¨ 25� G, j , + ß W5, 5 � G5ȷ wNAWȷ Π 5

41 OhwK_⋆ eh wkh hyhqwwkdwq wrvvhv uhvxowlq dq hyhq qxp ehu ri khdgv1 Frqglwlrqlqj rq wkh uhvxow diwhuq ∗ 4 wrvvhv/ dqg xvlqj wkh Wkhruhp ri WrwdoSuredelolw—

S+K_⋆ , @S+K_⋆ ⇕K_{⋆∋ �},S+K_{⋆∋ �}, . S+K_⋆ ⇕K^≺_{⋆∋ �},S+K^≺_{⋆∋ �},

Wkhuhiruh/ s_⋆ @+4∗ s,s_{⋆∋ �} . s+4∗ s_{⋆∋ �}, @s . +4∗ 5s,s_{⋆∋ �}

Qrz / wr fflqg d vroxwlrq wr wklvglffihuhqfh ht xdwlrq/ sursrvh s_⋆ @D . Eξ^⋆ irudooq ∼ 31Wkhq

q @3 s_f @D. E @4

q ∼ 4 s_⋆ @D . Eξ^⋆ @s . +4∗ 5s,+D. Eξ^{⋆∋ �}, @⇔ ξ @+4∗ 5s,>D @E @ 4 5 >s_⋆ @ 4 5 . 4 5 +4∗ 5s,^⋆ /

Li s ⋆ 4∂5/ +4∗ 5s, A 3/ vr s_⋆ A 4∂5 irudooq1 Dvq ∗↔ △ / s_⋆ ∗↔ ⟩ 4∂5 3 ⋆ s ⋆ 4 4 s @3 dqg li s @4 qr olp lwh–lvwv1

51OhwQ_ζ eh wkhhyhqwwkdwl glfhduhxvhg/ dqg ohwV_ρ eh wkh hyhqwwkdwwkhvxp lvm/ irul>m@4>5>6>///1

OhwH eh wkh hyhqwwkdwwkh qxp ehuri glfh lvhyhq1Wkhq H @ ↑⋀ ζ’ �

Q_{2ζ}1

+l, Xvlqj frqglwlrqdosuredelolw— ghfflqlwlrq

S+V_e⇕H, @

S+V_e ∨ H, S+H, @ S ] V_e ∨ ↑⋀ ζ’ � Q_{2ζ} ⌊

S+H, @ S ]_↑ ⋀ ζ’ �

+V_e ∨ Q_{2ζ}, ⌊

S+H, @ S+V_e ∨ Q_2, . S+V_e ∨ Q_e, S+H,

dv S+V_e ∨ Q_{2ζ}, @3 irul @6>7>///1Qrz

S+V_e ∨ Q_2, . S+V_e ∨ Q_e, @S+V_e⇕Q_2,S+Q_2, . S+V_e⇕Q_e,S+Q_e, @ 6 69 4 7 . 4 9^e 4 5^e @ 6 477 . 4 536:9 @ 766 53:69

S+H, @ ↑⋃ ζ’ �

S+Q_{2ζ}, @ ↑⋃ ζ’ � 4 5^{2ζ} @ 4 7 4 4∗ 4∂7 @ 4 6 dqg khqfh S+V_e⇕H, @6 766 53:69 @ 766 9¡45 ≪ 3/396/

P 5V4 H[ HUFLVHV4 VROXWLRQV=sdjh 4 ri 7

+ll, Dvderyh/ xvlqj wkh frqglwlrqdosuredelolw— ghfflqlwlrq

S+Q^2⇕V^e, @ S+Q^2 ∨ V^e,

S+V^e, @ S+V^e⇕Q^2,S+Q^2, ↑⋃ ζ’ �

S+V^e⇕Q^ζ,S+Q^ζ,

@ S+V^e⇕Q^2,S+Q^2,

S+V^e⇕Q^�,S+Q^�, . S+V^e⇕Q^2,S+Q^2, . S+V^e⇕Q^fi,S+Q^fi, . S+V^e⇕Q^e,S+Q^e,

@ 6 9_2 4 7 4 9 4 5 . 6 9_2 4 7 . 6 9_fi 4 ; . 4 9_e 4 49 @ 765 54¡: ≪ 3/4¡: /

61 OhwZ eh wkh hyhqwwkdwsod— hu 4 z lqv wkh jdp h ryhudoo/ dqg ohwZ^ζ eh wkh hyhqwwkdwsod— hu z lqv ryhudoorq jdp h l1Wkhq

