
4

�25� G ,j,+�W5,5 2 G 5�wNAW��5
41 Fohduo| I � lv frqwlqxrxv/ dqg li f @ 4/

olp��������� I � +{, @ 3 olp�����	� I � +{, @ 4
vr I � lv d fgi1
Wr �qg wkh sgi/ gl�huhqwldwh I � > i � +{, @ g

g{ iI � +w,j 
�� � @ g
g{

q

h ������
r


�� � @ h{s��{� h ��� � > { 5 U1
Li i � +{, @ fj+{, lv d sgi/ wkhq wkh fruuhvsrqglqj fgi I � lv gh�qhg e|

I � +{, @
] �

��� i � +w, gw @

;

A

A

A

A

?

A

A

A

A

=

] �

��� � fw
+4 . w � , � gw

] �

��� � fw
+4 . w � , � gw.

] �

�
fw

+4 . w � , � gw
@

;

A

A

A

A

?

A

A

A

A

=

� f
5

4
4 . w �

� �

��� { � 3

f
5 .

�� f
5

4
4 . w �

� �

� { A 3

@

;

A

A

A

?

A

A

A

=

f
5+4 . { � , { � 3

f+4 . 5{ � ,
5+4 . { � , { A 3

dqg khqfh f @ 41
H ��� ^ [ ` @ 3 dv i � lv v|pphwulf derxw 3/ dqg wkh h{shfwdwlrq lqwhjudo lv �qlwh1 Zh nqrz wkdw

] �

��� {i � +{, g{ @
] �

���
�{ �

+4 . { � , � g{.
] �

�
{ �

+4 . { � , � g{ @ 3
dv wkh lqwhjudqgv lq wkhvh lqwhjudov ehkdyh olnh 4@{ � dv { ehfrphv odujh/ dqg khqfh wkh lqwhjudov duh
�qlwh/ dqg fdqfho dv wkh| duh htxdo dqg rssrvlwh lq vljq1

51 E| gl�huhqwldwlrq/ i � +{, @ g
g{ iI � +w,j 
�� � @ g

g{
�

4� 4
+4 . �w, �

�


�� �
@ 5�

+4 . �{, � > { A 31

+ll, H ��� ^ [ ` @
] �

� { 5�
+4 . �{, � g{ @ 4

� e| sduwv1

+lll, S^ [ A f � m[ A f � ` @ S^ [ A f � _[ A f � `
S^ [ A f � ` @ S^ [ A f � `

S^ [ A f � ` @
+4 . �f � , �
+4 . �f � , �

zklfk jlyhv wkh suredelolw| ri idloxuh diwhu f � jlyhq rshudwlrqdo dw f � 1
Wkh qhz fgi/ I �� lv jlyhq e|
I �� +{, @ S^[ � { ` @ S^[ � { m[ @ 3 `S^[ @ 3 `.S^[ � { m[ A 3 `S^[ A 3 ` @ 4=� . I � +{,+4��, { � 3
zklfk lv rqo| frqwlqxrxv dw { @ 3 li � @ 31 Iru wklv pl{hg w|sh ri glvwulexwlrq +qhlwkhu glvfuhwh qru
frqwlqxrxv, wkh gh�qlwlrq ri h{shfwdwlrq xwlol}hv wkh _zhljkwhg dyhudjh% ri ydoxhv lq wkh vdpsoh vsdfh
lqwhusuhwdwlrq/ wkdw lv

H ���� ^ [ ` @ 3=S^ [ @ 3 ` . +4� �,
] �

� {i � +{, g{ @ 4� �
�
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61
H � � ^ [ ` @

] �

� {i � +{, g{ @
] �

�

�] �

� g|
�

i � +{, g{ @
] �

�

�] �

�
i � +{, g{

�

g|

@
] �

� +4� I � +|,, g| � ] �

� +4� I � +{,, g{

H ��� ^ [ � ` @
] �

� { � i � +{, g{ @
] �

�

�] �

� u| � � � g|
�

i � +{, g{ @
] �

�

�] �

�
i � +{, g{

�

u| � � � g|

@
] �

� +4� I � +|,,u| � � � g| � ] �

� u{ � � � +4� I � +{,, g{

Qrwh= wkh h{fkdqjh ri rughu ri lqwhjudwlrq lv ydolg li zh nqrz wkdw wkh h{shfwdwlrq lqwhjudo lv �qlwh1
Wklv uhjdughg dv d vwdqgdug uhvxow iru udqgrp yduldeohv wdnlqj rqo| qrq0qhjdwlyh ydoxhv/ dqg dovr krogv
lq wkh glvfuhwh fdvh zlwk lqwhjudov uhsodfhg e| vxppdwlrqv1 Wkh lpsruwdqw wklqj lv wr uhphpehu wkh
wulfn ri lqwurgxflqj d vhfrqg lqwhjudo lqyroylqj gxpp| yduldeoh |1 Wkh uhvw ri wkh uhvxow iroorzv diwhu
fduhixo pdqlsxodwlrq ri wkh grxeoh lqwhjudo1
71 Zh kdyh wkdw
H ��� ^ [ �� ` @

