M2S1 : EXERCISE SHEET 6 : SOLUTIONS

— 1<
1. As Xy,..., X, ~ Poisson()\), and given that 71 = X = — E X, then using elementary properties
n
—

of expectations, we have
n

1
By, [Th] = ZEfX X =~ ZA:A

et
so that T} is an unbiased estimator of A. Furthermore

1 " —\2
=n—lz(Xi_X) -
i=1

n

1 1 2 1 o 1
—IZXiQ_(n—l). (X) :n—lzXzz_(n—l)Z

i=1 i=1 i=1 i=1

- s () - S g (S

i=1 i=1

From properties of expectations, variances, and the Poisson distribution,
Ef, [X?] = Vary, [X]+{Ep [X]FP = A+ A2 =AM+ 1)

Now, from properties of independent Poisson random variables

n
Y, = ZXi ~ Poisson(n\)
=1

so therefore, taking expectations in the above

EfT2 [Tn] = ZEfX )(Z2 ﬁEfY [Ynz] = _12)\(/\+1)—ﬁn)\(n/\+l)

— " A(+1) - llA(n)\-i-l): ll[nA()\-i—l)—)\(n)\-l—l)]

n—1 n — n—

:nil [n/\2+n)\—n)\2+)\] =\

2. From the theorem in lectures, and by properties of the Gamma distribution, we can write

1 2 11 n—1
Vn:%mxi_lz(}amma<7 2>:V”_ZX
i=1

11
where X; ~ x? = Gamma < 5 2), so that, using the Gamma expectation and variance results

1/2 1/2 9
Ef, [ Xi]l=7==1= Xi|=——=2=
say. Hence, by the Central Limit Theorem,
Vn—(n—=Dp  Vp—(n-1) 4 7~ N(0,1)

n—1)02  2n—-1)
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Hence, substituting in the definition for V/,,

M — (n - 1) 1 ( 2 2)
0_2 . n — S, — O d -
2(n —1) B o2V/2 Z~NO)

NG
Jn—1

24
siLZn~N<02,ni1>

and finally, by a location/scale transformation to Z, = o2 + Z, we have

3. Xq,..., X, ~ Gamma(a, 3) so that Efy, [X;] = o/ and Vary, [X;] = a/B3% so that

2 le% % 2 [eAYe%
Ein [Xf] = Varfxi [Xz} + {Ein [Xz}} = ? + <E> = %

Hence for the method of moments estimators &psps and B v, need to solve the following pairs of
equations

1 n
FIRST MOMENT Solve “Na=z=2
n i=1 5
SECOND MOMENT Solve IS @@ (‘;j D
n
i=1
where . .
2= 13 -w = Y et - @)
i=1 i=1
Elementary algebra gives
A (z)? . T
MM = 52 Bum = 52

4. Follow the four step procedure that can be summarized as follows: for an observed random sample
X1, ..., T from a distribution represented by mass/density function fx(x;6)

STEP 1 : Form the likelihood function L(6)

1(6) = [ fx(w::6)
i=1
STEP 2 Take (natural) log to obtain log L(6)

STEP 3: Find the value of 6 at which log L(6) (and hence L(6)) is maximized within the parameter
space O by differentiation

STEP 4: Check the maximum value has been found.

Formally, we define the maximum likelihood estimate of 6, O L, as

Oarr =arg max L(0)
0
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Hence, for the Poisson(\) case

2 D P S )
STEP 1 L) =[[rx@sn=]] o
i=1 i=1 (H $¢!>
i=1
STEP 2 logL(\) =— Zlog il —nA+ (Z $1> log A
i=1 i=1
STEP 3 i{lo LN} =-n+ ix l—0 — A —lim—f
d)\ g - P 2 )\ - ML — n g (2
STEP 4 P ogL(N) an L 20 foralln
— {lo =— x| = or a
a2 U 2NN
Therefore ) o
ESTIMATE : Ay =7 ESTIMATOR: X

—  1&
and from question 1 on this sheet, we know that if 77 = X = - ZXi then Ele [T1] = X and T} is
i=1

unbiased. Now, if
T=7(\) =e so that A= —logT

and we can reformulate the likelihood in terms of 7, giving

log L(1) = — Zlog ;! +nlogt + <Z a;z> log(—log )
i=1 i=1

>
(z’l ) n_ P I, L —F
+-=0= TML—eXp{ n;xz}—exp{ T}

—T1logT T

and

d
< {log ()} =
which can be shown to be the value that maximizes the likelihood, so that

