4, � ? 3 iru doo �

Khqfh
HVWLPDWH = a� ��� @ q

�
[

��� �
orj { �

� 4 HVWLPDWRU= @ q
�
[

��� �
orj { �

� 4
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+lll, Iru � A 3

VWHS 4 O+�, @
�
\

��� �
i � +{� > �, @

�
\

��� �
� � { � h{s i��{ � j @ � � �

# �
\

��� �
{ �
$

h{s
+

��
�
[

��� �
{ �
,

VWHS 5 orjO+�, @ 5q orj � .
�
[

��� �
orj { � � �

�
[

��� �
{ �

VWHS 6 g
g� iorjO+�,j @ 5q

� � �
[

��� �
{ � @ 3 @, a� ��� @ 5q

�
[

��� �
{ �

VWHS 7 g �
g� � iorjO+�,j @ �5q

� � ? 3 iru doo �
Khqfh

HVWLPDWH = a� ��� @ 5q
�

[

��� �
{ �

HVWLPDWRU= @ 5q
�

[

��� �
[ �

+ly, Ehfdxvh ri wkh frqvwudlqw lq wkh sgi wkdw { � �

VWHS 4 O+�,
�
\

��� �
i � +{ � > �, @@

;

A

A

A

?

A

A

A

=

�
\

��� �
5� � { ���� @ 5 � � � �

# �
\

��� �
{ ����

$

� � { � > ===> { �

3 rwkhuzlvh

VWHS 5 orjO+�, @ q orj 5 . 5q orj � � 6
�
[

��� �
orj { �

Dw wklv srlqw zh qrwh wkdw wkh olnholkrrg lv prqrwrqlfdoo| lqfuhdvlqj lq �/ dqg khqfh wkh olnholkrrg lv
pd{lpl}hg zkhq � lv dv odujh dv srvvleoh exw vr wkdw wkh frqvwudlqw � � { � > ===> { � lv vwloo vdwlv�hg/ khqfh

HVWLPDWH = a� ��� @ plq i{ � > ===> { � j HVWLPDWRU= plq i[ � > ===>[ � j
+y, Iru � A 3

VWHS 4 O+�, @
�
\

��� �
i � +{ � > �, @

�
\

��� �

��
5
�

h{s i�� m{ � mj @ 5 � � � � h{s
+

��
�
[

��� �
m{ � m

,

VWHS 5 orjO+�, @ �q orj 5 . q orj � � �
�

[

��� �
m{ � m

VWHS 6 g
g� iorjO+�,j @ q

� � �
[

��� �
m{ � m @ 3 @, a� ��� @ q

�
[

��� �
m{ � m

VWHS 7 g �
g� � iorjO+�,j @ � q

� � ? 3 iru doo �
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Khqfh
HVWLPDWH = a� ��� @ q

�
[

� � �
m{ � m

HVWLPDWRU = q
�

[

��� �
m{ � m

+yl, Ehfdxvh ri wkh frqvwudlqw lq wkh sgi wkdw � � � { � � �

VWHS 4 O+� � > � � ,
�
\

��� �
i � +{ � > �, @

;

A

A

A

?

A

A

A

=

�
\

��� �
4

+� � � � � , @ 4
+� � � � � , � � � � { � > ===> { � � � �

3 rwkhuzlvh
VWHS 5 orjO+� � > � � , @ �q orj +� � � � � ,

Dw wklv srlqw zh qrwh wkdw wkh olnholkrrg lv prqrwrqlfdoo| lqfuhdvlqj lq � � dqg prqrwrqlfdoo| ghfuhdvlqj
lq � � / dqg khqfh wkh olnholkrrg lv pd{lpl}hg zkhq � � lv dv odujh dv srvvleoh dqg zkhq � � lv dv vpdoo
dv srvvleoh/ exw vr wkdw wkh frqvwudlqw � � � { � > ===> { � � � � +dqg � � � � � , lv vwloo vdwlv�hg/ khqfh

HVWLPDWH =
a� � ��� @ plq i{ � > ===> { � j
a� � ��� @ pd{ i{ � > ===> { � j HVWLPDWRU=

