
4
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4 +d, Wr fdofxodwh wkh pji

P � +w, @ H ��� ^ h � � ` @
] �

� �
h � � 4s5� h{s

��} �
5
�

g} @ h �
	�� �
] �

� �
4s5� h{s

��+} � w, �
5

�

g}

@ h �
	�� �
] �

� �
4s5� h{s

��x �
5
�

gx @ h �
	�� �

frpsohwlqj wkh vtxduh lq }/ dqg wkhq vhwwlqj x @ } � w/ dv wkh lqwhjudqg lv d sgi1
Qrz/ xvlqj wkh wudqvirupdwlrq wkhruhp iru xqlyduldwh/ 404 wudqvirupdwlrqv zh kdyh [ @ � . 4

�] +, ] @
�+[ � �,/ vr

i  +{, @ i � +�+{� �,, � @ �s5� h{s
��� �

5 +{� �, �
�

{ 5 U

Wr fdofxodwh wkh pji ri [/ xvh wkh h{shfwdwlrq uhvxow jlyhq lq ohfwxuhv
P  +w, @ H ���

k

h ��� ��� � �����
l

@ h ��� P � +w@�, @ h{s
�

�w. w �
5� �

�

Wkh h{shfwdwlrq ri [ lv

H ��� ^[` @
] �

� �
{i  +{, g{ @

] �

� �
{
�� �
5�

� � � �

h{s
��� �

5 +{� �, �
�

g{

@
] �

� �

��. w� � � �
�� �
5�

� � � �

h{s
�� w �

5
�

� � � gw w @ �+{� �,

@ �
] �

� �

� 4
5�

� � � �

h{s
�� w �

5
�

gw. � � �
] �

� �
w
� 4
5�

� � � �

h{s
�� w �

5
�

gw

@ �
dv wkh �uvw lqwhjudo lv 4/ dqg wkh vhfrqg lqwhjudo lv }hur/ dv wkh lqwhjudqg lv dq RGG ixqfwlrq derxw }hur1 Khqfh

H ��� ^[` @ �
dqg qrwh wkdw lw lv jhqhudoo| wuxh wkdw li d sgi lv v|pphwulf derxw d sduwlfxodu ydoxh/ wkhq wkdw ydoxh lv wkh
h{shfwdwlrq +li wkh h{shfwdwlrq lqwhjudo lv �qlwh,1 Dowhuqdwho|/ frxog xvh wkh pji uhvxow wkdw vd|v

H ��� ^[` @ g
gv iP  +v,j ����� @ P � � �

 +3,
vd|/ vr wkdw

H ��� ^[` @ g
gv

�

h{s
�

�v. v �
5� �

��

�����
@

�

�

�. v
� �

�

h{s
�

�v. v �
5� �

��

�����
@ �

Wkh h{shfwdwlrq ri j+[, @ h  lv

H ��� ^j+[,` @
] �

� �
j+{,i  +{, g{ @

] �

� �
h �

�� �
5�

� � � �

h{s
��� �

5 +{� �, �
�

g{

@
] �

� �
h{s��. w� � � �

�� �
5�

� � � �

h{s
�� w �

5
�

� � � gw vhwwlqj w @ �+{� �,

@
� 4
5�

� � � � ] �

� �
h{s

�

�. w� � � � w �
5
�

gw @
� 4
5�

� � � � ] �

� �
h{s

��4
5
�w � � 5w� � � � 5��

�

gw
�25� ,j,+�W5,5 � 5�wNAW��5G T@}i � Lu S
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Frpsohwlqj wkh vtxduh lq wkh h{srqhqw/ zh kdyh
�w � � 5w� � � � 5�� @ �w� � � � �

� � �5�. � � � �

dqg khqfh

H ��� ^j+[,` @
� 4
5�

� � � � ] �

� �
h{s

��4
5
�w� � � � �

�
.
�

�. 4
5� �

��

gw

@ h{s
�

�. 4
5� �

�] �

� �

� 4
5�

� � � �

h{s
��4

5
�w� � � � �

� �
gw @ h{s

�

�. 4
5� �

�

dv wkh lqwhjudo lv htxdo wr 4/ dv lw lv wkh lqwhjudo ri d sgi iru doo fkrlfhv ri �=
+e, Li \ @ h  / vr \ @ U � / dqg iurp �uvw sulqflsohv zh kdyh

