¨ 25� G, j , + ß W5, 5O, , A e G5ȷ wNAWȷ Π 5

41 Xvlqj wklv uhvxowiru wkh j lyhq mrlqwghqvlw— / z khuh udqgrp yduldeohv ♭ >♮ wdnh ydoxhv rq wkh xqlwvt xduh/ z h kdyh wkh p dujlqdori X jlyhq e—

i_X+x, @ ⊎_△ ∗ △ i_{♭ >♮} +y>x∂y,⇕y⇕^{∗ 4} gy @ ⊎_4 x f+δ>ϵ, y^{δ ∗ 4}+4∗ y,^{ϵ∗ 4} f+δ . ϵ>ζ, )x y [_{δ . ϵ∗ 4} ) 4∗ x y [_{ζ∗ 4} y^{∗ 4} gy dvz h kdyh wkh ghqvlw— ehlqj srvlwlyh rqo— rq wkh lqwhuydox ⋆ y ⋆ 4 iruffl–hg 3 ⋆ x ⋆ 4/ dv♭ ♮ ⋆ ♭ 1Wkhq

i_X+x, @

⊎_4 x f+δ>ϵ, y^{δ ∗ 4}+4∗ y,^{ϵ∗ 4} f+δ . ϵ>ζ, )x y [_{δ . ϵ∗ 4} ) 4∗ x y [_{ζ∗ 4} 4 y gy

@f+δ>ϵ,f+δ . ϵ>ζ, ⊎_4 x )x w [_{δ ∗ 4} ) 4∗ x y [_{ϵ∗ 4} w^{δ . ϵ∗ 4}+4∗ w,^{ζ∗ 4} w x x w^5 gw +w@x∂y,

@f+δ>ϵ,f+δ . ϵ>ζ, ⊎_{4∗ x} 3 ] x v. x ⌊_{δ ∗ 4} ] 4∗ x v. x ⌊_{ϵ∗ 4} +v. x,^{δ . ϵ∗ 5}+4∗ v∗ x,^{ζ∗ 4} gv +v @w∗ x,

@f+δ>ϵ,f+δ . ϵ>ζ, ⊎_{4∗ x} 3 x^{δ ∗ 4}v^{ϵ∗ 4}+4∗ v∗ x,^{ζ∗ 4} gv

@f+δ>ϵ,f+δ . ϵ>ζ, ⊎_4 3 x^{δ ∗ 4}u^{ϵ∗ 4}+4∗ x,^{ϵ∗ 4}+4∗ x,^{ζ∗ 4}+4∗ u,^{ζ∗ 4}+4∗ x, gu +u @v∂+4∗ x,,

@f+δ>ϵ,f+δ . ϵ>ζ,x^{δ ∗ 4}+4∗ x,^{ϵ. ζ∗ 4} ⊎_4 3 u^{ϵ∗ 4}+4∗ u,^{ζ∗ 4} gu

@f+δ>ϵ,f+δ . ϵ>ζ,x^{δ ∗ 4}+4∗ x,^{ϵ. ζ∗ 4} 4 f+ϵ>ζ, @f+δ>ϵ . ζ,x^{δ ∗ 4}+4∗ x,^{ϵ. ζ∗ 4} 3 ⋆ x ⋆ 4

51 Wr frp sxwh wkh fryduldqfh qhhg ffluvwwkh p dujlqdoh–shfwdwlrqvri ♭ dqg ♮ 1Wkh nh— sduwri wkh vroxwlrq lv wr uhdol˝h wkdwwkh vxssruwri wkh mrlqwghqvlw— lv 3 ⋆ ı ⋆ 4>3 ⋆ ȷ ⋆ 4>3 ⋆ ı . ȷ ⋆ 4 wkdwlv/ wkh ˙orz hu ohiwfruqhu%wuldqjoh ri wkh xqlwvt xduh/ erxqghg e— wkh wkuhh olqhv ı @3>ȷ @3>ı . ȷ @41 Qrz / iru3 ⋆ ı ⋆ 4/

i_♭ +ı, @ ⊎_△ ∗ △ i_{♭ >♮} +ı>ȷ , gȷ @ ⊎_{4∗ ı} 3 fıȷ +4∗ ı ∗ ȷ , gȷ @fı ⊎_{4∗ ı} 3 ȷ +4∗ ı ∗ ȷ , gȷ

