¨ 25� G, j , + ß W5, 5 2 G5ȷ wNAWȷ Π 5 41Fohduo— I_f lv frqwlqxrxv/ dqg li f @4/ olp ϱ∋ℜ ∋ ↑ I f +ı, @3 olp_{ϱ∋ℜ ↑} I_f +ı, @4

vr I_f lvd fgi1

Wr fflqg wkh sgi/ glffihuhqwldwh I_f ¿i_f +ı, @ g gı ⟩I_f +w,|_{ȷ’ ϱ}@ g gı √ h^{∋ e∋ ȷ} √ ȷ’ ϱ @h–s ⟩ ∗ ı ∗ h^{∋ ϱ} | >ı ▽ U1 Li i_f +ı, @fj +ı, lvd sgi/ wkhq wkh fruuhvsrqglqj fgi I_f lvghfflqhg e—

I_f +ı, @ ⊎_ϱ ∋ ↑ i_f +w, gw @

⊎_ϱ ∋ ↑ ∗ fw +4. w^2,^2 gw ⊎_f ∋ ↑ ∗ fw +4. w^2,^2 gw. ⊎_ϱ f fw +4. w^2,^2 gw @

⌋ f 5 4 4. w^2 ⌈_ϱ ∋ ↑ ı ⪰ 3 f 5 . ⌋ ∗ f 5 4 4. w^2 ⌈_ϱ f ı A 3

@ f 5+4. ı^2, ı ⪰ 3 f+4. 5ı^2, 5+4. ı^2, ı A 3

dqg khqfh f @41

H_{sf} ^♭ ‘ @3 dvi_f lv v— p p hwulf derxw3/ dqg wkh h–shfwdwlrq lqwhjudolvfflqlwh1Z h nqrz wkdw ⊎_↑ ∋ ↑ ıi_f +ı, gı @ ⊎_f ∋ ↑ ∗ ı^2 +4. ı^2,^2 gı . ⊎_↑ f ı^2 +4. ı^2,^2 gı @3 dv wkh lqwhj udqgv lq wkhvh lqwhjudov ehkdyh olnh 4∂ı^2 dv ı ehfrp hv odujh/ dqg khqfh wkh lqwhjudov duh fflqlwh/ dqg fdqfhodvwkh— duh ht xdodqg rssrvlwh lq vlj q1

51E— glffihuhqwldwlrq/ i_f +ı, @ g gı ⟩ I_f +w,|_{ȷ’ ϱ}@ g gı ⟩ 4∗ 4 +4. ξw,^2 / ȷ’ ϱ @ 5ξ +4. ξı,^fi >ı A 31 +ll, H_{sf} ^♭ ‘@ ⊎_↑ f ı 5ξ +4. ξı,^fi gı @ 4 ξ e— sduwv1

+lll, S^♭ A f_2⇕♭ A f_� ‘@

S^♭ A f_� ∨ ♭ A f_2 ‘ S^♭ A f_� ‘ @ S^♭ A f_2 ‘ S^♭ A f_� ‘ @ +4. ξf_�,^2 +4. ξf_2,^2 z klfk j lyhvwkh suredelolw— ri idloxuh diwhuf_2 j lyhq rshudwlrqdodwf_�1

Wkh qhz fgi/ I^Z_f lv jlyhq e— I^Z_f +ı, @S^♭ ⪰ ı ‘@S^♭ ⪰ ı ⇕♭ @3‘S^♭ @3‘. S^♭ ⪰ ı ⇕♭ A 3‘S^♭ A 3‘@4/τ . I_f +ı,+4∗ τ, ı ∼ 3 z klfk lv rqo— frqwlqxrxv dwı @3 li τ @31 I ru wklv p l–hg w— sh ri glvwulexwlrq +qhlwkhu glvfuhwh qru frqwlqxrxv, wkh ghfflqlwlrq ri h–shfwdwlrq xwlol˝hv wkh ˙z hljkwhg dyhudj h%ri ydoxhv lq wkh vdp soh vsdfh lqwhusuhwdwlrq/ wkdwlv