] �

� { � i � +{, g{ @
] �

� { � ^4 . vlq+5� orj {,` i � +{, g{

@
] �

� { � i � +{, g{.
] �

� { � vlq+5� orj {,i � +{, g{

@ H ��� ^ [ �

� ` .
] �

� { � vlq+5� orj {,f{ � � h{s
��+orj{, �

5
�

g{

@ H ��� ^ [ �

� ` . f
] �

��� h � 
 vlq+5�w, h{s
��w �

5
�

gw +sxwwlqj w @ orj {,

@ H ��� ^ [ �

� ` . f h{s�u � @5�
] �

��� vlq+5�w, h{s
��+w� u, �

5
�

gw +frpsohwlqj wkh vtxduh lq w,,

@ H ��� ^ [ �

� ` . f h{s�u � @5�
] �

��� vlq+5�+v. u,, h{s
��v �

5
�

gv +sxwwlqj v @ w� u,

@ H ��� ^ [ �

� ` . f h{s�u � @5�
] �

��� vlq+5�v, h{s
��v �

5
�

gv @ H ��� ^ [ �

� `
dv vlq+5�+v. u,, @ vlq+5�v, iru u @ 4> 5> ===/ dv wkh lqwhjudqg lv dq lqwhjudeoh/ rgg ixqfwlrq derxw }hur1
Wkh uhvxow iroorzv diwhu vkrzlqj wkdw wkh vhfrqg lqwhjudo lv }hur> lw pd| qrw eh reylrxv zkhq |rx vwduw
wkh pdqlsxodwlrq/ exw wkh w @ orj { vxevwlwxwlrq vhhpv d qdwxudo �uvw vwhs 0 wklv kdv wzr dgydqwdjhv>
�uvw lw jhwv ulg ri wkh dznzdug orj whupv dqg vhfrqgo| lw fkdqjhv wkh udqjh ri lqwhjudwlrq wr wkh zkroh
uhdo olqh ohdylqj dq lqwhjudqg wkdw orrnv pruh idploldu dqg wudfwdeoh1 Wkh qh{w vwhs ri frpsohwlqj wkh
vtxduh wdnhv d olwwoh vsrwwlqj/ exw dovr vhhpv vhqvleoh wr frpelqh wkh h{s whupv1 Wkh uhpdlqghu ri
wkh fdofxodwlrq lv vlplodu wr wkh wkh Fdxfk| h{dpsoh iurp wkh ohfwxuhv> khuh wkh lqwhjudo lv }hur dv wkh
lqwhjudqg lv dq lqwhjudeoh rgg ixqfwlrq1

P5V4 H[HUFLVHV 5 VROXWLRQV= sdjh 5 ri 9
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81 +l, E| lqwhjudwlrq/ iru { � 3/
I � +{, @

] �

��� i � +w, gw @
] �

� � � w h{s i��wj gw @ ^��w h{s i��wj` � � . ] �

� � h{s i��wj gw

@ ��{ h{s i��{j. ^� h{s i��wj` � � @ 4� +4 . �{, h{s i��{j
Khqfh S^ [ � p ` @ 4�S^ [ ? p ` @ 4� I � +p, @ +4 . �p, h{s i��pj
+ll,
H ��� ^ [ ` @

] �

��� {i � +{, g{ @
] �

� {� � { h{s i��{j g{ @ ���{ � h{s i��{j� �� .
] �

� 5{� h{s i��{j g{

@ 3 . 5
�
] �

� {� � h{s i��{j g{ @ 5
�

dv wkh lqwhjudqg lv d sgi1 Khqfh d fkdqjh lq wkh h{shfwdwlrq wr 5@� fruuhvsrqgv wr d fkdqjh iurp � wr
� lq wkh sgi dqg fgi1 Khqfh S^ [ � p ` fkdqjhv wr +4 . �p, h{s i��pj1
91 Wkh fgi ri [/ I � lv jlyhq e|