@fı+4∗ ı,^6 ⊎_4 3 w+4∗ w, gw +w@ȷ ∂+4∗ ı,, @ f 9 ı+4∗ ı,^6 3 ⋆ ı ⋆ 4

dqg ⊎_△ ∗ △ i_♭ +ı, gı @

⊎_4 3 f 9 ı+4∗ ı,^6 gı @4 @⇔ f @453

dqg khqfh i_♭ +ı, @53ı+4∗ ı,^6 3 ⋆ ı ⋆ 4 ≜ H_{i ♭} ^♭ ‘@

⊎_4 3 53ı^5+4∗ ı,^6 gı @ 4 6 dqg/ e— v— p p hwu— / i_♮ +ȷ , @53ȷ +4∗ ȷ ,^6 +3 ⋆ ȷ ⋆ 4,/ H_{i ♮} ^♮ ‘@ 4 6 1 ¨ 25� , j , +ß W5, 5 e 5ȷ wNAWȷ Π 5GT@˝i � LuH

e— v— p p hwu— 1 Dovr

H^{i ♭ >♮} ^♭ ♮ ‘ @ ⊎^△ ∗ △ ⊎^△ ∗ △ ıȷ i^{♭ >♮} +ı>ȷ , gıgȷ @ ⊎^4 3 ⟩ ⊎^{4∗ ȷ} 3 453ı_5ȷ_5+4∗ ı ∗ ȷ , gı / gȷ

@ ⊎^4 3 453ȷ_5 ⟩ ⊎^{4∗ ȷ} 3 ı_5+4∗ ı ∗ ȷ , gı / gȷ

@ ⊎^4 3 453ȷ_5 ⌋ ı_6 6 +4∗ ȷ , ∗ ı_7 7 ⌈^{4∗ ȷ} 3 gȷ

@ ⊎^4 3 43ȷ_5+4∗ ȷ ,_7 gȷ

@43 ⌋ ȷ_6 6 ∗ ȷ_7 .

9ȷ_8 8 ∗ 7ȷ_9 9 . ȷ_: : ⌈^4 3 @43 ] 4 6 ∗ 4. 9 8 ∗ 5 6 . 4 : ⌊ @ 5 54 dqg khqfh

Fry^{i ♭ >♮} ^♭ >♮ ‘@H^{i ♭ >♮} ^♭ ♮ ‘∗ H^{i ♭} ^♭ ‘ /H^{i ♮} ^♮ ‘@ 5 54 ∗ 4 6 / 4 6 @∗ 4 96 61 SxwX @♭ ∂♮ dqg ♯ @♭ ¿wkh lqyhuvh wudqvirup dwlrqv duh wkhuhiruh ♭ @♯ dqg ♮ @♯ ∂X/ dqg qrwh wkdw wkh qhz yduldeohv duh frqvwudlqhg e— 3 ⋆ ♯ ⋆ p lq⟩X>4| / dv ♮ ⋆ 41 Lq whup v ri wkh p xowlyduldwh wudqvirup dwlrq wkhruhp / z h kdyh wudqvirup dwlrq ixqfwlrqv ghfflqhg e— j^4+w^4>w^5, @w^4∂w^5 j_{∗ 4}^4 +w^4>w^5, @w^5 j^5+w^4>w^5, @w^4 j_{∗ 4}^5 +w^4>w^5, @w^5∂w^4 dqg wkh Mdfreldq ri wkh wudqvirup dwlrq lvj lyhq e— M+x>℘, @ \ \ \ 3 4 ∗ ℘∂x_5 4∂x

\ \ \@ ℘ x_5 dqg khqfh i^{X>♯} +x>℘, @i^{♭ >♮} +℘>℘∂x, ℘∂x_5 @℘∂x_5 +x>℘, ▽ X_{+5,} @⟩ +x>℘, =3 ⋆ ℘ ⋆ p lq⟩ x>4| >x A 3| dqg ˝hur rwkhuz lvh/ dqg vr i^X+x, @ ⊎^△ ∗ △ i^{X>♯} +x>℘, g℘ @ ⊎^{p lq⟩ x>4|} 3 ℘∂x_5 g℘ @ +p lq⟩x>4| ,_5

5x_5 x A 3/

SxwY @∗ orj +♭ ♮ , dqg ♯ @∗ orj ♭ ¿wkh lqyhuvh wudqvirup dwlrqv duh wkhuhiruh ♭ @h_{∗ ♯} dqg ♮ @h_{∗ +y∗ ℘,} / dqg qrwh wkdw3 ⋆ ♯ ⋆ Y1Lq whup v ri wkh wkhruhp / z h kdyh wudqvirup dwlrq ixqfwlrqvghfflqhg e— j^4+w^4>w^5, @∗ orj +w^4w^5, j_{∗ 4}^4 +w^4>w^5, @h_{∗ w5} j^5+w^4>w^5, @∗ orj w^4 j_{∗ 4}^5 +w^4>w^5, @h_{∗ +w4 ∗ w5 ,} dqg wkh Mdfreldq ri wkh wudqvirup dwlrq lvj lyhq e— M+y>℘, @ \ \ \ 3 ∗ h_{∗ ℘} ∗ h_{∗ +y∗ ℘,} h_{∗ +y∗ ℘,}

