
4
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41 Xvlqj wklv uhvxow iru wkh jlyhq mrlqw ghqvlw|/ zkhuh udqgrp yduldeohv [>\ wdnh ydoxhv rq wkh xqlw vtxduh/ zh
kdyh wkh pdujlqdo ri X jlyhq e|

i � +x, @
] �

� �
i ��� � +y> x@y,mym ��� gy @

] �

	 f+�> �, y 
 ��� +4� y, � ��� f+�. �> �,
�x
y
�


� � ��� �

4� x
y
� � ���

y ��� gy
dv zh kdyh wkh ghqvlw| ehlqj srvlwlyh rqo| rq wkh lqwhuydo x ? y ? 4 iru �{hg 3 ? x ? 4/ dv [\ ? [1 Wkhq

i � +x, @
] �

	 f+�> �, y 
 ��� +4� y, � ��� f+�. �> �,
�x
y
�


� � ��� �

4� x
y
� � ��� 4

y gy

@ f+�> �,f+�. �> �,
] �

	

�x
w
�

 ��� �

4� x
y
�

� ���
w 
�� � ��� +4� w, � ��� w

x
x
w � gw +w @ x@y,

@ f+�> �,f+�. �> �,
] ��� 	

�

� x
v. x

�

 ��� �

4� x
v. x

�

� ���
+v. x, 

� � � � +4� v� x, � ��� gv +v @ w� x,

@ f+�> �,f+�. �> �,
] ��� 	

� x 
 ��� v � ��� +4� v� x, � ��� gv

@ f+�> �,f+�. �> �,
] �

� x 
 ��� u � ��� +4� x, � ��� +4� x, � ��� +4� u, � ��� +4� x, gu +u @ v@+4� x,,

@ f+�> �,f+�. �> �,x 
 ��� +4� x, � � � ���
] �

� u � ��� +4� u, � ��� gu

@ f+�> �,f+�. �> �,x 
 ��� +4� x, � � � ��� 4
f+�> �, @ f+�> � . �,x 
 ��� +4� x, � � � ��� 3 ? x ? 4

51 Wr frpsxwh wkh fryduldqfh qhhg �uvw wkh pdujlqdo h{shfwdwlrqv ri [ dqg \ 1 Wkh nh| sduw ri wkh vroxwlrq lv
wr uhdol}h wkdw wkh vxssruw ri wkh mrlqw ghqvlw| lv

3 ? { ? 4> 3 ? | ? 4> 3 ? {. | ? 4
wkdw lv/ wkh _orzhu ohiw fruqhu% wuldqjoh ri wkh xqlw vtxduh/ erxqghg e| wkh wkuhh olqhv { @ 3> | @ 3> { . | @ 41
Qrz/ iru 3 ? { ? 4/

i � +{, @
] �

� �
i ��� � +{> |, g| @

] �����

� f{|+4� {� |, g| @ f{
] �����

� |+4� {� |, g|

@ f{+4� {, �
] �

� w+4� w, gw +w @ |@+4� {,,

@ f
9{+4� {, � 3 ? { ? 4

dqg
] �

� �
i � +{, g{ @

] �

�
f
9{+4� {, � g{ @ 4 @, f @ 453

dqg khqfh
i � +{, @ 53{+4� {, � 3 ? { ? 4 , H ��� ^ [ ` @

] �

� 53{ � +4� {, � g{ @ 4
6

dqg/ e| v|pphwu|/ i � +|, @ 53|+4� |, � +3 ? | ? 4,/ H ��� ^ \ ` @ 4
61
�25� ,j,+�W5,5 e 5�wNAW��5G T@}i � Lu H
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e| v|pphwu|1 Dovr