� � plq i[ � > ===>[ � j
� � pd{ i[ � > ===>[ � j

+yll, Qrwlqj wkh frqvwudlqw lq wkh sgi wkdw { � � � / zh kdyh

VWHS 4 O+� � > � � , @
�
\

��� �
i � +{ � > �, @

�
\

��� �
� � � � �� { ���

� � � � �� @ � � � � � � ��

# �
\

��� �
{ �
$ � � � � � � �

3 � { � > ===> { � � � �
VWHS 5 orjO+� � > � � , @ q orj � � . q� � orj � � � +� � . 4,

�
[

��� �
orj { �

VWHS 6 C
C� � iorjO+� � > � � ,j @ q

� � . q orj � � � �
[

��� �
orj { � @ 3

@, a� � ��� @ q
�
[

��� �
orj { � � q orj a� � ���

C
C� � iorjO+� � > � � ,j @ q� �

� �
Wkh vhfrqg ri wkh sduwldo ghulydwlyh htxdwlrqv lqglfdwhv djdlq wkdw wkh pd{lpxp ri wkh olnholkrrg rffxuv
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zkhq � � lv dv odujh dv srvvleoh/ wkdw lv/ zkhq a� � ��� @ plq i{ � > ===> { � j =Khqfh
a� � ��� @ q

% �
[

��� �
orj{ � � q orj iplq i{ � > ===> { � jj

&

HVWLPDWHV
a� � ��� @ plq i{ � > ===> { � j

� � q
% �
[

��� �
orj { � � q orj iplq i[ � > ===>[ � jj

&

HVWLPDWRUV=
� � plq i[ � > ===>[ � j

91 Qrwlqj wkh frqvwudlqw lq wkh sgi wkdw { � �/ zh kdyh
VWHS 4 O+�> �, @

�
\

��� �
i � +{ � > �, @

�
\

��� �
� h{s i�� +{ � � �,j @ � � h{s

+

��
�
[

��� �
+{ � � �,

,

� � { � > ===> { � / }hur rwkhuzlvh
VWHS 5 orjO+�> �, @ q orj�� �

�
[

��� �
+{ � � �, @ q orj�� �

�
[

��� �
{ � . q��

VWHS 6 C
C� iorjO+�> �,j @ q

� .
�
[

��� �
{ � � q� @ 3 @, a� ��� @ q

�
[

��� �
{ � � qa�

C
C� iorjO+�> �,j @ q�

Wkh vhfrqg ri wkh sduwldo ghulydwlyh htxdwlrqv lqglfdwhv djdlq wkdw wkh pd{lpxp ri wkh olnholkrrg rffxuv
zkhq � lv dv odujh dv srvvleoh/ wkdw lv/ zkhq a� @ plq i{ � > ===> { � j =Khqfh

a� ��� @ q
�
[

��� �
{ � � qplq i{ � > ===> { � j

@ q
�
[

��� �
+{ � �plq i{ � > ===> { � j,

HVWLPDWHV
a� @ plq i{ � > ===> { � j

� @ q
�

[

��� �
+[ � �plq i[ � > ===>[ � j,

HVWLPDWRUV=
� plq i[ � > ===>[ � j

:1 [ � > ===>[ � � H{srqhqwldo+4@�, vr wkdw H � 
 � ^[ � ` @ � dqg khqfh/ xvlqj vwdqgdug pji whfkqltxhv/ zh
kdyh

[ @
�
[

��� �
[ � � Jdppd

�

q> 4�
�

@, H � 
 ^[` @ q
4
�
@ q�
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;

vr wkdw li W � @ [ @ 4
q[ wkhq

H � � � ^W � ` @ 4
qq� @ �

dqg khqfh W � lv dq xqeldvhg hvwlpdwru ri �=
Qrz li \ � @ plq i[ � > ===>[ � j/ wkhq suhylrxv rughu vwdwlvwlfv uhvxowv jlyh wkdw