\ \ \@h_{∗ y}

¨ 25� , j , +ß W5, 5 e 5ȷ wNAWȷ Π 5GT@˝i 2 LuH

dqg khqfh i_{Y>♯} +y>℘, @i_{♭ >♮} +h^{∗ ℘}>h^{∗ +y∗ ℘,} , h^{∗ y} @h^{∗ y} +y>℘, ▽ Y^{+5,} @⟩ +y>℘, =3 ⋆ ℘ ⋆ y ⋆ △ | dqg ˝hur rwkhuz lvh/ dqg vr

i_Y +y, @ ⊎_△ ∗ △ i_{Y>♯} +y>℘, g℘ @ ⊎_y 3 h^{∗ y} g℘ @yh^{∗ y} y A 3 dqg ˝hur rwkhuz lvh1Qrwh wkdwz h fdq dwwhp swwkh mrlqwwudqvirup dwlrq e— vhwwlqj X @♭ ∂♮ Y @∗ orj +♭ ♮ , ⇓ ⇔ ♭ @X^{4∂5}h^{∗ Y∂5} ♮ @X^{∗ 4∂5}h^{∗ Y∂5} qrwh wkdw/ dv ♭ dqg ♮ olh lq +3>4, z h kdyh ♭ ♮ ⋆ ♭ ∂♮ dqg ♭ ♮ ⋆ ♮ ∂♭ / j lylqj frqvwudlqwv h^{∗ Y} ⋆ X dqg h^{∗ Y} ⋆ 4∂X/ vr wkdw3 ⋆ h^{∗ Y} ⋆ p lq⟩X>4∂X| 1Wkh Mdfreldq ri wkh wudqvirup dwlrq lv

M+x>y, @ \ \ \ \ \ x^{∗ 4∂5}h^{∗ y∂5} 5 ∗ x^{4∂5}h^{∗ y∂5} 5 ∗ x^{∗ 6∂5}h^{∗ y∂5} 5 ∗ x^{∗ 4∂5}h^{∗ y∂5} 5

\ \ \ \ \ @x^{∗ 4}h^{∗ y}∂5/

Khqfh i_{X>Y} +x>y, @x^{∗ 4}h^{∗ y}∂5 3 ⋆ h^{∗ y} ⋆ p lq⟩x>4∂x| >x A 3 Wkh fruuhvsrqglqj p dujlqdovduh jlyhq ehorz =ohwj +ȷ , @∗ orj +p lq⟩x>4∂x| ,/ wkhq

i_X+x, @ ⊎_△ ∗ △ i_{X>Y} +x>y, gy @ ⊎_△ j +ȷ , h^{∗ y} 5x gy @ ⌋ ∗ h^{∗ y} 5x ⌈_△ j +ȷ , @ p lq⟩ x>4∂x| 5x x A 3

i_Y +y, @ ⊎_△ ∗ △ i_{X>Y} +x>y, gx @ ⊎_hy h^{∗ y} h^{∗ y} 5x gx @ ⌋ orj x 5 h^{∗ y} ⌈_hy h^{∗ y} @yh^{∗ y} y A 3 Qrz ohw ♮ @♭_4 . ♭_5

♯ @♭_4 ∗ ♭_5 ⇓ ⇔ ♭_4 @

♮_4 . ♮_5 5 ♭_5 @

♮_4 ∗ ♮_5 5 dqg wkhMdfreldq ri wkhwudqvirup dwlrq lv4∂51Wkhwudqvirup hg yduldeohvwdnhydoxhvrq wkhvt xduhD z lwk fruqhuv dw+3>3,/ +4>4,/ +3>5, dqg +4>∗ 4, erxqghg e— wkh olqhv℘ @4. ȷ / ℘ @4∗ ȷ / ℘ @∗ 4. ȷ dqg ℘ @∗ 4∗ ȷ 1Wkhq i_{♮ >♯} +ȷ >℘, @ 4 5 +ȷ >℘, ▽ D dqg ˝hur rwkhuz lvh +klqw=vnhwfk wkh vt xduh D,1Khqfh

i_♯ +℘, @ ⊎_△ ∗ △ i_{♮ >♯} +ȷ >℘, gȷ @ ⊎_{5. ℘} ∗ ℘ 4 5 gȷ @4. ℘ ∗ 4 ⋆ ℘ ⪰ 3 ⊎_{5∗ ℘} ℘ 4 5 gȷ @4∗ ℘ 3 ⋆ ℘ ⋆ 4 71Wkh wudqvirup dwlrqv duh

♮_4 @

♭_4 ♭_4 . ♭_5 . ♭_6

♮_5 @

♭_4 ♭_4 . ♭_5 . ♭_6

♮_6 @♭_4 . ♭_5 . ♭_6

⇓ ⇔ ♭_4 @♮_4♮_6

♭_5 @♮_5♮_6

♭_6 @♮_6+4∗ ♮_4 ∗ ♮_5,

¨ 25� , j , +ß W5, 5 e 5ȷ wNAWȷ Π 5GT@˝i fi LuH

z klfk jlyhvMdfreldq

M+ȷ^4>ȷ^5>ȷ^6, @

\ \ \ \ \

ȷ^6 3 ȷ^4

3 ȷ^6 ȷ^5

∗ ȷ^6 ∗ ȷ^6 +4∗ ȷ^4 ∗ ȷ^5,

\ \ \ \ \ @ȷ_5^6

Khqfh wkh mrlqwsgi lv jlyhq e— i^{♮ 4 >♮ 5 >♮ 6} +ȷ^4>ȷ^5>ȷ^6, @i^{♭ 4 >♭ 5 >♭ 6} +ȷ^4ȷ^6>ȷ^5ȷ^6>ȷ^6+4∗ ȷ^4 ∗ ȷ^5,,M+ȷ^4>ȷ^5>ȷ^6,