H � ��� � ^ [\ ` @
] �

� �

] �

� �
{|i ��� � +{> |, g{g| @

] �

�

�] �����
� 453{ � | � +4� {� |, g{

�

g|

@
] �

� 453| �
�] �����

� { � +4� {� |, g{
�

g|

@
] �

� 453| �
�{ �
6 +4� |,� { �

7
� �����
� g|

@
] �

� 43| � +4� |, � g|

@ 43
�| �
6 � | � . 9| �

8 � 7| �
9 . | �

:
� �

� @ 43
�4
6 � 4 . 9

8 � 5
6 . 4

:
�

@ 5
54

dqg khqfh
Fry ����� � ^ [>\ ` @ H ����� � ^ [\ `� H ��� ^ [ ` = H ��� ^ \ ` @ 5

54 � 4
6 = 46 @ � 4

96
61 Sxw X @ [@\ dqg ] @ [> wkh lqyhuvh wudqvirupdwlrqv duh wkhuhiruh [ @ ] dqg \ @ ]@X / dqg qrwh wkdw
wkh qhz yduldeohv duh frqvwudlqhg e| 3 ? ] ? plq iX> 4j/ dv \ ? 41 Lq whupv ri wkh pxowlyduldwh wudqvirupdwlrq
wkhruhp/ zh kdyh wudqvirupdwlrq ixqfwlrqv gh�qhg e|

j � +w � > w � , @ w � @w � j ���� +w � > w � , @ w �
j � +w � > w � , @ w � j ���� +w � > w � , @ w � @w �

dqg wkh Mdfreldq ri wkh wudqvirupdwlrq lv jlyhq e|

M+x> }, @
�

�

�

�

�

�

3 4
�}@x � 4@x

�

�

�

�

�

�

@ }
x �

dqg khqfh
i � � � +x> }, @ i � � � +}> }@x, }@x � @ }@x � +x> }, 5 X

	
��
 @ i+x> }, = 3 ? } ? plq ix> 4j > x A 3j

dqg }hur rwkhuzlvh/ dqg vr

i � +x, @
] �

� �
i � � � +x> }, g} @

] ��
 ��� 	 � ���
� }@x � g} @ +plq ix> 4j, �

5x � x A 3=

Sxw Y @ � orj+[\ , dqg ] @ � orj[> wkh lqyhuvh wudqvirupdwlrqv duh wkhuhiruh [ @ h � � dqg \ @ h � 	 � ��� 
 / dqg
qrwh wkdw 3 ? ] ? Y 1 Lq whupv ri wkh wkhruhp/ zh kdyh wudqvirupdwlrq ixqfwlrqv gh�qhg e|

j � +w � > w � , @ � orj+w � w � , j ���� +w � > w � , @ h �����

j � +w � > w � , @ � orj w � j ���� +w � > w � , @ h � 	 ��������� 

dqg wkh Mdfreldq ri wkh wudqvirupdwlrq lv jlyhq e|

M+y> }, @
�

�

�

�

�

�

3 �h ���

�h � 	 � ��� 
 h � 	 � ��� 


�

�

�

�

�

�

@ h � �

�25� ,j,+�W5,5 e 5�wNAW��5G T@}i 2 Lu H
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dqg khqfh
i � � � +y> }, @ i � � � +h ��� > h � 	 � ��� 
 , h � � @ h � � +y> }, 5 Y

	
��
 @ i+y> }, = 3 ? } ? y ? 4j

dqg }hur rwkhuzlvh/ dqg vr
i � +y, @

] �

� �
i � � � +y> }, g} @

]

�
� h � � g} @ yh � � y A 3

dqg }hur rwkhuzlvh1 Qrwh wkdw zh fdq dwwhpsw wkh mrlqw wudqvirupdwlrq e| vhwwlqj
X @ [@\
Y @ � orj+[\ , +, [ @ X ��� � h � � � �

\ @ X ����� � h � � � �

qrwh wkdw/ dv [ dqg \ olh lq +3> 4, zh kdyh [\ ? [@\ dqg [\ ? \@[/ jlylqj frqvwudlqwv h � � ? X dqg
h � � ? 4@X / vr wkdw 3 ? h � � ? plq iX> 4@Xj1 Wkh Mdfreldq ri wkh wudqvirupdwlrq lv