I � +|, @ S ^\ � |` @ S �h  � |� @ S ^[ � orj |` @ I  +orj |, @, i � +|, @ i  +orj |, 4
| | A 3

Qrwh wkdw wkh ixqfwlrq j+w, @ h � lv d prqrwrqh lqfuhdvlqj ixqfwlrq/ zlwk j � � +w, @ orj w/ vr wkdw zh fdq xvh wkh
jhqhudo uhvxow gluhfwo|/ wkdw lv

i � +|, @ i  +j � � +|,, M+|, zkhuh M+|, @
�

�

�

�

g
gw

�j � � +w,� � ���
�

�

�

�

@
�

�

�

�

g
gw iorj wj � ���

�

�

�

�

@ 4
|

Khqfh
i � +|, @ 4

|
�� �
5�

� � � �

h{s
��� �

5 +orj | � �, �
�

| A 3=
Iru wkh h{shfwdwlrq/ zh kdyh iurp �uvw sulqflsohv

H ��� ^\ ` @
] �

�
|i � +|, g| @

] �

� �
| 4
|
�� �
5�

� � � �

h{s
���

5 +orj | � �, �
�

g|

@
] �

� �

�� �
5�

� � � �

h{s
��� �

5 +w� �, �
�

h � gw @ h{s
�

�. 4
5� �

�

zkhuh w @ orj |/ dv wkh lqwhjudo lv suhflvho| wkh rqh fduulhg rxw deryh1 Wklv looxvwudwhv wkh wudqvirupd0
wlrq2h{shfwdwlrq uhvxow wkdw/ li \ @ j+[,/ wkhq

H ��� ^\ ` @ H ��� ^j+[,`
+f, Li W @ ] � / wkhq iurp �uvw sulqflsohv

I � +w, @ S^ W � w ` @ S^ ] � � w ` @ S^ �sw � ] � sw `

@, i � +w, @ 4
5sw

k

i � +sw, . i � +�sw,
l

@ 4s5� w
� � � � h{s

�� w
5
�

w A 3

dqg khqfh
P � +w, @ H ��� ^ h � � ` @

] �

� �
h � � i � +{, g{ @

] �

� �
h � � 4s5�{ h{s

q�{
5
r

g{ @
] �

�
4s5�{ h{s

�� +4� 5w,{
5

�

g{

@
� 4
4� 5w

� � � � ] �

�
4s5�| h{s

q�|
5
r

g| @
� 4
4� 5w

� � � �

zkhuh | @ +4� 5w,{/ dv wkh lqwhjudqg lv d sgi1
�25� ,j,+�W5,5 � 5�wNAW��5G T@}i 2 Lu S
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51 E| gh�qlwlrq ri pjiv iru glvfuhwh yduldeohv/ zh fdq ghgxfh lpphgldwho| wkdw/ dv

P  +w, @
�
[

�
� � �

h � � i  +{,

S^ [ @ { ` lv mxvw wkh frh�flhqw ri h � � lq wkh h{suhvvlrq iru P  / dqg khqfh S^ [ @ 4 ` @ 4@;/ S^ [ @ 5 ` @ 4@7
dqg S^ [ @ 6 ` @ 8@;1 Dovr/ zh kdyh H � � ^ [ � ` @ P � � �

 +3,/ vr wkdw
H ��� ^ [ ` @ P � � �

 +3, @ 4
; . 547 . 68; @ 8

5 H ��� ^ [ � ` @ P � � �
 +3, @ 4

; . 747 . <8; @ 5:
7

@, Ydu ��� ^ [ ` @ H ��� ^ [ � `� iH ��� ^ [ `j � @ 4
5

61 Fdq lghqwli| wkdw [ � Elq+q> �,/ exw lq dq| fdvh/

P  +w, @ +4� � . �h � , � @ +4 . +h � � 4,�, � @
�

4 . �
�

w. w �
5$ .