H_s Z_f ^♭ ‘ @3/S^♭ @3 ‘ . +4∗ τ, ⊎_↑ f ıi_f +ı, gı @ 4∗ τ ξ P 5V4 H[ HUFLVHV5 VROXWLRQV=sdjh 4 ri 9

61 H^{sf} ^♭ ‘ @ ⊎^↑ f ıi^f +ı, gı @ ⊎^↑ f ⟩ ⊎^ϱ f gȷ / i^f +ı, gı @ ⊎^↑ f ⟩ ⊎^↑ ⇁ i^f +ı, gı / gȷ

@ ⊎^↑ f +4∗ I^f +ȷ ,, gȷ ≤ ⊎^↑ f +4∗ I^f +ı,, gı

H^{sf} ^♭_o ‘ @ ⊎^↑ f ı_oi^f +ı, gı @ ⊎^↑ f ⟩ ⊎^ϱ f uȷ_{o∋ �} gȷ / i^f +ı, gı @ ⊎^↑ f ⟩ ⊎^↑ ⇁ i^f +ı, gı / uȷ_{o∋ �} gȷ

@ ⊎^↑ f +4∗ I^f +ȷ ,,uȷ_{o∋ �} gȷ ≤ ⊎^↑ f uı_{o∋ �}+4∗ I^f +ı,, gı Qrwh= wkh h–fkdqj h ri rughu ri lqwhjudwlrq lv ydolg li z h nqrz wkdwwkh h–shfwdwlrq lqwhjudolv fflqlwh1

Wklvuhj dughg dvd vwdqgdug uhvxowiruudqgrp yduldeohvwdnlqj rqo— qrq0qhj dwlyh ydoxhv/ dqg dovr krogv lq wkh glvfuhwh fdvh z lwk lqwhjudov uhsodfhg e— vxp p dwlrqv1 Wkh lp sruwdqwwklqj lv wr uhp hp ehu wkh wulfn ri lqwurgxflqj d vhfrqg lqwhjudolqyroylqj gxp p — yduldeoh ȷ 1 Wkh uhvwri wkh uhvxowiroorz v diwhu fduhixop dqlsxodwlrq ri wkh grxeoh lqwhj udo1

71Z h kdyh wkdw

H^{s2} ^♭_o^2 ‘ @ ⊎^↑ f ı_oi^2+ı, gı @ ⊎^↑ f ı_o ^4. vlq+5τ orj ı,‘i^�+ı, gı

@ ⊎^↑ f ı_oi^�+ı, gı . ⊎^↑ f ı_o vlq+5τ orj ı,i^�+ı, gı

@H^{s�} ^♭_o^� ‘. ⊎^↑ f ı_o vlq+5τ orj ı,fı_{∋ �} h–s ⟩ ∗ +orj ı,_2 5 / gı

@H^{s�} ^♭_o^� ‘. f ⊎^↑ ∋ ↑ h_{oȷ} vlq+5τw, h–s ⟩ ∗ w_2 5 / gw +sxwwlqj w@orj ı,

@H^{s�} ^♭_o^� ‘. f h–s ⟩ u_2∂5 | ⊎_↑ ∋ ↑ vlq+5τw, h–s ⟩ ∗ +w∗ u,_2 5 / gw +frp sohwlqj wkh vt xduh lq w,,

@H^{s�} ^♭_o^� ‘. f h–s ⟩ u_2∂5 | ⊎_↑ ∋ ↑ vlq+5τ+v. u,, h–s ⟩ ∗ v_2 5 / gv +sxwwlqj v @w∗ u,

@H^{s�} ^♭_o^� ‘. f h–s ⟩ u_2∂5 | ⊎_↑ ∋ ↑ vlq+5τv, h–s ⟩ ∗ v_2 5 / gv @H^{s�} ^♭_o^� ‘ dv vlq+5τ+v. u,, @vlq+5τv, iruu @4>5>//// dvwkh lqwhjudqg lvdq lqwhjudeoh/ rgg ixqfwlrq derxw˝hur1