M+x> y, @

�

�

�

�

�

�

�

�

�

x ����� � h � � � �
5 �x ��� � h � � � �

5

�x � � � � h � � � �
5 �x ����� � h � � � �

5

�

�

�

�

�

�

�

�

�

@ x ��� h � � @5=

Khqfh
i � � � +x> y, @ x ��� h � � @5 3 ? h � � ? plq ix> 4@xj > x A 3

Wkh fruuhvsrqglqj pdujlqdov duh jlyhq ehorz= ohw j+|, @ � orj+plq ix> 4@xj,/ wkhq
i � +x, @

] �

� �
i � � � +x> y, gy @

] �

� 	 � 

h � �
5x gy @

��h � �
5x

� �

� 	 � 

@ plq ix> 4@xj

5x x A 3

i � +y, @
] �

� �
i � � � +x> y, gx @

] ���

��� �

h � �
5x gx @

� orj x
5 h � �

� ���

�	� �
@ yh � � y A 3

Qrz ohw
\ @ [ � .[ �

] @ [ � �[ �
+, [ � @ \ � . \ �5

[ � @
\ � � \ �5

dqg wkh Mdfreldq ri wkh wudqvirupdwlrq lv 4@51 Wkh wudqviruphg yduldeohv wdnh ydoxhv rq wkh vtxduh D zlwk fruqhuv
dw +3> 3,/ +4> 4,/ +3> 5, dqg +4>�4, erxqghg e| wkh olqhv } @ 4 . |/ } @ 4� |/ } @ �4 . | dqg } @ �4� |1 Wkhq

i � � � +|> }, @ 4
5 +|> }, 5 D

dqg }hur rwkhuzlvh +klqw= vnhwfk wkh vtxduh D,1 Khqfh

i � +}, @
] �

� �
i � � � +|> }, g| @

;

A

A

A

A

?

A

A

A

A

=

] � � �
���

4
5 g| @ 4 . } �4 ? } � 3

] � ���
�

4
5 g| @ 4� } 3 ? } ? 4

71 Wkh wudqvirupdwlrqv duh
\ � @ [ �

[ � .[ � .[ �

\ � @
[ �

[ � .[ � .[ �

\ � @ [ � .[ � .[ �

+,
[ � @ \ � \ �

[ � @ \ � \ �

[ � @ \ � +4� \ � � \ � ,

�25� ,j,+�W5,5 e 5�wNAW��5G T@}i � Lu H
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zklfk jlyhv Mdfreldq

M+| � > | � > | � , @

�

�

�

�

�

�

�

�

�

�

| � 3 | �
3 | � | �

�| � �| � +4� | � � | � ,

�

�

�

�

�

�

�

�

�

�

@ | ��

Khqfh wkh mrlqw sgi lv jlyhq e|
i � � � � � � ��� +| � > | � > | � , @ i � � � � � � ��� +| � | � > | � | � > | � +4� | � � | � ,,M+| � > | � > | � ,

@ f � | � | � h{s i�| � | � j f � | �� | �� h{s i�| � | � j f � | �� +4� | � � | � ,
� h{s i�| � +4� | � � | � ,j | ��

@ f � f � f � | � | �� +4� | � � | � ,
� | �� h{s i�| � j @ i � � � � � +| � > | � ,i ��� +| � ,

zkhuh
i � � � � � +| � > | � , 2 | � | �� +4� | � � | � ,

� = dqg i ��� +| � , 2 | �� h{s i�| � j
Khqfh \ � � Jdppd+<> 4,> wkh wudqvirupdwlrqv jlyh wkh frqvwudlqwv 3 ? \ � > \ � ? 4 dqg 3 ? \ � . \ � ? 4/ dqg
\ � A 31 Qrz
i � � +| � , @

] �

� �
i � � � � � +| � > | � , g| � @

] ����� �
� f| � | �� +4�| � �| � ,

� g| � @ f| � +4�| � , �
] �

� w � +4� w, � gw +w @ | � @+4�| � ,,
dqg khqfh

i � � +| � , 2 | � +4� | � , � @, \ � � Ehwd+5> :,> i � � +| � , @ 669| � +4� | � , � 3 ? | � ? 4
dqg khqfh