w �
6$ . ===

��
�

dqg iurp wkh pji gh�qlwlrq H ��� ^ [ � ` lv u$ wlphv wkh frh�flhqw ri w � lq wklv h{sdqvlrq1 Gl�fxow wr lghqwli|
wklv jhqhudo whup/ exw fdq hdvlo| lghqwli| wkh frh�flhqw ri w dv q� @ H ��� ^ [ `/ dqg wkh frh�flhqw ri w � dv
q� . q+q� 4,� � @ H � � ^ [ � ` hwf1
71 Iru wklv sgi/

P  +w, @
] �

� �
h � � i  +{, g{ @

] �

� �
h � � h � �

�
� � � g{ @ h � �

] �

� �
h � � � � �
� � g{

@ h � �
4� w

] �

� � � � � �
�
h � � g| @ h � �

4� w
��h � � � � � � � � � �
� @ h � � �

4� w w ? 4

Qrz
P � � �

 +w, @ h � � �
+4� w, � +5w� 4, P � � �

 +w, @ h � � �
+4� w, �

�4 . +5w� 4, � �

vr wkdw P � � �
 +3, @ �4 @ H ��� ^ [ ` dqg P � � �

 +3, @ 5 @ H ��� ^ [ � ` @, Ydu ��� ^ [ ` @ 4

81 Zh kdyh N  +w, @ orjP  +w,/ khqfh

N � � �
 +w, @ g

gv iN  +w,j ��� � @ g
gv iorjP  +w,j ��� � @ P � � �

 +w,
P  +w, @, N � � �

 +3, @ P � � �
 +3,

P  +3, @ H � � ^ [ `

dv P  +3, @ 41 Vlploduo|

N � � �
 +w, @ P  +w,P � � �

 +w,� q

P � � �
 +w,

r

�

iP  +w,j � @,N � � �
 +3, @ P  +3,P � � �

 +3,� q

P � � �
 +3,

r

�

iP  +3,j � @ H ��� ^[ � `�iH ��� ^ [ `j � @
dqg khqfh N � � �

 +3, @Ydu ��� ^ [ `
91 Hdv| wr vhh wkdw i �� � +{> |, @ i  +{,i � +|,/ zlwk [

� � � @ [�\/ vr [ dqg \ duh lqghshqghqw/ zkhuh

i  +{, @ sf 5 �
{$ i � +|, @ sf 5 �

|$ dqg
�
[

�
� �

i  +{, @ 4 @, sf @ h � �

+pdujlqdo pdvv ixqfwlrqv pxvw kdyh lghqwlfdo irupv dv mrlqw pdvv ixqfwlrq lv v|pphwulf lq { dqg |, dv wkh
vxppdwlrq lv lghqwlfdo wr wkh srzhu vhulhv h{sdqvlrq ri h � dw } @ 5 li sf @ h � � 1

�25� ,j,+�W5,5 � 5�wNAW��5G T@}i � Lu S
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:1 I �� � lv frqwlqxrxv dqg qrq ghfuhdvlqj lq { dqg |/ dqg
olp

� ��� � � I �� � +{> |, @ olp� ��� � � I �� � +{> |, @ 3 olp
� �
� ��� � I  � � +{> |, @ 4

vr I  � � lv d ydolg fgi/ dqg

i �� � +{> |, @ C �
Cw � Cw � iI  � � +w � > w � ,j ��� �

� �
� 	 ��� @ h � �

�+4 . | � , @ i  +{,i � +|,

vr dv [ � � � @ U
� �U/ [ dqg \ duh lqghshqghqw1

;1 Wkh irup ri wkh mrlqw udqjh [
� � � lv wkh nh| srlqw> zh kdyh [

� � � @ i +{> |, = { A 3> 3 ? | ? h{s i��{ � jj/ dqg
khqfh

i  +{, @
] �

� �
i �� � +{> |, g| @

] ���
	���

�
f{ � � � g| @ f{ � � � h{s i��{ � j { A 3

@, I  +{, @
]

�
� �

i  +w, gw @
]

