M2S1 : EXERCISE SHEET 3 : SOLUTIONS
1 (a) To calculate the mgf

o) 1 2 5 1 —t2
VAl =Epl )= [ ot pmen |Gt men{E50

2 >~ 1 u2 2
=t /2/ ex {——} du = et /?
oo V2T P 2

completing the square in z, and then setting u = z — ¢, as the integrand is a pdf.

. . . . 1
Now, using the transformation theorem for univariate, 1-1 transformations we have X = pu + XZ = 7 =
AMX — p), so

A A2
xr) = Mz — A= —ex _ (r— 2 ZEGR
fX( ) fZ( ( /L)) \/ﬁ p{ 2( /L) }
To calculate the mgf of X, use the expectation result given in lectures
2
]\/fx(t) =Ey, |:et(#+Z/>\):| = e#t]\/fz(t/)\) = exp {/Jt + W}

The expectation of X is

By [X] :/Oooozfx(x)dz - /Oooox<§>l/2exp{—%2(x—u)2} do

00 | )\2 1/2 t2 X
:/ (14 tA )<2_77> exp{—E})\ dt  t=Aax—p)

— 00

fove) 1 1/2 t2 . 00 1 1/2 tQ
—“/_m(# exp{‘i}dt“ /_of(%) exp{‘i}‘ﬁ

= n

as the first integral is 1, and the second integral is zero, as the integrand is an ODD function about zero. Hence

Efx [X} =K

and note that it is generally true that if a pdf is symmetric about a particular value, then that value is the

expectation (if the expectation integral is finite). Alternately, could use the mgf result that says

Bpx [X] = = {Mx()} 0 = M(0)

d s2 5 52
R G I (G O R T I
_ eX

The expectation of g(X) =

9(@) fx (a) da = /: e (§>1/2 exp {_%Q(x - u)?} dx

0o )\2 1/2 t2
= / exp {pu+trA"t} (2—> exp {—5} AL adt setting t = Az — p)

™

say, so that

is
oo

By (%) = |

— 00

1 1/2 00 +2 1 1/2 poo 1
= (27) / exp{u+t>\1 —5} dt = (27) / exp{—5 (2 —2tAt —2M)} dt
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Completing the square in the exponent, we have
(2 207" —2p) = (t = A7) = (2u+ A72)

and hence

Ep [g(X)] = (%)m /io exp {—% (t=21)7+ (u+ %)} dt

1) [ [1\"? 1 2 1
—exp{,tH—ﬁ}/_m(%) exp{—i(t—)\ )}dt_exp{u—&-w}

as the integral is equal to 1, as it is the integral of a pdf for all choices of .

(b) IfY =eX,s0 Y = R", and from first principles we have

Fy(y) =P[Y <y|=P[e* <y] =P[X <logy] = Fx(logy) =  fvr(y) = fx(logy) :

- y>0
Yy

Note that the function g(t) = e’ is a monotone increasing function, with g=!(¢) = logt, so that we can use the
general result directly, that is

@) = Fxlo™ W) T where  J) = |2 ),

d
Hence
= ; o

For the expectation, we have from first principles

Ep [Y] =/:Oyfy(y) dy:/oo yl (;)l/:xp{—g(logy—ﬂ)g} dy

2\ 1/2 2
fy(y) = ! (/\ ) exp{—%(logy—u)Q} y > 0.

—x Y
oo )\2 1/2 )\2 1
:/ (2_77> exp{—?(t—u)Q} etdt = exp{u—&—w}
where ¢t = logy, as the integral is precisely the one carried out above.  This illustrates the transforma-

tion/expectation result that, if Y = g(X), then
EfY [Y] = Efx [g(X)]
(c) If T = Z2, then from first principles
Fr(t) =P[T<t]=P[Z2<t]|=P] —Vt<Z<t]
1 -1
t) = — t V)| = t=1/2 =Ly

= fr(t) o i {fz(\/—ﬂ-fz( \/—)} exp{ } >0

and hence

Mr(t) =Eq[e]= /OO e fr(a) de = /OO e \/217735 =P {_g} = /0(>O \/217736 P {_ : _22t)x} o