H ��� � ^ \ � ` @ 5
5 . : @ 5

<
dv wkh h{shfwdwlrq ri d Ehwd+�> �, glvwulexwlrq lv �@+�. �, iurp qrwhv1
81 Sxw X @ [@\ dqg Y @ \ > wkh lqyhuvh wudqvirupdwlrqv duh wkhuhiruh [ @ XY dqg \ @ Y 1 Lq whupv ri wkh
pxowlyduldwh wudqvirupdwlrq wkhruhp/ zh kdyh wudqvirupdwlrq ixqfwlrqv gh�qhg e|

j � +w � > w � , @ w � @w � j ���� +w � > w � , @ w � w �
j � +w � > w � , @ w � j ���� +w � > w � , @ w �

dqg wkh Mdfreldq ri wkh wudqvirupdwlrq lv jlyhq e|

mM+x> y,m @
�

�

�

�

�

�

y x
3 4

�

�

�

�

�

�

@ mym
dqg khqfh

i � � � +x> y, @ i ��� � +xy> y, mym @ � 4
5�

�

h{s
��4

5+x � y � . y �
� mym +x> y, 5 U �

dqg }hur rwkhuzlvh/ dqg vr/ iru dq| uhdo x/
i � +x, @

] �

� �
i � � � +x> y, gy @

] �

� �

� 4
5�

�

h{s�� �
� +x � y � . y � � mym gy

@
� 4
�
�] �

� y h{s
��y �

5 +4 . x � ,
�

gy lqwhjudqg lv hyhq ixqfwlrq

@
� 4
�
��� 4

+4 . x � , h{s
��y �

5 +4 . x � ,
�� �

� e| gluhfw lqwhjudwlrq

@ 4
�+4 . x � ,

�25� ,j,+�W5,5 e 5�wNAW��5G T@}i e Lu H
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Qrz sxw W @ [@sV@� dqg U @ V> wkh lqyhuvh wudqvirupdwlrqv duh wkhuhiruh [ @ WsU@� dqg V @ U1 Lq whupv
ri wkh pxowlyduldwh wudqvirupdwlrq wkhruhp/ zh kdyh wudqvirupdwlrq ixqfwlrqv iurp +[>V, $ +W>U, gh�qhg e|

j � +w � > w � , @ w � @sw � @� j ���� +w � > w � , @ w � sw � @�
j � +w � > w � , @ w � j ���� +w � > w � , @ w �

dqg wkh Mdfreldq ri wkh wudqvirupdwlrq lv jlyhq e|

mM+w> u,m @
�

�

�

�

�

�

�

�

u u
�

w
5su�

3 4

�

�

�

�

�

�

�

�

@
�

�

�

�

u u
�
�

�

�

�

@
u u

�

dqg khqfh
i � � � +w> u, @ i � � �

�

w
u u

� > u
�u u

� @ i �
�

w
u u

�
�

i � +u,
u u

� w 5 U> v 5 U �

dqg }hur rwkhuzlvh/ dqg vr/ iru dq| uhdo w/
i � +w, @

] � �

� �
i � � � +w> u, gu

@
] �

�

� 4
5�

� ��� � h{s
��uw �

5�
�

f+�,u � � � ��� h ����� �
u u

� gu

@
� 4
5�

� ��� � f+�,s�
] �

� u 	 � � � 
 � � ��� h{s
��u

5
�

4 . w �
�
��

gu

@
� 4
5�

� ��� � f+�,s�
�

4 . w �
�
� � 	 � � � 
 � � ] �

� } 	 � � � 
 � � ��� h{s
q�}

5
r

g} vhwwlqj } @ u
�

4 . w �
�
�

@
� 4
5�

� ��� � f+�,s�
�

4 . w �
�
� � 	 � � � 
 � � 4

f+� . 4, lqwhjudqg lv d sgi

Zh dovr vhh2ghgxfh wkdw i � lv d Jdppd+�@5> 4@5, ru Fkltxduhg+�, ghqvlw|/ dqg wkdw wkh qrupdol}lqj frqvwdqw
f+�, lv jlyhq e|