�
�
fw � � � h{s i��w � j @ f

�� +4� h{s i��{ � j,
vr wkdw f @ ��1 Vlploduo|/ ohwwlqj j+|, @ i� orj |@�j � � � / zh kdyh 3 ? { ? j+|, dv 3 ? | ? h{s i��{ � j/ dqg

i � +|, @
] �

� �
i �� � +{> |, g{ @

] � � � �

�
f{ � � � g{ @ f

� ij+|,j � @ � orj | 3 ? | ? 4

<1 +l, Li [ � � � @+3> 4,� +3> 4, lv wkh +mrlqw, udqjh ri yhfwru udqgrp yduldeoh +[>\ ,1 Zh kdyh
i �� � +{> |, @ f{+4� |, 3 ? { ? 4> 3 ? | ? 4

vr wkdw
i �� � +{> |, @ i  +{,i � +|, dqg [

� � � @ [�\
zkhuh [ dqg \ duh wkh udqjhv ri [ dqg \ uhvshfwlyho|/ dqg

i  +{, @ f � { dqg i � +|, @ f � +4� |, +4,
iru vrph frqvwdqwv vdwlvi|lqj f � f � @ f1 Khqfh/ wkh wzr frqglwlrqv iru lqghshqghqfh duh vdwlv�hg lq +5,/ dqg [
dqg \ duh lqghshqghqw1
+ll, Zh pxvw kdyh

�
]

� �

�
]

� �
i  � � +{> |, g{g| @ 4 , f � � @

�
]

�

�
]

�
{+4� |, g{g| @ 4

dqg dv �
]

�

�
]

�
{+4� |, g{g| @

;

?

=

�
]

�
{ g{

<

@

>

;

?

=

�
]

�
+4� |, g|

<

@

>

@ 4
5 � 4

5 @ 4
7

zh kdyh f @ 71
+lll, Zh kdyh D @ i+{> |, = 3 ? { ? | ? 4j/ dqg khqfh/ uhfdoolqj wkdw wkh mrlqw ghqvlw| lv rqo| qrq0}hur zkhq
{ ? |/ zh �uvw �{ d | dqg lqwhjudwh g{ rq wkh udqjh +3> |,/ dqg wkhq lqwhjudwh g| rq wkh udqjh +3> 4,/ wkdw lv

S^ [ ? \ ` @
]

�

]

i  � � +{> |, g{g| @
] �

�

�] �

�
7{+4� |, g{

�

g| @
] �

�

�] �

�
{ g{

�

7+4� |, g|

@
] �

�
5| � +4� |, g| @

�5
6|
� � 4

5|
�
� �

�
@ 4

9
�25� ,j,+�W5,5 � 5�wNAW��5G T@}i e Lu S
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431 Wkh mrlqw sgi ri [ dqg \ lv jlyhq e|
i �� � +{> |, @ 57{| { A 3> | A 3> {. | ? 4

dqg }hur rwkhuzlvh/ wkh pdujlqdo sgi i  lv jlyhq e|

i  +{, @
] �

� �
i �� � +{> |, g| @

] � � �
�

57{| g| @ 57{
�| �
5
� � � �

�

@ 45{+4� {, � 3 ? { ? 4
dv wkh lqwhjudqg lv rqo| qrq0}hur zkhq 3 ? {. | ? 4 @, 3 ? | ? 4� { iru �{hg {

441 +d, Zh kdyh
C �

Cw � Cw � iI � +w � > w � ,j ��� �
� �
� 	 ��� @ �h � � � � ? 3

rq wkh vshfl�hg udqjh ri [ dqg \ / vr I �� � lv qrw d ydolg fgi/ dv wklv sduwldo ghulydwlyh pxvw eh qrq0qhjdwlyh1
+e, Zh kdyh

C �
Cw � Cw � iI � +w � > w � ,j � � �

� �
� 	 ��� @

;

?

=

h � � 3 � { � |
h � � 3 � | � {

zklfk lv qrq0qhjdwlyh hyhu|zkhuh1 Qrwh wkdw/ I � +{> 3, @ I � +3> |, @ 31 Krzhyhu/ frqvlghu wkh ehkdylrxu ri I � dv
{ dqg | ehfrph odujh> �uvw/ frqvlghu wkh fgi I gh�qhg e|

I +{> |, @ 4� h � � � |h � � 3 � | � { ? 4>
wkdw lv/ lghqwlfdo wr I � rq rqo| kdoi wkh ruljlqdo grpdlq1 Lw lv hdv| wr fkhfn wkdw I lv d fgi/ lq sduwlfxodu/ wkdw

olp
� �
� ��� � I +{> |, @ 4

Khqfh/ e| v|pphwu| zh pxvw kdyh wkdw
olp

� �
� ��� � I � +{> |, @ 5>

vr I � lv qrw d ydolg fgi1

Fkdqjlqj wkh txhvwlrq voljkwo| jlyhv d gl�huhqw vroxwlrq> li fgi I � lv gh�qhg dv

I � +{> |, @
;

?