S+Z , @S ]^↑ ⋀ ζ’ fi Z^ζ ⌊ @S+Z^fi, . S+Z^e, . ↑⋃ ζ’ D

S+Z^ζ,/ Qrz S+Z^fi, @s_fi S+Z^e, @ ] 6 5 ⌊ s_fi+4∗ s, @6s_fi+4∗ s, S+Z^ζ, @3 irul @8>:>¡>/// dqg S+Z^{2ζn 2}, @ ] 7 5 ⌊ s_2+4∗ s,_2 ⋄ +5s+4∗ s,,_{ζ∋ 2} ⋄ s_2 @9s_e+4∗ s,_2 ⋄ +5s+4∗ s,,_{ζ∋ 2} l @5>6>7>/// dvZ^{2ζn 2} fruuhvsrqgvwr d vht xhqfh ri jdp hvlq z klfk wkh ffluvwirxuhqg wz r jdp hvdoo+z lwk suredelolw—

9s_2+4∗ s,_2,/ wkhq d vht xhqfh ri 5+l ∗ 5, jdp hvwkdwhqgvdwl ∗ 5 jdp hvdooz lwk qr ryhudooz lqqhu/ wkdw lv/ l ∗ 5 sdluvri j dp hvz lwk rqh z lq hdfk lq hlwkhurughu+z lwk suredelolw— +5s+4∗ s,,_{ζ∋ 2},/ wkhq fflqdoo— wz r z lqvirusod— hu4 +z lwk suredelolw— s_2,1Khqfh

S+Z , @s_fi . 6s_fi+4∗ s, . 9s_e+4∗ s,_2 ↑⋃ ζ’ 2

+5s+4∗ s,,_{ζ∋ 2}

@s_fi . 6s_fi+4∗ s, . 9s_e+4∗ s,_2 ↑⋃ ζ’ f

+5s+4∗ s,,_ζ

@s_fi . 6s_fi+4∗ s, . 9s_e+4∗ s,_2 4∗ 5s+4∗ s, @ s_fi+7∗ 8s . 5s_2,

4∗ 5s . 5s_2

Hdv— wr vkrz wkdwj +s, . j +4∗ s, @4/ z klfk lvuhdvrqdeoh dvj +4∗ s, @S+Z_≺,1

P 5V4 H[ HUFLVHV4 VROXWLRQV=sdjh 5 ri 7

71 OhwI_⋆ eh wkh hyhqwwkdwwkh z hdwkhu lv fflqh rq gd— q1 Wkhq frqglwlrqlqj rq wkh z hdwkhu rq gd— q ∗ 4/ dqg xvlqj wkh Wkhruhp ri WrwdoSuredelolw—

S+I_⋆ , @S+I_⋆ ⇕I_{⋆∋ �},S+I_{⋆∋ �}, . S+I_⋆ ⇕I^≺_{⋆∋ �},S+I^≺_{⋆∋ �}, ≜ λ_⋆ @sλ_{⋆∋ �} . +4∗ s,+4∗ λ_{⋆∋ �},

dqg khqfh ] λ_⋆ ∗ 4 5 ⌊ @+5s ∗ 4, ] λ_{⋆∋ �} ∗ 4 5 ⌊ @+5s ∗ 4,^{⋆∋ �} ] λ_� ∗ 4 5 ⌊ ≜ λ_⋆ @ 4 5 . +5s ∗ 4,^{⋆∋ �} ] λ∗ 4 5 ⌊ ∗↔ 4 5 dv q ∗↔ △ 1 81 OhwH dqg I eh wkh hyhqwv wkdwwkh vht xhqfh ri wrvvhv uhvxowv lq q Khdgv/ dqg wkdwwkh frlq lv idlu uhvshfwlyho— 1Wkhq S+I ⇕H, @ S+H⇕I ,S+I , S+H⇕I ,S+I , . S+H⇕I^≺,S+I^≺,