f+�, @

�4
5
�
� � �

�
��
5
� @, i � +w, @

�
�� . 4

5
�

�
��
5
�

� 4
��

� ��� � 4
+4 . w � @�,

	 � � � 
 � �

zklfk lv wkh Vwxghqw+�, ghqvlw|1
91 Zh kdyh

i ��� � +{m|, @ u |
5� h{s

��|{ �
5

�

{ 5 U i � +|, @ f+�,| � � � ��� h � � � � � | 5 U �

zkhuh � lv d srvlwlyh lqwhjhu/ vr wkdw [m\ @ | � Q+3> | ��� , dqg \ � Jdppd+�@5> �@5,/ dqg wkh qrupdol}lqj
frqvwdqw f+�, lv jlyhq e|

f+�, @
��
5
�
� � �

�
��
5
�

Qrz/ e| wkh fkdlq uxoh
i ��� � +{> |, @ i ��� � +{m|,i � +|, { 5 U> | 5 U �

�25� ,j,+�W5,5 e 5�wNAW��5G T@}i D Lu H
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dqg }hur rwkhuzlvh/ dqg vr/ iru dq| uhdo {/

i � +{, @
] �

� �
i � � � +{> |, g|

@
] �

�

u |
5� h{s

��|{ �
5

�
� �
�
�
� � �

� � �
�
� | � � � ��� h � � � � � g|

@ 4s5�
� �
�
�
� � �

� � �
�
�

] �

� | 	 � � � 
 � � ��� h{s
q�|

5
�� . { � �

r

g|

@ 4s5�
� �
�
�
� � �

� � �
�
�

� � � � �
�
�

� �
� +� . { � ,�

	 � � � 
 � � lqwhjudqg 2 d Jdppd sgi

Wkhuhiruh i � lv jlyhq e|
i � +{, @ � � � � �

�
�

� � �
�
�

� 4
��

� ��� � 4
+4 . { � @�,

	 � � � 
 � �
zklfk lv djdlq wkh Vwxghqw+�, ghqvlw|1
H{huflvhv 8 dqg 9 jlyh wkh wzr dowhuqdwlyh zd|v ri vshfli|lqj wkh Vwxghqw0w glvwulexwlrq/ hlwkhu dv d ixqfwlrq ri
lqghshqghqw Qrupdo dqg Jdppd2Fkl0vtxduhg yduldeohv/ ru dv wkh pdujlqdo rewdlqhg e| _vfdoh0pl{lqj% d Qrupdo
glvwulexwlrq e| d Jdppd glvwulexwlrq +wkdw lv/ udwkhu wkdq kdylqj d �{hg yduldqfh � � @ 4@\ /1zh uhjdug \ dv d
udqgrp yduldeoh kdylqj d Jdppd glvwulexwlrq/ vr wkdw +[>\ , kdyh d mrlqw glvwulexwlrq

i � � � +{> |, @ i ��� � +{m|,i � +|,
iurp zklfk zh fdofxodwh i � +{, e| lqwhjudwlrq1
:1 Fdq fdofxodwh wkh pji iru wklv pdvv ixqfwlrq +wkh Srlvvrq glvwulexwlrq, dv

P � +w, @ h{s��+h � � 4,� =
Qrz/ li ] � @ +[ � �,@s�/ zh xvh wkh pji uhvxow iru olqhdu ixqfwlrqv/ wkdw lv li \ @ d[ . e>P � +w, @ h � � P � +dw,=
Khuh/ d @ 4@s� dqg e @ �s�/ vr

P � � +w, @ h ��� � � h{s
q

�+h � ��� � � 4,
r

@ h{s
��s�w. �

� ws� . w �
5� . w �

9 ��� �s� . ===
��

@ h{s
� w �

5 . w �
9s� . ===

� $ h{s
� w �

5
�

dv � $ 4
vr wkhuhiruh

] � $ ] � Qrupdo+3> 4, dv � $ 4
wkdw lv/ wkh glvwulexwlrq ] � whqgv wr d vwdqgdug Qrupdo glvwulexwlrq dv � $ 4= Uh0duudqjlqj wkh gh�qlwlrq ri ] � /
dqg xvlqj wkh wudqvirupdwlrq uhvxow iru Qrupdo udqgrp yduldeohv