@f^4ȷ^4ȷ^6 h–s ⟩∗ ȷ^4ȷ^6| f^5ȷ_5ȷ_5^6 h–s ⟩ ∗ ȷ^5ȷ^6| f^6ȷ_6+4∗ ȷ^4 ∗ ȷ^5,_6 h–s ⟩ ∗ ȷ^6+4∗ ȷ^4 ∗ ȷ^5,| ȷ_5^6

@f^4f^5f^6ȷ^4ȷ_5+4∗ ȷ^4 ∗ ȷ^5,_6 ȷ_;^6 h–s ⟩∗ ȷ^6| @i^{♮ 4 >♮ 5} +ȷ^4>ȷ^5,i^{♮ 6} +ȷ^6, z khuh i^{♮ 4 >♮ 5} +ȷ^4>ȷ^5, ∈ ȷ^4ȷ_5+4∗ ȷ^4 ∗ ȷ^5,_6/ dqg i^{♮ 6} +ȷ^6, ∈ ȷ_;^6 h–s ⟩∗ ȷ^6|

Khqfh ♮^6 ⊃ J dp p d+¡>4,¿wkh wudqvirup dwlrqv jlyh wkh frqvwudlqwv 3 ⋆ ♮^4>♮^5 ⋆ 4 dqg 3 ⋆ ♮^4 . ♮^5 ⋆ 4/ dqg

♮^6 A 31Qrz i^{♮ 4} +ȷ^4, @ ⊎^△ ∗ △ i^{♮ 4 >♮ 5} +ȷ^4>ȷ^5, gȷ^5 @ ⊎^{4∗ ȷ 4} 3 fȷ^4ȷ_5+4∗ ȷ^4 ∗ ȷ^5,_6 gȷ^5 @fȷ^4+4∗ ȷ^4,_9 ⊎^4 3 w_5+4∗ w,_6 gw +w@ȷ^5∂+4∗ ȷ^4,, dqg khqfh i^{♮ 4} +ȷ^4, ∈ ȷ^4+4∗ ȷ^4,_9 @⇔ ♮^4 ⊃ Ehwd+5>:,>i^{♮ 4} +ȷ^4, @669ȷ^4+4∗ ȷ^4,_9 3 ⋆ ȷ^4 ⋆ 4 dqg khqfh

H^{i ♮ 4} ^♮^4 ‘@ 5 5. : @ 5 ¡ dvwkh h–shfwdwlrq ri d Ehwd+δ>ϵ, glvwulexwlrq lv δ∂+δ . ϵ, iurp qrwhv1

81 SxwX @♭ ∂♮ dqg Y @♮ ¿wkh lqyhuvh wudqvirup dwlrqv duh wkhuhiruh ♭ @XY dqg ♮ @Y1 Lq whup v ri wkh p xowlyduldwh wudqvirup dwlrq wkhruhp / z h kdyh wudqvirup dwlrq ixqfwlrqv ghfflqhg e— j^4+w^4>w^5, @w^4∂w^5 j_{∗ 4}^4 +w^4>w^5, @w^4w^5 j^5+w^4>w^5, @w^5 j_{∗ 4}^5 +w^4>w^5, @w^5 dqg wkh Mdfreldq ri wkh wudqvirup dwlrq lvj lyhq e— ⇕M+x>y,⇕@ \ \ \ y x 3 4

\ \ \@⇕y⇕ dqg khqfh i^{X>Y} +x>y, @i^{♭ >♮} +xy>y, ⇕y⇕@ ] 4 5τ ⌊ h–s ⟩ ∗ 4 5 +x_5y_5 . y_5 / ⇕y⇕ +x>y, ▽ U_5 dqg ˝hur rwkhuz lvh/ dqg vr/ irudq— uhdox/ i^X+x, @ ⊎^△ ∗ △ i^{X>Y} +x>y, gy @ ⊎^△ ∗ △ ] 4 5τ ⌊ h–s ⟩ ∗_4^5 +x_5y_5 . y_5 | ⇕y⇕gy