I � � +|, @ 4� i4� I � +|,j � @ 4� q

4� �

4� h ����� �
�r � @ 4� h � ����� � | A 3

vr wkdw \ � � H{srqhqwldo
�q
�
�

1 Khqfh li W � @ q\ � wkhq

H ��� � ^\ � ` @ �
q , H � ��� ^W � ` @ q �

q @ �
dqg khqfh W � lv dq xqeldvhg hvwlpdwru ri �=

i � +{, @ 4
5 � � 4 � { � � . 4 I � +{, @ {� +� � 4,

5 @ {� � . 4
5 � � 4 � { � � . 4

H � 
 � ^[ � ` @ � +e| lqwhjudwlrq/ ru e| qrwlqj wkdw wkh sgi lv frqvwdqw dqg khqfh v|pphwulf derxw �, dqg
khqfh/ xvlqj vwdqgdug h{shfwdwlrq whfkqltxhv/ zh kdyh wkdw li W � @ [

H � � � ^W � ` @ 4
q

�
[

� � �
H � 
 � ^[ � ` @ 4

q
�
[

��� �
� @ 4

qq� @ �

dqg khqfh W � lv dq xqeldvhg hvwlpdwru ri �=
Qrz li \ � @ plq i[ � > ===>[ � jdqg \ � @ pd{ i[ � > ===>[ � j/ wkhq suhylrxv rughu vwdwlvwlfv uhvxowv jlyh

wkdw

i � � +|, @ qi � +|, i4� I � +|,j ��� � @ q45
�

4� | � +� � 4,
5

� � � �

@ q
5
�4 . � � |

5
� � � �

��4 � | � �.4

dqg

i � � +|, @ qi � +|, iI � +|,j � � � @ q45
�| � +� � 4,

5
� ��� �

@ q
5
�4� � . |

5
� ��� �

� � 4 � | � � . 4

Iru wkh h{shfwdwlrqv/

H � � � ^\ � ` @
]

��� �

� � �
|q5

�4 . � � |
5

� ��� �

g|

@ q
5
]

�

� ++4 . �,� 5w, w ��� � 5gw vhwwlqj w @ +4 . � � |, @5 , | @ +4 . �,� 5w

@ +4 . �,
]

�

� qw ���
� gw� 5q

]
�

� w � gw

@ +4 . �,� 5q
q. 4
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<

dqg
H ����� ^\ � ` @

]

��� �

� � �
|q5

�4� � . |
5

� ��� �

g|

@ q
5
]

�

� +5w� +4� �,, w ��� � 5 gw vhwwlqj w @ +4� � . |, @5 , | @ 5w� +4� �,

@ 5
]

�

� qw � gw� +4� �,
]

�

� qw ���
� gw

@ 5q
q. 4 � +4� �,

vr wkdw li P @ +\ � . \ � , @5 wkhq e| surshuwlhv ri h{shfwdwlrqv
H ��� ^P ` @ 4

5H ��� � ^\ � ` . 4
5H ��� � ^\ � ` @

�4
5 +4 . �,� q

q. 4
�

.
� q
q. 4 � 4

5 +4� �,
�

@ �
dqg khqfh P lv dq xqeldvhg hvwlpdwru iru �
< Iru wkh p1o1h1 iru � @ 4@�/ zulwh wkh olnholkrrg lq whupv ri �

VWHS 4 O+�, @
�
\

��� �
i � +{ � > �, @

�
\

��� �
+4� �, � � � � � @

�
\

��� �

�� � 4
�

� � � � � 4
�

@ +� � 4,
�
S

� � � � � � �

�
�
S

� � � �
�

VWHS 5 orjO+�, @
# �
[

��� �
{ � � q

$

orj+� � 4,�
# �
[

��� �
{ �
$

orj �

VWHS 6 g
g� iorjO+�,j @

# �
[

��� �
{ � � q

$

� � 4 �
�
[

��� �
{ �

� @ 3 @, a� ��� @ 4
q

�
[

��� �
{ � @ {

VWHS 7 g �
g� � iorjO+�,j @ �

# �
[

��� �
{ � � q

$

+� � 4, � .

�
[

��� �
{ �

� � @ � +{� 4,
q +� � 4, � .