=

4� h � � � {h � � 3 � { � |
4� h � � � |h � � 3 � | � {

wkhq zh kdyh
i � +{> |, @ C �

Cw � Cw � iI � +w � > w � ,j � � �
� �
� 	 ��� @ h � � 3 � { � | ? 4

dqg }hur rwkhuzlvh/ zklfk lv dovr qrq0qhjdwlyh hyhu|zkhuh1 Djdlq/ I � +{> 3, @ I � +3> |, @ 3/ dqg khuh
olp

� �
� ��� � I � +{> |, @ 4

vr I � lv d ydolg fgi1
Qrwh dovr wkdw/ lq wkh dphqghg txhvwlrq wkh pdujlqdo fgiv iru [ dqg \ duh jlyhq e|

I  +{, @ olp� ��� � I � +{> |, @ 4� h � � { � 3

I � +|, @ olp
� ���

� I � +{> |, @ 4� +| . 4,h � � | � 3
�25� ,j,+�W5,5 � 5�wNAW��5G T@}i D Lu S
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451 Iluvw vnhwfk wkh vxssruw ri wkh ghqvlw|> wklv zloo pdnh lw fohdu wkdw wkh erxqgdulhv ri wkh vxssruw duh gl�huhqw
iru 3 ? | � 4 dqg | A 41 Wkh pdujlqdov duh jlyhq e|

i  +{, @
] �

� �
i  � � +{> |, g| @

]

�

� � �

4
5{ � | g| @ 4

5{ � +orj{� orj+4@{,, @ orj {
{ � 4 � {

i � +|, @
] �

� �
i  � � +{> |, g{ @

;

A

A

A

A

?

A

A

A

A

=

] �

� � �
4

5{ � | g{ @ 4
5 3 � | � 4

] �

�

4
5{ � | g{ @ 4

5| � 4 � |

Frqglwlrqdov=

i  � � +{m|, @ i �� � +{> |,
i � +|, @

;

A

A

?

A

A

=

4
{ � | 4@| � { li 3 � | � 4
|
{ � | � { li 4 � |

i � �  +|m{, @ i �� � +{> |,
i  +{, @ 4

5| orj { 4@{ � | � { li { � 4
Pdujlqdo h{shfwdwlrq ri \ >

H ��� ^ \ ` @
] �

� �
|i � +|, g| @

] �

�
|
5 g| .

] �

�
4
5| g| @ 4

dv wkh vhfrqg lqwhjudo lv glyhujhqw1

461 Wr frpsxwh f/
] �

� �

] �

� �

] �

� �
i  � � � � +{> |> }, g{g|g} @

] �

�

]

�
�

] �

�
f g{g|g} @ f

] �

�

]

�
�
| g|g} @ f

] �

�
} � @5 g} @ f@9

vr f @ 91

i �� � +{> }, @
�
]

� �
i  � � � � +{> |> }, g| @

�]

�

9 g| @ 9+} � {, 3 ? { ? } ? 4

i � � � +|> }, @
�
]

� �
i  � � � � +{> |> }, g{ @

�
]

�
9 g{ @ 9| 3 ? | ? } ? 4

i � �  � � +|m{> }, @ i �� � � � +{> |> },
i  � � +{> }, @ 4

} � { { ? | ? }

i  � � � � +{m|> }, @ i �� � � � +{> |> },
i � � � +|> }, @ 4

| 3 ? { ? |

i  � � � � +{> |m}, @ i �� � � � +{> |> },
i � +}, @ 5

} � { ? | ? }
dv

i � +}, @
] �

� �

] �

� �
i �� � � � +{> |> }, g| g{ @

]

�
�

] �

�
9 g{g| @ 6} �
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