I � +{, @
] �

��� i � +w, gw @
] �

� 7w � gw @ { � 3 ? { ? 4=

+d, \ @ [ � / vr \ @ +3> 4,/ dqg iurp �uvw sulqflsohv/ iru | 5 \/
I � +|, @ S^ \ � | ` @ S^ [ � � | ` @ S^ [ � | ��� � ` @ I � +| ��� � , @ | @, i � +|, @ 4 3 ? | ? 4
+e, Z @ h � / vr Z @ +4> h,/ dqg iurp �uvw sulqflsohv/ iru z 5 Z/

I � +z, @ S^ Z � z ` @ S^ h � � z ` @ S^ [ � orjz ` @ I � +orjz, @ +orjz, �

@, i � +z, @ 7+orjz, �
z 4 ? z ? h

+f, ] @ orj[/ vr ] @ +�4> 4,/ dqg iurp �uvw sulqflsohv/ iru } 5 ]/
I � +}, @ S^ ] � } ` @ S^ orj[ � } ` @ S^ [ � h � ` @ I � +h � , @ h � � @, i � +}, @ 7h � � �4 ? } ? 4
+g, X @ +[ � 3=8, � / vr X @ +3> 3=58,/ dqg iurp �uvw sulqflsohv/ iru x 5 X/

I � +x, @ S^ X � x ` @ S^ +[ � 3=8, � � x ` @ S^ �sx. 3=8 � [ � sx. 3=8 `
@ I � +sx. 3=8,� I � +�sx. 3=8, @ +3=8 .sx, � � +3=8�sx, �

@, i � +x, @ 5sx
�+3=8 .sx, � . +3=8�sx, � � @ 4 . 45x

5sx � 3 ? x ? 3=58

Wr �qg wkh ghfuhdvlqj ixqfwlrq K rq +3> 4,> qhhg I � +y, @ y> 3 ? y ? 4/ wkdw lv/ qhhg
S^ Y � y ` @ S^ K+[, � y ` @ y @, S^ [ � K � � +y, ` @ y @, 4� S^ [ ? K � � +y, ` @ y

@, �K � � +y,�
�
@ 4� y dqg khqfh K+y, @ 4� y �

P5V4 H[HUFLVHV 5 VROXWLRQV= sdjh 5 ri 9
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Wkh fgi ri [/ I � lv jlyhq e|
I � +{, @

] �

��� i � +w, gw @
] �

� 4 gw @ { 3 ? { ? 4=
+d, \ @ [ � � � / vr \ @ +3> 4,/ dqg iurp �uvw sulqflsohv/ iru | 5 \/
I � +|, @ S^ \ � | ` @ S^ [ ��� � � | ` @ S^ [ � | � ` @ I � +| � , @ | � @, i � +|, @ 7| � 3 ? | ? 4
+e, Z @ h � � / vr Z @ +h � � > 4,/ dqg iurp �uvw sulqflsohv/ iru z 5 Z/

I � +z, @ S^ Z � z ` @ S^ h � � � z ` @ S^ [ � � orjz `
@ 4� S^ [ ? � orjz ` @ 4� I � +orjz, @ 4 . orjz

@, i � +z, @ 4
z h � � ? z ? 4

+f, ] @ 4� h � � / vr ] @ +3 ? } ? 4� h � � ,/ dqg iurp �uvw sulqflsohv/ iru } 5 ]/
I � +}, @ S^ ] � } ` @ S^ 4� h � � � } ` @ S^ [ � � orj+4� }, ` @ I � +� orj+4� },, @ � orj+4� },

@, i � +}, @ 4
4� } 3 ? } ? 4� h � �

+g, X @ [+4�[,/ vr X @ +3> 3=58,/ dqg iurp �uvw sulqflsohv/ iru x 5 X/
I � +x, @ S^ X � x ` @ S^ [+4�[, � x ` @ S^ [ � �[ . x � 3 ` @ S^ +[ � � � ,+[ � � � , � 3 `

@ S^ [ � � � ` . S^ [ � � � ` @ I � +� � , . +4� I � +� � ,, @ � � . 4� � �

zkhuh � � @ 4�s4� 7x
5 > � � @ 4 .s4� 7x

5
@, I � +x, @ 4�s4� 7x

@, i � +x, @ 5s4� 7x 3 ? x ? 3=58

:1 Zh kdyh i � +u, @ 9u+4� u,/ iru 3 ? u ? 4/ dqg khqfh
I � +u, @ u � +6� 5u, 3 ? u ? 4

Flufxpihuhqfh= \ @ 5�U/ vr \ @ +3> 5�,/ dqg iurp �uvw sulqflsohv/ iru | 5 \/
I � +|, @ S^ \ � | ` @ S^ 5�U � | ` @ S^ U � |@5� ` @ I � +|@5�, @ 6| �

7� � � 5| �
;� �

@, i � +|, @ 9|
;� � +5� � |, 3 ? | ? 5�

Duhd= ] @ �U � / vr ] @ +3> �,/ dqg iurp �uvw sulqflsohv/ iru } 5 ]/ uhfdoolqj wkdw i � lv rqo| srvlwlyh
zkhq 3 ? } ? �/

I � +}, @ S^ ] � } ` @ S^ �U � � } ` @ S^ U � s}@� ` @ I � +}@5�, @ 6}
� � 5

q }
�
r � �

�

@, i � +}, @ 6� � � � � +s� �s}, 3 ? } ? �=
P5V4 H[HUFLVHV 5 VROXWLRQV= sdjh 7 ri 9
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;1 Li \ @ I � +[,/ wkhq \ @ +3> 4,/ dqg dv I � lv d prqrwrqh lqfuhdvlqj ixqfwlrq/ wkh xqltxh lqyhuvh
ixqfwlrq I � �� h{lvwv/ vr zh kdyh wkdw

I � +|, @ S^ \ � | ` @ S^ I � +[, � | ` @ S^ [ � I � �� +|, ` @ I � +I � �� +|,, @ |
@, i � +|, @ 4 3 ? | ? 4

vr \ kdv d frqvwdqw ghqvlw| rq +3> 4,1
<1 E| lqwhjudwlrq

I � +{, @
] �

��� i � +w, gw @
] �

�
�
�
� �
� . w

� ��� �
gw @

��� �
� . w

� � �
�

� @ 4��

4 . {
�
� � �

{ A 3=
Li \ @ orj[/ wkhq \ @ U/ dqg

I � +|, @ S^ \ � | ` @ S^ orj[ � | ` @ S^ [ � h � ` @ I � +h � , @ 4��

4 . h �
�
� � �

@, i � +|, @ �
� h

�

� �
� . h �

� ��� �
| 5 U

Li ] @ � . �\ / wkhq \ @ +] � �,@�/ vr wkh ghqvlw| ri ] fdq eh irxqg hdvlo| xvlqj wudqvirupdwlrq
whfkqltxhv

i � +}, @ �
� h

�
�
����� �	�

� �
� . h � � ����� �	�

� �
� � 4
� } 5 U

431 +l, Zh kdyh
i � +{, @ n+{� d,+e� {, @ n+�de. +d. e,{� { � , d ? { ? e

dqg khqfh/ iru d ? { ? e
I � +{, @

] �

��� i � +w, gw @
] �

�
n+�de. +d. e,w� w � , gw @ n

��dew. d. e
5 w � � w �

6
�

�
{

@ n
���de{. d. e

5 { � � { �
6
����d � e. d � +d. e,

5 � d �
6
��

dqg I � +e, @ 4 jlyhv
n � � @

���de � . e � +d. e,
5 � e �

6
����d � e. d � +d. e,

5 � d �
6
��

@ 4
9
��9de � . 6de � . 6e � � 5e � . 9d � e� 6d � � 6d � e. 5d � �

@ 4
9+e� d, �

+ll, Li \ @ +[�d,@+e�d,/ wkhq \ @ +3> 4,/ dqg wkh lqyhuvh wudqvirupdwlrq lv jlyhq e| [ @ d.+e�d,\ /
dqg wkxv xvlqj wkh wudqvirupdwlrq wkhruhp
i � +|, @ i � +d.+e�d,|, = M+|, @ 9

+e� d, � ++e�d,|,+e� d� +e�d,|, = +e�d, @ 9|+4� |, 3 ? | ? 4

P5V4 H[HUFLVHV 5 VROXWLRQV= sdjh 8 ri 9
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+lll, Li ] @ \ +4� \ ,/ wkhq ] @ +3> 3=58,/ dqg
I � +}, @ S^ ] � } ` @ S^ \ +4� \ , � } ` @ S^ \ � � \ . } � 3 ` @ S^ +\ � � � ,+\ � � � , � 3 `

@ S^ \ � � � ` . S^ \ � � � ` @ I � +� � , . +4� I � +� � ,,

@ zkhuh � � @ 4�s4� 7}
5 > � � @ 4 .s4� 7}

5

@, i � +}, @ 4s4� 7}
�

i �
�4�s4� 7}

5
�

. i �
�4 .s4� 7}

5
��

@ 9s4� 7}
��4�s4� 7}

5
��

4� 4�s4� 7}
5

�

.
�4 .s4� 7}

5
��

4� 4 .s4� 7}
5

��

@ 9
5s4� 7} +4� +4� 7},, @ 45}s4� 7} 3 ? } ? 3=58=
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