{
q� �

@ � 4
q� � +� � 4, �

k

� � +{� 4, . { +� � 4, �
l

? 3 dw � @ a� @ {

dqg khqfh wkhq PO hvwlpdwru lv W @ [= Iurp hohphqwdu| surshuwlhv ri h{shfwdwlrqv dqg yduldqfhv/ zh
kdyh wkdw

H ��� ^W ` @ 4
q

�
[

��� �
H ��

� ^[ � ` @ 4

q
�

[

��� �
+4� �,

� @ 4
q
q
� @ 4

� @ �
dqg

Ydu � � ^W ` @ 4
q �

�
[

� � �
Ydu � 
 � ^[ � ` @ 4

q �
�
[

��� �
+4� �,

� � @ 4
q �

q +4� �,
� � @ +4� �,

q� � @ +� � 4,
q�
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vr W lv dq xqeldvhg hvwlpdwru iru zlwk yduldqfh +� � 4, @q�=
Qrz/ iru wkh Fudphu0Udr erxqg/

C
C� iorj i � +{> �,j @ C

C� i+{� 4, orj +4� �, . orj �j @ +{� 4,
+4� �, .

{
� @

�

{� 4
�
�

+� � 4,
dqg khqfh

H � 


%

� C
C� iorj i � +[> �,j� � &

@ H � 


5

9

9

9

7

;

A

A

?

A

A

=

�

[ � 4
�
�

+� � 4,

<

A

A

@

A

A

>

� 6

:

:

:

8

@ 4
+� � 4, � H � 


%

�

[ � 4
�
� � &

@ 4
+� � 4, � Ydu � 
 ^[`

dv H � 


%

�

[ � 4
�
� � &

@H � 

k

+[ � H � 
 ^[`, �
l

1 Khqfh

H � 


%

� C
C� iorj i � +[> �,j� � &

@ 4
+� � 4, � Ydu � 
 ^[` @ 4

+� � 4, �
+4� �,

� � @ 4
+4� �, � �

dqg khqfh wkh orzhu erxqg rq wkh yduldqfh iru xqeldvhg hvwlpdwruv lv

^� � +�,` �

qH � 


%

� C
C� iorj i � +[> �,j� � & @

�� 4
� �

� �

q 4
+4� �, � �

@ +4� �,
q� �

Exw/ iurp deryh/ wklv lv wkh yduldqfh ri wkh hvwlpdwru W / vr W lv XPYXH1
431 Iru � A 3

VWHS 4 O+�, @
�
\

��� �
i � +{� > �, @

�
\

��� �

� 4
5��

�

� � �
h{s

��{ ��
5�

�

@
� 4
5�

� � � �
� � � � � h{s

+

� 4
5�

�
[

� � �
{

VWHS 5 orjO+�, @ �q
5 orj 5� � q

5 orj � � 4
5�

�
[

��� �
{ ��

VWHS 6 g
g� iorjO+�,j @ � q

5� . 4
5� �

�
[

��� �
{ �� @ 3 @, a� ��� @ 4

q
�
[

��� �
{ ��

VWHS 7 g �
g� � iorjO+�,j @ q

5� � � 4
� �

�
[

��� �
{ �� @ q

5� �
%

� � 5
�
[

��� �
{ ��
&

? 3 dw � @ a� ���

Khqfh wkh hvwlpdwru lv
W @ 4

q
�
[

��� �
[ ��

zklfk fdq eh uh0zulwwhq
W @ �

q
�
[

��� �

�[ �s�
� �

@ �
q

�
[

��� �
\ �
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exw [ � � Q +3> �, @, [ � @s� � Q +3> 4, @, \ � @ [ �� @� � " � � � Jdppd
�4
5 >