[ � Qrupdo+3> 4,> \ @ d[ . e @, \ � Qrupdo+e> d � ,
zh kdyh wkdw

[ @ s�] � . � � Qrupdo+�> �,
Wkxv zh kdyh wkdw

Srlvvrq+�, � Qrupdo+�> �, li � lv odujh

�25� ,j,+�W5,5 e 5�wNAW��5G T@}i S Lu H
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Iru vhfrqg sduw/ fdq fdofxodwh wkh pji iru wklv sgi ixqfwlrq +wkh Jdppd glvwulexwlrq zlwk sdudphwhuv � dqg 4,
dv

P � +w, @
� 4
4� w

� �
=

Qrz/ li ] � @ +[ � �,@s�/ zh xvh wkh pji uhvxow iru olqhdu ixqfwlrqv/ wkdw lv li \ @ d[ . e>P � +w, @ h � � P � +dw,=
Khuh/ d @ 4@s� dqg e @ �s�/ vr

P � � +w, @ h ��� � �
� 4
4� w@s�

� �
@ h{s

��s�w� � orj
�

4� ws�
��

@ h{s
��s�w. �

� ws� . w �
5� . w �

6 ��� �s� . ===
��

@ h{s
� w �

5 . w �
6s� . ===

� $ h{s
� w �

5
�

dv � $ 4
vr wkhuhiruh

] � $ ] � Qrupdo+3> 4, dv � $ 4
wkdw lv/ wkh glvwulexwlrq ] � whqgv wr d vwdqgdug Qrupdo glvwulexwlrq dv � $ 4= Uh0duudqjlqj wkh gh�qlwlrq ri ] � /dqg xvlqj wkh wudqvirupdwlrq uhvxow iru Qrupdo udqgrp yduldeohv dv deryh/ zh kdyh wkdw

[ @ s�] � . � � Qrupdo+�> �,
Wkxv zh kdyh wkdw

Jdppd+�> 4, � Qrupdo+�> �, li � lv odujh

;1 Li \ � @ pd{ i[ � >[ � j wkhq S^ \ � A f ` @ 4� s � / dv
S^ \ � � f ` @ S^ pd{ i[ � > [ � j � f ` @ S^ +[ � � f, _ +[ � � f, ` @ S^ [ � � f `S^ [ � � f ` @ s �

<1 Li \ � @ plq i[ � > ===> [ � j/ wkhq
I � � +| � , @ S^ \ � � | � ` @ S^ plq i[ � > ===>[ � j � | � `

@ 4� S^ plq i[ � > ===> [ � j A | � ` @ 4� S^ +[ � A | � , _ === _ +[ � A | � , `
@ 4� S^ +[ � A | � , `===S^ +[ � A | � , ` @ 4� +4� I � +| � ,,===+4� I � +| � ,, @ 4� i+4� I � +| � ,,j �

Qrz khuh/ i � +{, @ �h � � � / vr I � +{, @ 4� h � � � / zkhq { A 3/ dqg khqfh
I � � +| � , @ 4� i+4� I � +| � ,,j � @ 4� �4� +4� h � � � � ,� � @ 4� h � � � � @, i � � +| � , @ n�h � � � � � | � A 3=

1Lq sduw wzr/ wkh fgi iru [ lv

I � +{, @
] �

� �
i � +w,gw @

] �

�
4
w � gw @ 4� 4

{ @ {� 4
{ 4 � { � 4

Xvlqj Uhvxow 4 ri wkh Rughu Vwdwlvwlfv vhfwlrq= wkh mrlqw glvwulexwlrq ri wkh rughu vwdwlvwlfv \ � > ===> \ � ghulyhg iurp
[ � > ===> [ � lv

i � � � � � � � ��� +| � > ===> | � , @ n$i � � � � � � � ��� +{ � > ===> { � , @ n$
�
\