@ ] 4 τ ⌊ ⊎^△ 3 yh–s ⟩ ∗ y_5 5 +4. x_5, / gy lqwhj udqg lvhyhq ixqfwlrq

@ ] 4 τ ⌊ ⌋ ∗ 4 +4. x_5, h–s ⟩ ∗ y_5 5 +4. x_5, / ⌈^△ 3 e— gluhfwlqwhj udwlrq

@ 4 τ+4. x_5,

¨ 25� , j , +ß W5, 5 e 5ȷ wNAWȷ Π 5GT@˝i e LuH

Qrz sxwW@♭ ∂ √ V∂ρ dqg U @V¿wkh lqyhuvh wudqvirup dwlrqvduh wkhuhiruh ♭ @W √ U∂ρ dqg V@U1 Lq whup v ri wkh p xowlyduldwh wudqvirup dwlrq wkhruhp / z h kdyh wudqvirup dwlrq ixqfwlrqviurp +♭ >V, ↔ +W>U, ghfflqhg e—

j_4+w_4>w_5, @w_4∂ √ w_5∂ρ j^{∗ 4}_4 +w_4>w_5, @w_4 √ w_5∂ρ j_5+w_4>w_5, @w_5 j^{∗ 4}_5 +w_4>w_5, @w_5 dqg wkh Mdfreldq ri wkh wudqvirup dwlrq lvj lyhq e—

⇕M+w>u,⇕@ \ \ \ \ u ρ w 5 ∫ uρ 3 4

\ \ \ \ @ \ \ u ρ \ \@ u ρ dqg khqfh i_{W>U}+w>u, @i_{♭ >V} ] w u ρ >u ⌊ u ρ @ i_♭ ] w u ρ ⌊ i_V +u, u ρ w▽ U>v ▽ U^. dqg ˝hur rwkhuz lvh/ dqg vr/ irudq— uhdow/

i_W+w, @ ⊎_{∗ △} ∗ △ i_{W>U}+w>u, gu

@ ⊎_△ 3 ] 4 5τ ⌊_{4∂5} h–s ⟩ ∗ uw^5 5ρ / f+ρ,u^{ρ∂5∗ 4}h^{∗ u∂5} u ρ gu

@ ] 4 5τ ⌊_{4∂5} f+ρ, ∫ ρ ⊎_△ 3 u^{+ρ. 4,∂5∗ 4} h–s ⟩ ∗ u 5 ] 4. w^5 ρ ⌊ / gu

@ ] 4 5τ ⌊_{4∂5} f+ρ, ∫ ρ ] 4. w^5 ρ ⌊_{∗ +ρ. 4,∂5} ⊎_△ 3 ℘^{+ρ. 4,∂5∗ 4} h–s √ ∗ ℘ 5 √ g℘ vhwwlqj ℘ @u ] 4. w^5 ρ ⌊

@ ] 4 5τ ⌊_{4∂5} f+ρ, ∫ ρ ] 4. w^5 ρ ⌊_{∗ +ρ. 4,∂5} 4 f+ρ . 4, lqwhj udqg lvd sgi

Z hdovr vhh2ghgxfhwkdwi_V lvd J dp p d+ρ∂5>4∂5, ruFkltxduhg+ρ, ghqvlw— / dqg wkdwwkhqrup dol˝lqj frqvwdqw f+ρ, lvjlyhq e—

f+ρ, @ ] 4 5 ⌊_{ρ∂5}

Λ )ρ 5 [ @⇔ i_W+w, @ Λ ] ρ . 4 5 ⌊

Λ )ρ 5 [ ] 4 τρ ⌊_{4∂5} 4 +4. w^5∂ρ,^{+ρ. 4,∂5}

z klfk lvwkh Vwxghqw+ρ, ghqvlw— 1

91 Z h kdyh i_{♭ ⇕♮} +ı⇕ȷ , @ ȷ 5τ h–s ⟩ ∗ ȷ ı^5 5 / ı ▽ U i_♮ +ȷ , @f+ρ,ȷ^{ρ∂5∗ 4}h^{∗ ρȷ ∂5} ȷ ▽ U^. z khuh ρ lv d srvlwlyh lqwhjhu/ vr wkdw♭ ⇕♮ @ȷ ⊃ Q+3>ȷ^{∗ 4}, dqg ♮ ⊃ J dp p d+ρ∂5>ρ∂5,/ dqg wkh qrup dol˝lqj frqvwdqwf+ρ, lv jlyhq e— f+ρ, @ )ρ 5 [_{ρ∂5} Λ )ρ 5 [ Qrz / e— wkh fkdlq uxoh i_{♭ >♮} +ı>ȷ , @i_{♭ ⇕♮} +ı⇕ȷ ,i_♮ +ȷ , ı ▽ U>ȷ ▽ U^. ¨ 25� , j , +ß W5, 5 e 5ȷ wNAWȷ Π 5GT@˝i DLuH

dqg ˝hur rwkhuz lvh/ dqg vr/ irudq— uhdoı/ i^♭ +ı, @ ⊎^△ ∗ △ i^{♭ >♮} +ı>ȷ , gȷ

@ ⊎^△ 3 ȷ 5τ h–s ⟩ ∗ ȷ ı_5 5 / ]^{ρ5} ⌊ρ∂5 Λ ]^ρ 5 ⌊ ȷ_{ρ∂5∗ 4}h_{∗ ρȷ ∂5} gȷ

@ 4 ∫ 5τ ]^ρ 5 ⌊^{ρ∂5} Λ ]^ρ 5 ⌊ ⊎^△ 3 ȷ_{+ρ. 4,∂5∗ 4} h–s √ ∗ ȷ 5 ] ρ . ı_5 ⌊√ gȷ