TurL (A =7 (;\JVIL>
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5. (i) For >0

n n n -1
STEP 1 L(O) =] fx(@i0) =[]0 " =0" (H:c)
i=1 i=1 i=1

STEP 2 log L(#) =nlogf+ (0 —1) Zlog x;
i=1
d - .
STEP 3 i {log L()} = % +Y logai=0 = Oup=-——
=1 Zlog i
i=1

d? n
STEP 4 —5 {logL(#)} =-—5 <0 for all 6

db 6

Hence X n n
ESTIMATE : Oy, = ———— ESTIMATOR: — ———

(ii) For 8 >0

T T ~(0+2) _ _ (0+1)"
) ) (H xz)
i=1
STEP 2 log L() =mnlog(6+1)—(0+2)) loga;
i=1
STEP 3 d%{logL(G)} =Y lai=0 = =
=1 Zlog T
i=1
2 n
STEP 4 — {log L(6 =— <0 for all 0
a2 L8O} ==
Hence R n n
ESTIMATE : Oy, = ——— — 1 ESTIMATOR: = ———1

n

log x; log x;
2 >
i=1 i—1
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(iii) For >0

STEP 1 L) = HfX(aji;G) = He%i exp {—0x;} = 6°" (H$1> exp {—921’1}
i—1 i—1 i—1 i=1

STEP 2 log L(0) =2nlogf+ ) logz;— 0>
" A 2n
STEP 3 {logL = Zx =0 =  Our=-—
>
i=1
d? 2n
STEP 4 — {log L(#)} =-——5 <0 for all 6
db 0
Hence
2n 2n

ESTIMATE : 0,7 = ESTIMATOR: —

Zﬂii ZXZ'
i—1 ;

(iv) Because of the constraint in the pdf that x <6
n H292x;3 = ong2n (H .CL’Z-3> 0<xq,..,x,
STEP 1 L) ] fx(@s0) == =1 i1

0 otherwise

STEP 2 log L(6) =nlog2+2nlogh —3 Zlog x
i=1

At this point we note that the likelihood is monotonically increasing in €, and hence the likelihood is
maximized when 6 is as large as possible but so that the constraint 8 < x1, ..., x, is still satisfied, hence

ESTIMATE : 0,7 = min {z1, ..., xn} ESTIMATOR: min{Xj, ..., X,}
(v) For 6 >0

n n 9 n
STEP 1 L) = ng(xi;e) = 21;[1 (§> exp{—0|z;|} =27"0" exp {—9; |x1\}
STEP 2 log L(0) = —nlog2+nlogh—0>  |a|

i=1

STEP 3 {logL _ zn:m:o — Oy = 2

9 — n

i Dl
i=1
d? n

STEP 4 T {log L(#)} = — <0 for all ¢
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Hence R n n
ESTIMATE : Oy, = —; ESTIMATOR : —;
> il >l
i=1 i=1

(vi) Because of the constraint in the pdf that §; < x <6,

11
(02 —01) (B2 —01)"

n 01 < @1, 1 < 09

STEP 1 L(61,02) ] fx(ai:0) =14 +
i=1

=1
0 otherwise
STEP 2 log L(61,02) = —nlog (02 —61)

At this point we note that the likelihood is monotonically increasing in #;and monotonically decreasing
in 05, and hence the likelihood is maximized when 6 is as large as possible and when 65 is as small
as possible, but so that the constraint 6; < 1, ...,x, < 62 (and 03 > 0;) is still satisfied, hence

0117, = min {z1, ..., xp} 01 min{Xy,..., X,}
ESTIMATE : ESTIMATOR:
Oopr, = max{:cl,...,:cn} 0 maX{Xla---aXn}

(vii) Noting the constraint in the pdf that x > 62, we have

n n n *(‘91+1)
STEP 1 L(01,02) =[] fx(ai;0) = [[ 6265 27 @Y = opop™ (H x)
i=1 i=1 i=1
0 S Llyeeey Ly S 92
STEP 2 log L(61,02) =nlogfy + nfylogby — (61 + 1)) logz;
i=1
STEP 3 O log L(01,62)} = +nlogh —znzlo ;=0
901 g 1,02 0 g U2 ¢:1g1_
A n
= e = —;
Zlog z; —nlogBanr,
i=1
0 nbi
— {log L(61,05)} = —=
892{01% (01,02)} o

The second of the partial derivative equations indicates again that the maximum of the likelihood occurs
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when 05 is as large as possible, that is, when 077, = min {z1,...,xn} Hence
n

Ornr = -
[Z log z; — nlog {min {x1, ,xn}}]

i=1

ESTIMATES
éQML = min {.CL’l, ,.CL’n}
e n
[Zlogmi — nlog {min {X7, ...,Xn}}]
i=1
ESTIMATORS:

92 min {Xl, ,Xn}
6. Noting the constraint in the pdf that x > 7, we have

STEP 1 L) =[] fx(@s0) = [[Aexp{=A(zi —n)} = \"exp {—AZ (i — n)}
i=1 i=1 i=1
n < 1, ..., Ty, zero otherwise
STEP 2 log L(A,n) =nlogA—AY (i —n) =nlogA— A3 zi+ny
i=1 i=1
STEP 3 i{l LA} —E—&-zn: ; =0 = Ap = ————
O\ og 1 - 2\ g T nn = ML —

0
5 g Lm)} =

The second of the partial derivative equations indicates again that the maximum of the likelihood occurs
when 7 is as large as possible, that is, when #) = min {1, ..., 2,,} .Hence

. n n
AML = — =

in —nmin{zy,...,Tn} Z(l‘z —min {21, ..., Tn})

i=1 i=1

ESTIMATES
7 =min{z,...,T,}
A = n
> (Xi —min {X,..., X, })
i=1
ESTIMATORS:

n min{Xy,..., X,}

7. Xi,..,Xn ~ Exponential(1/6) so that Ef, [X;] = 6 and hence, using standard mgf techniques, we
have

X:ZXiNGamma <n,$> — Es [X] =+ =mnb

i=1

SYEES
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sothat if Ty = X = %X then
1
E%H[JE]ZZETN9=:9

and hence 77 is an unbiased estimator of 6.
Now if Y7 = min { X1, ..., X;,}, then previous order statistics results give that

Fr(y) =1-{1-Fx@)}"=1-{1- (1-e"?) }” Sl s
) n )
so that Y7 ~ Exponential <§> Hence if T5 = nYj then

0 0
Efyl [Yl] = n EfTQ [TQ} = ng =0

and hence Ty is an unbiased estimator of 6.

1 r—(0-1) x-0+1

fx(x)== f—1<zx<0+1 Fx(x) = 5 5 f—1<z<6O+1

Ef. [Xi] = 0 (by integration, or by noting that the pdf is constant and hence symmetric about #) and
hence, using standard expectation techniques, we have that if T = X

1 — 1 1
Ele {Tl} = E zEin {Xz] = = 29 =—nl =
i=1

n -
i=1

and hence T} is an unbiased estimator of 6.
Now if Y7 = min{Xj, ..., X;,}and Y;, = max {X1, ..., X;,}, then previous order statistics results give
that

n—1 n—1
(o) =nfxl) (1= Fxy ! =ng {1 - LG22 LTI i<y <o
and
n—1 n—1
o) = ) {Px)y ™ =g {E=CZI - R LI ot <y <o

For the expectations,

Ey V7] = -y — d
le [ 1] ./01y2 { 2 } y

1
:—/ (1+0)—2t)t" 124t settingt=(1+60—y) /2. . y=(1+6)—2¢
J o

1 1
:(1+9)/ nt"—ldt—zn/ tndt
J 0 J 0

2n
n+1

=(1+0)—
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and

0+1 n 1_9+y n—1
b = [ {0

61
n (1
= 5/ (2t — (1 —0))t" 124t settingt =(1—-0+y) /2. . y=2t—(1—-106)
0
1 -1
= 2/ nt"dt — (1 — 9)/ nt"ldt
0 0
2n
= —(1-96
n+1 ( )
so that if M = (Y1 +Y;,) /2 then by properties of expectations
1 1 1 n n 1
Bpp (M) = 3B, W]+ 5B, 5] = |5 0+0) - 2|+ |2 a0 =6
and hence M is an unbiased estimator for
9 For the m.le. for 7 = 1/6, write the likelihood in terms of 7
n n ' n 1 z;—1 1
STEP 1 L — - 0) = 1_0)%1ly— T 2
0 =1leo=I10-o""o=11("7) 3
(- 1); "
2w
Tz:l

STEP 2 logL(t) = <ix1 - n) log(t —1) — (i x2> log T

d — =1 L o
STEP 3 @{logL(T)} = p| - =0 = TML—nZa:Z—a:

d2 <; €T; — n) ZCL’z
STEP 4 7 UogL(n)} =~ 17 =
1

= P2@-1D+7T(-1?% <0 atT=7T=7
nTQ(T—l)Q[ ( ) ( )

and hence then ML estimator is T'= X. From elementary properties of expectations and variances, we
have that

n

1 1\ (1-0) 1n 1
Epp [T] =~ Ep [Xi]=—) =g =0=
i=1

n <
i=1

and

1 — 1l (1-6 1n1-6 Q-0 (r-1)
Vary,. [T} = n2 Zvarfxi {Xl} = n2 Z 92 = n2 02 = 62 = nr
i=1 i=1
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10

so T is an unbiased estimator for with variance (7 — 1) /nt.
Now, for the Cramer-Rao bound,