Wkh uhvxowiroorz vdiwhuvkrz lqj wkdwwkh vhfrqg lqwhj udolv˝hur¿lwp d— qrweh reylrxvz khq — rx vwduw wkh p dqlsxodwlrq/ exwwkh w@orj ı vxevwlwxwlrq vhhp v d qdwxudoffluvwvwhs 0wklv kdv wz r dgydqwdjhv¿ ffluvwlwjhwvulg ri wkh dz nz dug orj whup vdqg vhfrqgo— lwfkdqj hvwkh udqjh ri lqwhjudwlrq wr wkh z kroh uhdoolqh ohdylqj dq lqwhjudqg wkdworrnv p ruh idp loldu dqg wudfwdeoh1 Wkh qh–wvwhs ri frp sohwlqj wkh vt xduh wdnhv d olwwoh vsrwwlqj/ exwdovr vhhp v vhqvleoh wr frp elqh wkh h–s whup v1 Wkh uhp dlqghu ri wkh fdofxodwlrq lv vlp lodu wr wkh wkh Fdxfk— h–dp soh iurp wkh ohfwxuhv¿khuh wkh lqwhjudolv ˝hur dv wkh lqwhjudqg lvdq lqwhj udeoh rgg ixqfwlrq1

P 5V4 H[ HUFLVHV5 VROXWLRQV=sdjh 5 ri 9

81+l, E— lqwhjudwlrq/ iruı ∼ 3/

I_f +ı, @ ⊎_ϱ ∋ ↑ i_f +w, gw@ ⊎_ϱ f δ^2wh–s ⟩∗ δw| gw@^∗ δwh–s ⟩∗ δw| ‘^ϱ_f . ⊎_ϱ f δ h–s ⟩ ∗ δw| gw @∗ δı h–s ⟩∗ δı| . ^∗ h–s ⟩ ∗ δw|‘^ϱ_f @4∗ +4. δı, h–s ⟩∗ δı| Khqfh S^♭ ∼ p ‘ @4∗ S^♭ ⋆ p ‘@4∗ I_f +p , @+4. δp , h–s ⟩∗ δp |

+ll,

H_{sf} ^♭ ‘ @ ⊎_↑ ∋ ↑ ıi_f +ı, gı @ ⊎_↑ f ıδ^2ı h–s ⟩∗ δı| gı @ ⌋ ∗ δı^2 h–s ⟩∗ δı| ⌈_↑ f . ⊎_↑ f 5ıδ h–s ⟩ ∗ δı| gı

@3. 5 δ ⊎_↑ f ıδ^2 h–s ⟩∗ δı| gı @ 5 δ dvwkh lqwhj udqg lvd sgi1Khqfh d fkdqjh lq wkh h–shfwdwlrq wr 5∂ϵ fruuhvsrqgvwr d fkdqj h iurp δ wr ϵ lq wkh sgi dqg fgi1Khqfh S^♭ ∼ p ‘ fkdqj hvwr +4. ϵp , h–s ⟩∗ ϵp |1

91Wkh fgi ri ♭ / I_f lvj lyhq e—

I_f +ı, @ ⊎_ϱ ∋ ↑ i_f +w, gw@ ⊎_ϱ f 7w^fi gw@ı^e 3 ⋆ ı ⋆ 4/

+d, ♮ @♭^e/ vr ^ @+3>4,/ dqg iurp ffluvwsulqflsohv/ iruȷ ▽ ^ /

I_t +ȷ , @S^♮ ⪰ ȷ ‘@S^♭^e ⪰ ȷ ‘ @S^♭ ⪰ ȷ^{�⇀e} ‘@I_f +ȷ^{�⇀e}, @ȷ @⇔ i_t +ȷ , @4 3 ⋆ ȷ ⋆ 4

+e, Z @h^f / vr Z @+4>h,/ dqg iurp ffluvwsulqflsohv/ iruz ▽ Z /

I_ℓ +z , @ S^Z ⪰ z ‘@S^h^f ⪰ z ‘ @S^♭ ⪰ orj z ‘ @I_f +orj z , @+orj z ,^e

@⇔ i_ℓ +z , @

7+orj z ,^fi z 4 ⋆ z ⋆ h +f, ♯ @orj ♭ / vr ~ @+∗ △ >4,/ dqg iurp ffluvwsulqflsohv/ iru℘ ▽ ~ /