@ 4 ∫ 5τ ]^ρ 5 ⌊^{ρ∂5} Λ ]^ρ 5 ⌊ Λ ]^{ρ. 4} 5 ⌊ ]^4

5 +ρ . ı_5,

⌊^{+ρ. 4,∂5} lqwhj udqg ∈ d J dp p d sgi

Wkhuhiruh i^♭ lvj lyhq e— i^♭ +ı, @ Λ ]^{ρ. 4} 5 ⌊ Λ ]^ρ 5 ⌊ ] 4 τρ ⌊^{4∂5} 4 +4. ı_5∂ρ,_{+ρ. 4,∂5} z klfk lvdjdlq wkh Vwxghqw+ρ, ghqvlw— 1

H–huflvhv 8 dqg 9 jlyh wkh wz r dowhuqdwlyh z d— v ri vshfli— lqj wkh Vwxghqw0wglvwulexwlrq/ hlwkhu dv d ixqfwlrq ri lqghshqghqwQrup dodqg J dp p d2Fkl0vt xduhg yduldeohv/ rudvwkhp duj lqdorewdlqhg e— ˙vfdoh0p l–lqj%d Qrup do glvwulexwlrq e— d J dp p d glvwulexwlrq +wkdwlv/ udwkhu wkdq kdylqj d ffl–hg yduldqfh ϕ_5 @4∂♮ /1z h uhj dug ♮ dv d udqgrp yduldeoh kdylqj d J dp p d glvwulexwlrq/ vr wkdw+♭ >♮ , kdyh d mrlqwglvwulexwlrq i^{♭ >♮} +ı>ȷ , @i^{♭ ⇕♮} +ı⇕ȷ ,i^♮ +ȷ , iurp z klfk z h fdofxodwh i^♭ +ı, e— lqwhjudwlrq1

: 1 Fdq fdofxodwh wkh p ji iruwklvp dvv ixqfwlrq +wkh Srlvvrq glvwulexwlrq, dv

P^♭ +w, @h–s ⟩ ξ+h_w∗ 4, | / Qrz / li ♯^4 @+♭ ∗ ξ,∂ ∫ ξ/ z h xvh wkh p j i uhvxowiruolqhduixqfwlrqv/ wkdwlvli ♮ @d♭ . e>P^♭ +w, @h_{ew}P^♭ +dw,/

Khuh/ d @4∂ ∫ ξ dqg e @∗ ∫ ξ/ vr

P^{♯ 4} +w, @h_{∗ ∫ ξw}h–s √ ξ+h_{w∂∫ ξ} ∗ 4, √ @ h–s ⟩ ∗ ∫ ξw. ξ ⌋ w ∫ ξ . w_5 5ξ . w_6

9_{6∂5} ∫ ξ . /// ⌈/

@h–s ⟩ w_5 5 . w_6 9 ∫ ξ . /// / ↔ h–s ⟩ w_5 5 / dvξ ↔ △ vr wkhuhiruh ♯^4 ↔ ♯ ⊃ Qrup do+3>4, dv ξ ↔ △ wkdwlv/ wkh glvwulexwlrq ♯^4whqgvwr d vwdqgdug Qrup doglvwulexwlrq dvξ ↔ △ / Uh0duudqj lqj wkh ghfflqlwlrq ri ♯^4/ dqg xvlqj wkh wudqvirup dwlrq uhvxowiruQrup doudqgrp yduldeohv ♭ ⊃ Qrup do+3>4,>♮ @d♭ . e @⇔ ♮ ⊃ Qrup do+e>d_5, z h kdyh wkdw ♭ @ ∫ ξ♯^4 . ξ ⊃ Qrup do+ξ>ξ, Wkxvz h kdyh wkdw Srlvvrq+ξ, ≪ Qrup do+ξ>ξ, li ξ lvoduj h

¨ 25� , j , +ß W5, 5 e 5ȷ wNAWȷ Π 5GT@˝i S LuH

:

I ru vhfrqg sduw/ fdq fdofxodwh wkh p ji iru wklv sgi ixqfwlrq +wkh J dp p d glvwulexwlrq z lwk sdudp hwhuv ξ dqg 4, dv P_♭ +w, @ ] 4 4∗ w ⌊_ξ / Qrz / li ♯_5 @+♭ ∗ ξ,∂ ∫ ξ/ z h xvh wkh p j i uhvxowiruolqhduixqfwlrqv/ wkdwlvli ♮ @d♭ . e>P_♭ +w, @h^{ew}P_♭ +dw,/ Khuh/ d @4∂ ∫ ξ dqg e @∗ ∫ ξ/ vr P_{♯ 5} +w, @h^{∗ ∫ ξw} ] 4 4∗ w∂ ∫ ξ ⌊_ξ @h–s ⟩ ∗ ∫ ξw∗ ξ orj ] 4∗ w ∫ ξ ⌊ /