��� �

4
| ��
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;

dqg e| Uhvxow 5/ ru e| gluhfw fdofxodwlrq dv deryh/ wkh pdujlqdo sgiv ri plqlpxp \ � dqg pd{lpxp \ � duh jlyhq
e|

i � � +| � , @ n
� 4
| �

� � ��� 4
| �� @ n

| � � ��
i � � +| � , @ n

�| � � 4
| �

� � ��� 4
| �� @ n+| � � 4, � ���

| � � ��

zlwk vxssruw ^4>4, lq hdfk fdvh1
431 Zh kdyh I � +{, @ {/ dqg i � +{, @ 4 iru 3 ? { ? 41 Hlwkhu e| gluhfw fdofxodwlrq/ ru e| xvlqj wkh Rughu
Vwdwlvwlfv Uhvxow 5/ zh kdyh

I � � +| � , @ iI � +| � ,j � @ | �� i � � +| � , @ n$
3$ +n � 4,$ iI � +| � ,j � ��� i4� I � +| � ,j � i � +| � , @ n| � ����

vr wkdw
S^ \ � � 3=<< ` @ 4� S^ \ � ? 3=<< ` @ 4� I � � +3=<<, @ 4� +3=<<, �

dqg wkh vpdoohvw n vxfk wkdw 4� +3=<<, � � 3=<8 lv n @ 5<81
441 Iru wklv sgi/ zh kdyh fgi I � +{, @ { � > 3 ? { ? 41 Iurp hohphqwdu| fdofxodwlrqv/ zh kdyh wkdw

I � � +| � , @ 4� i4� I � +| � ,j � @ 4� +4� | �� , � 3 ? | � ? 4=
Wkhuiruh/ S^ \ � � 3=:8 ` @ 4� +4� +3=:8, � , � / zklfk wdnhv wkh ydoxhv 31889/ 31995/ 31:75 iru n @ 6> 7> 81 Dovr

i � � +| � , @ n i4� I � +| � ,j � ��� i � +| � , @ 8n| � � �4� | �� � � ��� 3 � | � � 4
dqg

I � � +| � , @ 4� �4� | �� � � @ 4� +4� | �� , � �$
;

?

=

3 | � @ 3
4 | � A 4

dv n �$ 4/ vr wkdw wkh olplwlqj glvwulexwlrq lv d vwhs ixqfwlrq/ zlwk wkh vwhs dw }hur1 Wkdw lv/ wkh olplwlqj
glvwulexwlrq kdv pdvv rqh dw \ � @ 31
451 Zh kdyh wkdw

i � +{, @ +�. 4,{ 

� 
�� � I � +{, @

�{
�
�

�� �

3 � { � �
dqg xvlqj wkh uhvxowv iru pd{lpd dqg plqlpd/ zh kdyh wkdw

I � � +|, @ 4� i4� I � +|,j � @ 4��

4� �|
�
�


� � � �

3 � { � �

@
� 3 | ? 3

4 | � 3 dv q $ 4 zlwk |�{hg1
+dv wkh vhfrqg whup lv 4 li | @ 3/ exw lv }hur rwkhuzlvh, wkdw lv/ wkh olplwlqj glvwulexwlrq +fgi, dv q $ 4 lv d vwhs
ixqfwlrq/ zlwk d vlqjoh vwhs dw | @ 31 Khqfh wkh olplwlqj glvwulexwlrq lv ghjhqhudwh dw | @ 3> wkdw lv/ zh kdyh \ �
frqyhujlqj lq glvwulexwlrq wr d glvfuhwh udqgrp yduldeoh \ zlwk S^\ @ 3` @ 4=
Vlploduo|/ iru wkh pd{lpxp rughu vwdwlvwlf/\ � zh kdyh

I � � +|, @ iI � +|,j � @
�

�|
�
�

�� � � �

@
�|
�
�

�
	 
�� � 
 3 � { � �

@
� 3 | ? �

4 | � � dv q $ 4 zlwk |�{hg
+dv |@� lv ohvv wkdq 4 li | ? �, wkdw lv/ wkh olplwlqj glvwulexwlrq +fgi, dv q $ 4 lv d vwhs ixqfwlrq/ zlwk d
vlqjoh vwhs dw | @ �1 Khqfh wkh olplwlqj glvwulexwlrq lv ghjhqhudwh dw | @ �> wkdw lv/ zh kdyh \ � frqyhujlqj lq
glvwulexwlrq wr d glvfuhwh udqgrp yduldeoh \ zlwk S^\ @ �` @ 4=
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