+l, S+H⇕I , @

]_� 2 ⌊_⋆ / S+H⇕I^≺, @4/ S+I , @S+I^≺, @^�_2/ dqg khqfh S+I ⇕H, @ 4 4. 5^⋆ 1 +ll, S+H⇕I , @ ]_⋆ ς ⌊]_� 2 ⌊_⋆ / S+H⇕I^≺, @ ]_⋆ ς ⌊ s^ς+4∗ s,^{⋆∋ ς}/ S+I , @S+I^≺, @^�_2/ dqg khqfh S+I ⇕H, @ 4 4. 5^⋆ s^ς+4∗ s,^{⋆∋ ς} /

91 OhwH/ I dqg J eh wkh hyhqwv wkdwwkh ırz hu surgxfhv ulsh iuxlw/ wkdwwkh ırz hu lv sroolqdwhg/ dqg wkdwwkh iuxlwulshqvuhvshfwlyho— 1Wkhq S+H, @S+I ∨ J , @S+I ,S+J , @^2_fi ⋄^fi_e @^�_21

Qrz ohwD_⋆ eh wkh hyhqwwkdwwkh wuhh surgxfhv q ırz huv/ dqg E_o eh wkh hyhqwwkdwwkh wuhh surgxfhv u ulsh iuxlw+iruq ∼ u,1Wkhq S+D_⋆ ⇕E_o, @

S+E_o⇕D_⋆ ,S+D_⋆ , ↑⋃ ⋆’ o S+E_o⇕D_⋆ ,S+D_⋆ , Qrz S+E_o⇕D_⋆ , @ ] q u ⌊ ] 4 5 ⌊_⋆ S+D_⋆ , @+4∗ s,s^⋆ vr S+D_⋆ ⇕E_o, @ ] q u ⌊ ] 4 5 ⌊_⋆ +4∗ s,s^⋆ ↑⋃ ⋆’ o ] q u ⌊ ] 4 5 ⌊_⋆ +4∗ s,s^⋆

@ ] q u ⌊ ) s 5 [_⋆ 4 ↑⋃ ϱ’ f ] ı . u u ⌊ ) s 5 [_{ϱn o} @ ] q u ⌊ ) s 5 [_{⋆∋ o} 4 ) 4∗ s 5 [_{∋ Eon �ø}

xvlqj wkh elqrp ldoh–sdqvlrq iruqhj dwlyh h–srqhqw1Khqfh

S+D_⋆ ⇕E_o, @ ] q u ⌊ s^{⋆∋ o}+5∗ s,^{on �} 5^{⋆n �} u ⪰ q P 5V4 H[ HUFLVHV4 VROXWLRQV=sdjh 6 ri 7

:1 OhwW^ς eh wkh hyhqwwkdwwkhuh duh n vxffhvvlyh srvlwlyh whvwv/ ohwV eh wkh hyhqwwkdwguxj v duh suhvhqw1Wkhq

S+V⇕W^ς, @ S+W^ς⇕V,S+V, S+W^ς⇕V,S+V, . S+W^ς⇕V_≺,S+V_≺, @ 3/¡¡_ς⋄ 3/3335

3/¡¡_ς⋄ 3/3335. +4∗ 3/¡;,_ς⋄ +4∗ 3/3335, dv/ e— frqglwlrqdolqghshqghqfh

S+W^ς⇕V, @⟩S+W^�⇕V,|_ς S+W^ς⇕V_≺, @ ⟩ S+W^�⇕V_≺, |^ς

Li n @4/ S+V⇕W^�, @3/33¡;/

Li n @5/ S+V⇕W^2, @3/65;¡/

P 5V4 H[ HUFLVHV4 VROXWLRQV=sdjh 7 ri 7