4
5
�

dqg khqfh

H � � ^W ` @ �
q

�
[

��� �
H ����� ^\ � ` @ �

q
�
[

��� �
4 @ �

dqg khqfh W lv dq xqeldvhg hvwlpdwru iru �1 Dovr/
Ydu � � ^W ` @

� �
q
� � �

[

��� �
Ydu ����� ^\ � ` @

� �
q
� � � q� 5 @ 5� �

q
Qrz/ iru wkh Fudphu0Udr erxqg/

C
C� iorj i � +{> �,j @ C

C�
��4

5 orj 5� � 4
5 orj � � 4

5�{
�
�

@ � 4
5� . 4

5� � {
� @

�{ � � ��
5� �

dqg khqfh

H � 


%

� C
C� iorj i � +[> �,j� � &

@ H � 


5

7

+
�[ � � ��

5� �
, � 6

8 @ 4
7� � H � 


k

�[ � � �� �
l

@ 4
7� � Ydu � 


�[ � �

dv H � 

k

�[ � � �� �
l

@H � 

k

�[ � � H � 

�[ � �� � l1 Qrz zh kdyh

[ �

� � Jdppd
�4
5 >

4
5
� +, [ � � Jdppd

�4
5 >

4
5�

�

, Ydu � 
 �[ � � @
4
5

� 4
5�

� � @ 5� �

Khqfh
H � 


%

� C
C� iorj i � +[> �,j� � &

@ 4
7� � Ydu � 


�[ � � @ 4
7� � 5�

� @ 4
5� �

dqg khqfh wkh orzhu erxqg rq wkh yduldqfh iru xqeldvhg hvwlpdwruv lv
^� � +�,` �

qH � 


%

� C
C� iorj i � +[> �,j� � & @ 4 �

q 4
5� �

@ 5� �
q

Exw/ iurp deryh/ wklv lv wkh yduldqfh ri wkh hvwlpdwru W / vr W lv XPYXH1
441 +l, Iru � A 3

VWHS 4 O+�, @
�
\

��� �
i � +{ � >�, @

�
\

��� �
� �

�+5,{ � h{s i��{ � j @ � � �i�+5,j �
# �
\

��� �
{ �
$

h{s
+

��
�
[

��� �
{ �
,

VWHS 5 orjO+�, @ 5q orj�� q orj � +5, .
�
[

��� �
orj { � � �

�
[

��� �
{ �

VWHS 6 g
g� iorjO+�,j @ 5q

� � �
[

��� �
{ � @ 3 @, a� ��� @ 5q

�
[

� � �
{ �

VWHS 7 g �
g� � iorjO+�,j @ �5q

� � ? 3 dw � @ a� ���
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Khqfh wkh hvwlpdwru lv 5q@
� �
S

��� � [ �
�

+ll, Wkh uhvxow iurp t1 7 fdq eh jhqhudol}hg vr wkdw iru dq| ixqfwlrq � @ �+�,
a� ��� +�, @ �

�a� ���
�

zklfk lv uhihuuhg wr dv wkh lqyduldqfh surshuw| ri pd{lpxp olnholkrrg hvwlpdwruv1 Wkxv zh pxvw
kdyh wkdw wkh PO hvwlpdwru ri � @ 4@� lv

W @ 4
5q

�
S

��� � [ �

Qrz/ xvlqj pjiv/ lw lv vwudljkwiruzdug wr vkrz wkdw
�
S

��� � [ � � Jdppd+5q>�, , W @ 4
5q

�
S

��� � [ � � Jdppd+5q> 5q�,

vr wkdw

H ��� ^W ` @ 5q
5q� @ 4

� Ydu ��� ^W ` @ 5q
+5q�, � @ 4

5q� � H ���
�W � � @ 4

5q� � .
�4
�
� �

@ 5q. 4
5q� �

+lll, Xvlqj wkh Fhqwudo Olplw Wkhruhp zh kdyh wkdw
�
S

��� � [ � � 5q
�

u5q
� �

��$ ] � Q+3> 4,

vr wkdw/ glylglqj wkurxjk e| 5q
W � 4

�
u 4

5q� �

��$ ] � Q+3> 4,

dqg khqfh/ dssur{lpdwho|
W � Q

�4
�>

4
5q� �

�

dqg dv q �$ 4 wkhq yduldqfh whqgv wr }hur/ dqg khqfh iru % A 3

S
��

�

�

�

W � 4
�
�

�

�

�

? %
� �$ 4 , W ��$ 4

�
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