@h–s ⟩ ∗ ∫ ξw. ξ ⌋ w ∫ ξ . w^5 5ξ . w^6 6^{6∂5} ∫ ξ . /// ⌈/

@h–s ⟩ w^5 5 . w^6 6 ∫ ξ . /// / ↔ h–s ⟩ w^5 5 / dvξ ↔ △ vr wkhuhiruh ♯_5 ↔ ♯ ⊃ Qrup do+3>4, dv ξ ↔ △ wkdwlv/ wkh glvwulexwlrq ♯_5whqgvwr d vwdqgdug Qrup doglvwulexwlrq dvξ ↔ △ / Uh0duudqj lqj wkh ghfflqlwlrq ri ♯_5/ dqg xvlqj wkh wudqvirup dwlrq uhvxowiruQrup doudqgrp yduldeohv dv deryh/ z h kdyh wkdw ♭ @ ∫ ξ♯_5 . ξ ⊃ Qrup do+ξ>ξ, Wkxvz h kdyh wkdw J dp p d+ξ>4, ≪ Qrup do+ξ>ξ, li ξ lvoduj h ; 1Li ♮_5 @p d–⟩♭_4>♭_5| wkhq S^♮_5 A f ‘@4∗ s^5/ dv

S^♮_5 ⪰ f ‘@S^ p d–⟩ ♭_4>♭_5| ⪰ f ‘@S^+♭_4 ⪰ f, ∨ +♭_5 ⪰ f, ‘@S^♭_4 ⪰ f ‘S^♭_5 ⪰ f ‘@s^5

¡1Li ♮_4 @p lq⟩♭_4>///>♭_n|/ wkhq

I_{♮ 4} +ȷ_4, @S^♮_4 ⪰ ȷ_4 ‘@S^ p lq⟩♭_4>///>♭_n| ⪰ ȷ_4 ‘

@4∗ S^ p lq⟩ ♭_4>///>♭_n| A ȷ_4 ‘@4∗ S^+♭_4 A ȷ_4, ∨ ///∨ +♭_n A ȷ_4, ‘

@4∗ S^+♭_4 A ȷ_4, ‘///S^+♭_n A ȷ_4, ‘@4∗ +4∗ I_♭ +ȷ_4,,///+4∗ I_♭ +ȷ_4,, @4∗ ⟩+4∗ I_♭ +ȷ_4,,|^n

Qrz khuh/ i_♭ +ı, @ξh^{∗ ξı} / vr I_♭ +ı, @4∗ h^{∗ ξı} / z khq ı A 3/ dqg khqfh

I_{♮ 4} +ȷ_4, @4∗ ⟩+4∗ I_♭ +ȷ_4,,|^n @4∗ ⟩ 4∗ +4∗ h^{∗ ξȷ 4} , |_n @4∗ h^{∗ ξȷ 4} @⇔ i_{♮ 4} +ȷ_4, @nξh^{∗ nξȷ 4} ȷ_4 A 3/

1Lq sduwwz r/ wkh fgi iru♭ lv

I_♭ +ı, @ ⊎_ı ∗ △ i_♭ +w,gw@ ⊎_ı 4 4 w^5 gw@4∗ 4 ı @ ı ∗ 4 ı 4 ⪰ ı ⪰ △ Xvlqj Uhvxow4 ri wkh RughuVwdwlvwlfvvhfwlrq=wkh mrlqwglvwulexwlrq ri wkh rughuvwdwlvwlfv♮_4>///>♮_n ghulyhg iurp ♭_4>///>♭_n lv i_{♮ 4 >///>♮ n} +ȷ_4>///>ȷ_n, @n$i_{♭ 4 >///>♭ n} +ı_4>///>ı_n, @n$ n⋂ l@4 4 ȷ^5_l

¨ 25� , j , +ß W5, 5 e 5ȷ wNAWȷ Π 5GT@˝i . LuH

;

dqg e— Uhvxow5/ rue— gluhfwfdofxodwlrq dvderyh/ wkh p duj lqdosgivri p lqlp xp ♮^4 dqg p d–lp xp ♮^n duh jlyhq e— i^{♮ 4} +ȷ^4, @n ⟩ 4 ȷ^4 /^{n∗ 4} 4 ȷ_5^4 @ n ȷ_{n. 4}^4

i^{♮ n} +ȷ^n, @n ⟩ ȷ^n ∗ 4 ȷ^n /^{n∗ 4} 4 ȷ_5^n @ n+ȷ^n ∗ 4,_{n∗ 4} ȷ_{n. 4}^n z lwk vxssruw^4>△ , lq hdfk fdvh1