1 1/2 /oo 1 . { y} . 1 1/2
= X _— =
12t y V2ry P TS T\

where y = (1 — 2t)x, as the integrand is a pdf.
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2. By definition of mgfs for discrete variables, we can deduce immediately that, as

oo

Mx(t) = Z e fx (z)

T=—0Q

P[ X =z ] is just the coefficient of €'® in the expression for Mx, and hence P[ X =1]|=1/8, P[ X =2]=1/4

and P[ X =3]=5/8. Also, we have Ef, [ X" | = )((T)(O), so that
Wy =Ll g2 3 212 M@ (0) = £ 44t 193 2 2T
EffX] = X(O)_8+24+38_2 Ef [ X° =My (O)—8+44+98—4
1
= Vary, [ X | =Efx[X2]—{Efx[X}}2=§

3. Can identify that X ~ Bin(n,0), but in any case,

and from the mgf definition Ef [ X7 ] is ! times the coefficient of ¢" in this expansion. Difficult to identify
this general term, but can easily identify the coefficient of ¢ as nf = E; [ X |, and the coefficient of t? as

nd +n(n—1)02 =Es [ X?] etc.

4. For this pdf,

Mx(t) = / etmfx(x) dzx :/ ette=(@+2) gop — 6*2/ e—(1=Dz g,

—00 —2 —2
672 ee] 672 o 6721‘/
= Y d — —e Y = t 1
1- t/2(1t)e YT T [ ]72(14) 1—t¢ -
NOW —2t —2t
MP ) = & 2% 1) M) =2 14 (2t — 1)

so that M) (0) = —1=E; [ X ] and MP(0) =2 =E;, [ X2 ] = Vars, [ X | =1

5. We have Kx(t) = log Mx (t), hence

W _ _d MY W MI©)
zﬁmﬁgmm@ﬁgmwmmm—@m=MQ@—ﬁm;EMX

as Mx (0) = 1. Similarly
MM - L) MM 0) — {100

. < OMP ) - {MP )} k) <ML 0) ~ {MP )} e X (E X}

{Mx (1)} {Mx(0)}?

and hence Kg?)(O) =Vars, [ X |
6. Easy to see that fxy(z,y) = fx(2)fy(y), with X3 = X x Y, so X and Y are independent, where

2y

fr) = Ve T fel) = Ve

and io:fx(ac):1:>\/zz<f2
=0

(marginal mass functions must have identical forms as joint mass function is symmetric in z and y) as the
summation is identical to the power series expansion of e* at z = 2 if /c = e~2.
M2S1 EXERCISES 8 SOLUTIONS: page 3 of 6



7. Fx,y is continuous and non decreasing in x and y, and

lim Fxy(z,y)= lm Fxy(z,y)=0 lim Fxy(z,y)=1

r——00 Yy——>—0C z,Yy—00

so Fx,y is a valid cdf, and

2 —z

0 e
Ixy(z,y) = 9.0t {Fx,y (t1,82) 20 1y=y

W = fx(2)fy(y)

so as X3 = R* x R, X and Y are independent.

8. The form of the joint range X is the key point; we have X2 = { (z,y) : > 0,0 <y < exp{—B2°}}, and
hence

e—ﬂm“

/ fxv(zy) dy :/ cx® ! dy = ca® ' exp { B2} x>0

= Fx(z / fx(t) dt = / ct*” 1exp{ -6t} = _5 (1 —exp{—B2°})

so that ¢ = af. Similarly, letting g(y) = {— log y/ﬂ}l/a, we have 0 < z < g(y) as 0 < y < exp {—Fz}, and

oo 9(y) c
vw) = [ vl do= [ et =S ig)) = <logy 0<y<1
—o00 0

9. (i) If X(=(0,1) x (0,1) is the (joint) range of vector random variable (X,Y). We have
fxy(z,y)=cx(l—y) 0O0<z<l, 0<y<l

so that
fxy(z,y) = fx(@)fy(y) and X =XxY

where X and Y are the ranges of X and Y respectively, and
fx(x) =crz and fry) =ca(1—y) (1)

for some constants satisfying cico = ¢.  Hence, the two conditions for independence are satisfied in (2), and X
and Y are independent.