I_⃗ +℘, @S^♯ ⪰ ℘ ‘ @S^ orj ♭ ⪰ ℘ ‘ @S^♭ ⪰ h^5 ‘ @I_f +h^5, @h^{e5} @⇔ i_⃗ +℘, @7h^{e5} ∗ △ ⋆ ℘ ⋆ 4

+g, X @+♭ ∗ 3/8,^2/ vr X @+3>3/58,/ dqg iurp ffluvwsulqflsohv/ irux ▽ X/

I_L +x, @S^X ⪰ x ‘@S^+♭ ∗ 3/8,^2 ⪰ x ‘@S^ ∗ ∫ x . 3/8 ⪰ ♭ ⪰ ∫ x . 3/8 ‘

@I_f + ∫ x . 3/8, ∗ I_f +∗ ∫ x . 3/8, @+3/8. ∫ x,^e ∗ +3/8∗ ∫ x,^e

@⇔ i_L +x, @ 5 ∫ x ⌋ +3/8. ∫ x,^fi . +3/8∗ ∫ x,^fi ⌈ @ 4. 45x 5 ∫ x ∗ 3 ⋆ x ⋆ 3/58 Wr fflqg wkh ghfuhdvlqj ixqfwlrq K rq +3>4,¿qhhg I_T +y, @y>3 ⋆ y ⋆ 4/ wkdwlv/ qhhg

S^Y ⪰ y ‘ @S^K+♭ , ⪰ y ‘ @y @⇔ S^♭ ∼ K^{∋ �}+y, ‘@y @⇔ 4∗ S^♭ ⋆ K^{∋ �}+y, ‘@y @⇔ ⟩ K^{∋ �}+y,

|_e

@4∗ y dqg khqfh K+y, @4∗ y^e

P 5V4 H[ HUFLVHV5 VROXWLRQV=sdjh 5 ri 9

Wkh fgi ri ♭ / I^f lvjlyhq e—

I^f +ı, @ ⊎^ϱ ∋ ↑ i^f +w, gw@ ⊎^ϱ f 4 gw@ı 3 ⋆ ı ⋆ 4/ +d, ♮ @♭_{�⇀e}/ vr ^ @+3>4,/ dqg iurp ffluvwsulqflsohv/ iruȷ ▽ ^ /

I^t +ȷ , @S^♮ ⪰ ȷ ‘@S^♭_{�⇀e} ⪰ ȷ ‘@S^♭ ⪰ ȷ_e ‘@I^f +ȷ_e, @ȷ_e @⇔ i^t +ȷ , @7ȷ_fi 3 ⋆ ȷ ⋆ 4

+e, Z @h_{∋ f} / vr Z @+h_{∋ �}>4,/ dqg iurp ffluvwsulqflsohv/ iruz ▽ Z /

I^ℓ +z , @S^Z ⪰ z ‘ @S^h_{∋ f} ⪰ z ‘@S^♭ ∼ ∗ orj z ‘

@4∗ S^♭ ⋆ ∗ orj z ‘ @4∗ I^f +orj z , @4. orj z

@⇔ i^ℓ +z , @ 4 z h_{∋ �} ⋆ z ⋆ 4

+f, ♯ @4∗ h_{∋ f} / vr ~ @+3 ⋆ ℘ ⋆ 4∗ h_{∋ �},/ dqg iurp ffluvwsulqflsohv/ iru℘ ▽ ~ /

I^⃗ +℘, @S^♯ ⪰ ℘ ‘ @S^4∗ h_{∋ f} ⪰ ℘ ‘@S^♭ ⪰ ∗ orj +4∗ ℘, ‘@I^f +∗ orj +4∗ ℘,, @∗ orj +4∗ ℘,

@⇔ i^⃗ +℘, @ 4 4∗ ℘ 3 ⋆ ℘ ⋆ 4∗ h_{∋ �} +g, X @♭ +4∗ ♭ ,/ vr X @+3>3/58,/ dqg iurp ffluvwsulqflsohv/ irux ▽ X/

I^L +x, @S^X ⪰ x ‘ @S^♭ +4∗ ♭ , ⪰ x ‘ @S^♭_2 ∗ ♭ . x ∼ 3 ‘@S^+♭ ∗ δ^�,+♭ ∗ δ^2, ∼ 3 ‘