{Iogfx(:v 0)} = 869 (z —1)log (1 —6) +log 8} = (91”:9) t5= a1

and hence

Eyx {%{1ngX(X;9)}}2 =Ejy NCEDE =mEfx 7
as By, (X - %)2 —E;, [(X ~ By, [X})Q}. Hence

1 (1-0) 1

{3 {log f (X-e)}}2 =1 Ve, [X] = —
90 g Jx(Aj (9 . 1)2 fx (9 _ 1)2 92 (1 . 9) 02

Efx

and hence the lower bound on the variance for unbiased estimators is

[—9—12]2 _(1-9)

2 1 - n?
{%{logfx(X;G)}}] T

[~ )

nEf X

But, from above, this is the variance of the estimator T', so T'is UMVUE.

10. For 6 >0

n 1 1/2 22 1 n/2 1 1 &
w = —— == o~ —
STEP 1 HfX xi; 11:[1<2 9> exp{ 29} <27r> exp 29;.1
n n 1 & 9

STEP 2 log L(0) = —3 log 27 — 5 log 6 — 2 ;xz
STEP 3 i{lo L(6)} ——ﬂ-l—iixQ—O == 0 —liag

° R 29i1i_ ML_ni:1i
STEP 4 d—2{1o L(6)} —l—iznjgﬂ—l e—zznja;? <0 atf=40

d? ©" T T o 2% M

Hence the estimator is .

which can be re-written

i=1

M2S51 EXERCISES 6 - SOLUTIONS - page 10 of 12



11

but X; ~ N (0,0) = X;/V0 ~ N (0,1) = Y; = X2/9~X1_Gamma(

0 — 0 —
Ef. {T] = gZEin [Yl] = EZIZQ
i=1 i=1

and hence T is an unbiased estimator for 6. Also,

A% 267
Vary, [T —( ) ZVarfY f _(—> ><n><2=7

Now, for the Cramer-Rao bound,

1
5 5) and hence

(& - 0)

] 91 1 1,0 1 1 5
89{logfx(x,9)}—89{ 210g27r 210g9 x} + —z° = e

20 20 202

and hence

B {9 {logfx(X;9)}}2

—E,, H(X;QQ)} ] = ﬁEfX [(x*-0)*] = 494Varfx [X?]

as By (X2 = 0)°] =By, [ (X2 =By, [X?])*]. Now we have

1
XTQ ~ Gamma <; ;) — X? ~ Gamma <; 219> - Vary, [X?] = 12 5 = 267
(=)
Hence
Efy {3 {1ong(X-9)}}2] ! — Vary, [X?] = Lo 1
09 ’ 40t 46" 262

and hence the lower bound on the variance for unbiased estimators is
[ (0)]” 12 2

I~ n

0 2 -
nEy, [{% {long(X;Q)}} ] ”292
But, from above, this is the variance of the estimator T', so T'is UMVUE.

11. (i) For A >0

n 2 n X
STEP 1 L(\) = H (i3 A H % iexp{—Ax;} = (H :m) exp {—)\in
=1 .

i=1 i=1

STEP 2 log L(\) =2nlog XA —nlogT (2)+ » logzi — A > =;
d 2n - o 2n
STEP 3 —5 log L)} == - zx =0 =  Aur=

d? n N
STEP 4 W {logL()\)} = —F <0 at A = g
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12

Hence the estimator is 2n/ (E XZ>
i=1

(ii) The result from q. 4 can be generalized so that for any function 7 = 7(\)
Fur(N) =71 (;\JVIL>

which is referred to as the invariance property of maximum likelihood estimators. Thus we must
have that the ML estimator of 7 = 1/ is

1

||M:

Now, using mgfs, it is straightforward to show that

1

> X ~ Gamma(2n, \) = on 2 E X; ~ Gamma(2n,2n\)
i=1

so that

Epr [T] = mA A Varg, [T = (2n/\)2 " on)2 Efr [T ] ~ o - <X> T ona?

(iii) Using the Central Limit Theorem we have that

5 X - 2
=1 - Z ~ N(0,1)
2n
A2
so that, dividing through by 2n
1
A 4, 7~ N(0,1)

and hence, approximately

and as n — oo then variance tends to zero, and hence for ¢ > 0

1 1
PHT—X'<6} —>1.~.TLX
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