431 Z h kdyh I^♭ +ı, @ ı/ dqg i^♭ +ı, @ 4 iru 3 ⋆ ı ⋆ 41 Hlwkhu e— gluhfwfdofxodwlrq/ ru e— xvlqj wkh Rughu

Vwdwlvwlfv Uhvxow5/ z h kdyh

I^{♮ n} +ȷ^n, @⟩I^♭ +ȷ^n,|_n @ȷ_n i^{♮ n} +ȷ^n, @ n$ 3$+n ∗ 4,$

⟩I^♭ +ȷ^n,|_{n∗ 4} ⟩ 4∗ I^♭ +ȷ^n,|_3 i^♭ +ȷ^n, @nȷ_{n∗ 4}^n vr wkdw

S^♮^n ∼ 3/¡¡ ‘ @4∗ S^♮^n ⋆ 3/¡¡ ‘ @4∗ I^{♮ n} +3/¡¡, @4∗ +3/¡¡,_n dqg wkh vp doohvwn vxfk wkdw4∗ +3/¡¡,_n ∼ 3/¡8 lv n @5¡81

441I ruwklv sgi/ z h kdyh fgi I^♭ +ı, @ı_8>3 ⋆ ı ⋆ 41I urp hohp hqwdu— fdofxodwlrqv/ z h kdyh wkdw

I^{♮ 4} +ȷ^4, @4∗ ⟩ 4∗ I^♭ +ȷ^4,|_n @4∗ +4∗ ȷ_8^4,_n 3 ⋆ ȷ^4 ⋆ 4/

Wkhuiruh/ S^♮^4 ⪰ 3/: 8 ‘@4∗ +4∗ +3/: 8,_8,_n/ z klfk wdnhv wkh ydoxhv 31889/ 31995/ 31: 75 irun @6>7>81Dovr i^{♮ 4} +ȷ^4, @n⟩ 4∗ I^♭ +ȷ^4,|_{n∗ 4} i^♭ +ȷ^4, @8nȷ_7^4 ⟩ 4∗ ȷ_8^4 |^{n∗ 4} 3 ⪰ ȷ^4 ⪰ 4 dqg I^{♮ 4} +ȷ^4, @4∗ ⟩ 4∗ ȷ_8^4 |^n @4∗ +4∗ ȷ_8^4,_n ∗↔ 3 ȷ^4 @3

4 ȷ^4 A 4 dv n ∗↔ △ / vr wkdwwkh olp lwlqj glvwulexwlrq lv d vwhs ixqfwlrq/ z lwk wkh vwhs dw˝hur1 Wkdwlv/ wkh olp lwlqj glvwulexwlrq kdv p dvv rqh dw♮^4 @31

451 Z h kdyh wkdw i^♭ +ı, @

+δ . 4,ı_δ λ_{δ . 4} I^♭ +ı, @ )ı λ [^{δ . 4} 3 ⪰ ı ⪰ λ dqg xvlqj wkh uhvxowv irup d–lp d dqg p lqlp d/ z h kdyh wkdw

I^{♮ 4} +ȷ , @4∗ ⟩4∗ I^♭ +ȷ ,|_q @4∗ ⟩ 4∗ )ȷ λ [^{δ . 4}/ q 3 ⪰ ı ⪰ λ

@ ⟩ 3 ȷ ⋆ 3

4 ȷ ∼ 3 dvq ↔ △ z lwk ȷ ffl–hg1

+dvwkh vhfrqg whup lv4 li ȷ @3/ exwlv˝hur rwkhuz lvh, wkdwlv/ wkh olp lwlqj glvwulexwlrq +fgi, dvq ↔ △ lvd vwhs ixqfwlrq/ z lwk d vlqj oh vwhs dwȷ @31 Khqfh wkh olp lwlqj glvwulexwlrq lv ghjhqhudwh dwȷ @3>wkdwlv/ z h kdyh ♮^4 frqyhuj lqj lq glvwulexwlrq wr d glvfuhwh udqgrp yduldeoh ♮ z lwk S^♮ @3‘ @4/

Vlp loduo— / iruwkh p d–lp xp rughuvwdwlvwlf/♮^q z h kdyh

I^{♮ q} +ȷ , @⟩I^♭ +ȷ ,|_q @ ⟩ ) ȷ λ [^{δ . 4}/ q @ )ȷ λ [^{q+δ . 4,} 3 ⪰ ı ⪰ λ

@ ⟩ 3 ȷ ⋆ λ 4 ȷ ∼ λ dvq ↔ △ z lwk ȷ ffl–hg

+dv ȷ ∂λ lv ohvv wkdq 4 li ȷ ⋆ λ, wkdwlv/ wkh olp lwlqj glvwulexwlrq +fgi, dv q ↔ △ lv d vwhs ixqfwlrq/ z lwk d vlqjoh vwhs dwȷ @λ1 Khqfh wkh olp lwlqj glvwulexwlrq lv ghjhqhudwh dwȷ @λ>wkdwlv/ z h kdyh ♮^q frqyhuj lqj lq glvwulexwlrq wr d glvfuhwh udqgrp yduldeoh ♮ z lwk S^♮ @λ‘@4/

¨ 25� , j , +ß W5, 5 e 5ȷ wNAWȷ Π 5GT@˝i HLuH