@S^♭ ⪰ δ^� ‘. S^♭ ∼ δ^2 ‘@I^f +δ^�, . +4∗ I^f +δ^2,, @δ^� . 4∗ δ^2 z khuh δ^� @ 4∗ ∫ 4∗ 7x 5 >δ^2 @ 4. ∫ 4∗ 7x 5 @⇔ I^L +x, @4∗ ∫ 4∗ 7x @⇔ i^L +x, @ 5 ∫ 4∗ 7x 3 ⋆ x ⋆ 3/58 :1Z h kdyh i +u, @9u+4∗ u,/ iru3 ⋆ u ⋆ 4/ dqg khqfh

I +u, @u_2+6∗ 5u, 3 ⋆ u ⋆ 4

Flufxp ihuhqfh=♮ @5τU/ vr ^ @+3>5τ,/ dqg iurp ffluvwsulqflsohv/ iruȷ ▽ ^ /

I^t +ȷ , @S^♮ ⪰ ȷ ‘ @S^5τU ⪰ ȷ ‘@S^U ⪰ ȷ ∂5τ ‘@I +ȷ ∂5τ, @ 6ȷ_2

7τ_2 ∗ 5ȷ_fi

; τ_fi

@⇔ i^t +ȷ , @ 9ȷ ; τ_fi +5τ ∗ ȷ , 3 ⋆ ȷ ⋆ 5τ Duhd= ♯ @τU_2/ vr ~ @+3>τ,/ dqg iurp ffluvwsulqflsohv/ iru ℘ ▽ ~ / uhfdoolqj wkdwi lv rqo— srvlwlyh z khq 3 ⋆ ℘ ⋆ τ/

I^⃗ +℘, @S^♯ ⪰ ℘ ‘@S^τU_2 ⪰ ℘ ‘@S^U ⪰ √ ℘∂τ ‘ @I +℘∂5τ, @ 6℘ τ ∗ 5 √ ℘ τ √^{fi⇀2}

@⇔ i^⃗ +℘, @6τ_{∋ fi⇀2}+ ∫ τ ∗ ∫ ℘, 3 ⋆ ℘ ⋆ τ/ P 5V4 H[ HUFLVHV5 VROXWLRQV=sdjh 7 ri 9

;1 Li ♮ @I_f +♭ ,/ wkhq ^ @+3>4,/ dqg dv I_f lv d p rqrwrqh lqfuhdvlqj ixqfwlrq/ wkh xqlt xh lqyhuvh ixqfwlrq I^{∋ �}_f h–lvwv/ vr z h kdyh wkdw I_t +ȷ , @S^♮ ⪰ ȷ ‘ @S^I_f +♭ , ⪰ ȷ ‘ @S^♭ ⪰ I^{∋ �}_f +ȷ , ‘ @I_f +I^{∋ �}_f +ȷ ,, @ȷ

@⇔ i_t +ȷ , @4 3 ⋆ ȷ ⋆ 4 vr ♮ kdvd frqvwdqwghqvlw— rq +3>4,1

¡1E— lqwhjudwlrq

I_f +ı, @ ⊎_ϱ ∋ ↑ i_f +w, gw@ ⊎_ϱ f δ ϵ ] ϵ ϵ . w ⌊_{kn �} gw@ ⌋ ∗ ] ϵ ϵ . w ⌊_k ⌈_ϱ f @4∗ ] 4. ı ϵ ⌊_{∋ k} ı A 3/ Li ♮ @orj ♭ / wkhq ^ @U/ dqg

I_t +ȷ , @S^♮ ⪰ ȷ ‘ @S^ orj ♭ ⪰ ȷ ‘@S^♭ ⪰ h^⇁ ‘ @I_f +h^⇁, @4∗ ] 4. h^⇁ ϵ ⌊_{∋ k}