(ii) We must have

oo o0

/ / fxy(z,y)dedy=1..¢c

11 1 1

1 1 1
//x(l—y)dxdy— /:de /(l—y)dy _§X§_4_L
00 0 0

(iii) We have A = {(z,y) : 0 <z <y < 1}, and hence, recalling that the joint density is only non-zero when
x <y, we first fix a y and integrate dx on the range (0,y), and then integrate dy on the range (0, 1), that is

P X <Y] :/A/fx’y(x,y) dxdy:/:{/zélx(l—y) dx}dy:/l{/ixdw}él(l—y) dy

1 1

2 1 1

= 221— d: Zyd — 24 = =
/Oy( y) dy [3y 2:&/}0 5

1
/:El—y dxdy =1
0

o\»—t

and as

we have ¢ = 4.
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10. The joint pdf of X and Y is given by
fxy(@,y) =24y x>0, y>0, z+y<l1

and zero otherwise, the marginal pdf fx is given by

©© 11—z 29 1—z
fx(z) =/ fxv(z,y) dy:/ 2y dy = 24a {%L

—00 0
=12z(1 —z)? 0<e<l1
as the integrand is only non-zero when 0 < z4+y <1 = 0< y < 1 — z for fixed x

11. (a) We have
82
— Ty
3t13t2 {Fl(tl’tQ)}t]:z,tzzy = —¢€ <0

on the specified range of X and Y, so Fx y is not a valid cdf, as this partial derivative must be non-negative.
(b) We have
92 eV 0<z<y

o (Pt te) by g tymy =
Ot10tg ! =Y e® 0<y<«zx

which is non-negative everywhere. Note that, F5(z,0) = F»(0,y) = 0. However, consider the behaviour of F» as
x and y become large; first, consider the cdf F' defined by

Flz,y)=1—eV—ye™ 0<y<uz<oo,
that is, identical to F5 on only half the original domain. It is easy to check that F' is a cdf, in particular, that

lim F(z,y)=1

T, Yy—
Hence, by symmetry we must have that
lim Fy(z,y) =2,

T, Yy—>0C

so F is not a valid cdf.

Changing the question slightly gives a different solution; if cdf F5 is defined as

l—e™@—ze™¥ 0<z<y
FQ(xvy):
l—eV—ye ¥ 0<y<z

then we have )

0 _
fo(z,y) = 5,0t {Fo(t,t2) )y g pymy =€ Y 0<2 <y <o
and zero otherwise, which is also non-negative everywhere. Again, Fs(z,0) = F»(0,y) = 0, and here

lim Fy(z,y)=1
T, y—00

so Fy is a valid cdf.

Note also that, in the amended question the marginal cdfs for X and Y are given by

Fx(z) :yhianQ(x,y)zl—e_m x>0

Fy(y) = lim Bry)=1-(+1e? y=>0
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12. First sketch the support of the density; this will make it clear that the boundaries of the support are different
for 0 <y <1 and y > 1. The marginals are given by

fx (@) =/ Froy (@) d /#dy Soa(logz —log(1/)) = 5L 1<

1/ 222y 222
>~ 1 1
de = = <y<l1
00 /1/y 222y v 2 Osys
Iy (y) Z/ fxy(z,y) dv =
— dr = — 1<
/y 222y v 212 =Y
Conditionals: )
— 1/y<zif 0<y<1
fX,Y(xay) ny /
fX|Y(fE\y) =7 =
fY(y) Y .
2 y<zifl<y
1
frix(yle) =Zx@y) e<y<zite>1

fx(x) 2y log
Marginal expectation of Y

oo 1 (o]
Y 1
EfY[Y]I/ yfy(y) dy:/ §dy+/ oy =0
—oo 0 1 Y
as the second integral is divergent.
13. To compute c,

1 pz py 1 pz 1
/ / / fxv,z(z,y,2) dedydz :/ / / ¢ drdydz = c/ / y dydz = c/ 22/2 dz = c/6
0 Jo JO 0 JO 0

soc==6

fx,z(z, 2) /fxyzxy, y:/6dy =6(z — ) Il<r<zxl

fv,z(y, 2) /fXYZJCy, I/de = 6y O<y<z<l
0
fY|X,Z(y\$,Z) :% = zix r<y<z
fxv,z(zly, 2) :% :i O<z<y
Prrizlangls) =Lz _2 acy<s

as

0o 0o z  py
= / / fxvz(z,y,2z) dy doe = / / 6 dedy = 32>
oo J—oco o Jo
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