@⇔ i_t +ȷ , @ δ ϵ h^⇁ ] ϵ ϵ . h^⇁ ⌊_{kn �} ȷ ▽ U Li ♯ @ σ . λ♮ / wkhq ♮ @ +♯ ∗ σ,∂λ/ vr wkh ghqvlw— ri ♯ fdq eh irxqg hdvlo— xvlqj wudqvirup dwlrq whfkqlt xhv

i_⃗ +℘, @ δ ϵ h^{E5∋ 1ø⇀w} ] ϵ ϵ . h^{E5∋ 1ø⇀w} ⌊_{kn �} 4 λ ℘ ▽ U

431+l, Z h kdyh i_f +ı, @n+ı ∗ d,+e∗ ı, @n+∗ de. +d . e,ı ∗ ı^2, d ⋆ ı ⋆ e dqg khqfh/ irud ⋆ ı ⋆ e

I_f +ı, @ ⊎_ϱ ∋ ↑ i_f +w, gw@ ⊎_ϱ ∂ n+∗ de. +d . e,w∗ w^2, gw@n ⌋ ∗ dew. d . e 5 w^2 ∗ w^fi 6 ⌈ ∂ ı

@n ] ] ∗ deı . d . e 5 ı^2 ∗ ı^fi 6 ⌊ ∗ ] ∗ d^2e.

d^2+d . e, 5 ∗ d^fi 6 ⌊ ⌊

dqg I_f +e, @4 j lyhv

n^{∋ �} @ ] ] ∗ de^2 .

e^2+d . e, 5 ∗ e^fi 6 ⌊ ∗ ] ∗ d^2e.

d^2+d . e, 5 ∗ d^fi 6 ⌊ ⌊

@ 4 9 ] ∗ 9de^2 . 6de^2 . 6e^fi ∗ 5e^fi . 9d^2e∗ 6d^fi ∗ 6d^2e. 5d^fi ⌊

@ 4 9 +e∗ d,^fi +ll, Li ♮ @+♭ ∗ d,∂+e∗ d,/ wkhq ^ @+3>4,/ dqg wkhlqyhuvhwudqvirup dwlrq lvj lyhq e— ♭ @d. +e∗ d,♮ / dqg wkxvxvlqj wkh wudqvirup dwlrq wkhruhp

i_t +ȷ , @i_f +d. +e∗ d,ȷ , /M+ȷ , @ 9 +e∗ d,^fi ++e∗ d,ȷ ,+e∗ d∗ +e∗ d,ȷ , /+e∗ d, @9ȷ +4∗ ȷ , 3 ⋆ ȷ ⋆ 4

P 5V4 H[ HUFLVHV5 VROXWLRQV=sdjh 8 ri 9

+lll, Li ♯ @♮ +4∗ ♮ ,/ wkhq ~ @+3>3/58,/ dqg

I^⃗ +℘, @S^♯ ⪰ ℘ ‘ @S^♮ +4∗ ♮ , ⪰ ℘ ‘ @S^♮_2 ∗ ♮ . ℘ ∼ 3 ‘@S^+♮ ∗ δ^�,+♮ ∗ δ^2, ∼ 3 ‘

@S^♮ ⪰ δ^� ‘. S^♮ ∼ δ^2 ‘@I^t +δ^�, . +4∗ I^t +δ^2,,

@z khuh δ^� @ 4∗ ∫ 4∗ 7℘ 5 >δ^2 @ 4. ∫ 4∗ 7℘ 5

@⇔ i^⃗ +℘, @ 4 ∫ 4∗ 7℘ ] i^t ] 4∗ ∫ 4∗ 7℘ 5 ⌊ . i^t ] 4. ∫ 4∗ 7℘ 5 ⌊ ⌊

@ 9 ∫ 4∗ 7℘ ] ] 4∗ ∫ 4∗ 7℘ 5 ⌊ ] 4∗ 4∗ ∫ 4∗ 7℘ 5 ⌊ . ] 4. ∫ 4∗ 7℘ 5 ⌊ ] 4∗ 4. ∫ 4∗ 7℘ 5 ⌊⌊

@ 9 5 ∫ 4∗ 7℘ +4∗ +4∗ 7℘,, @ 45℘ ∫ 4∗ 7℘ 3 ⋆ ℘ ⋆ 3/58/

P 5V4 H[ HUFLVHV5 VROXWLRQV=sdjh 9 ri 9