M2S1 : EXERCISES 1 : SOLUTIONS

1. Let H, be the event that n tosses result in an even number of heads. Conditioning on the result
after n — 1 tosses, and using the Theorem of Total Probability

!

P(Hn) = P(Hn|anl)P(anl) + P(Hn|H;z—1)P(Hn—1)

Therefore,
Pn=(1—=p)pn-1+p(L =pn_1) =p+ (1= 2p)pn—

Now, to find a solution to this difference equation, propose p, = A 4+ BA” for all n > 0. Then

n=0 po=A+B=1 .

11
— Py = —4=(1—2p)".
, Pn 2+2( D)

= A=(1-2),A=B =3

n>1 p,=A+B\"=p+(1-2p)(A+B\"))

Ifp<1/2,(1—-2p)>0,sop,>1/2 for all n.

Asn — oo,

1/2 0<p<1
pn%{l p=0

and if p = 1 no limit exists.

2. Let N; be the event that ¢ dice are used, and let S; be the event that the sum is j, for ¢, =1,2,3, ....
Let E be the event that the number of dice is even. Then F = UNgi.
i=1

(i) Using conditional probability definition

SiN GNm) P <[j (54 N NQi) )

. P(S4 N E) . ( i= o . P(S4 N Ng) + P(S4 N N4)
P(SalB) = P(E) P(E)l B P(E) B P(E)

P(S4N Ny;) =0 for i = 3,4, .... Now
P(S4 N NQ) + P(S4 N N4) = P(S4|NQ)P(N2) + P(S4|N4)P(N4)

11 3 1 433

1
364 ' 6421 144 * 20376 20736

. 1
P(E) =) P(Na) = 2221:71 1/4 E

and hence 433 433
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(ii) As above, using the conditional probability definition
P(N2N S P(S4|N2)P(IV:
P(Ny|Sy) = DA2050) _ P(SiNo)P(Ny)
S P(S4|Ni)P(:)
i=1

P(S4)

_ P (54| N2)P(N2)
~ P(S4|N1)P(N1) + P(S4|No)P(N2) + P(Sa|N3)P(N3) + P(S4|Na)P(Ny)

432
© 2197

R o
@w|o;>»-l>~|P—‘
| =

|~
N =

B ~ 0.197.
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> =

3. Let W be the event that player 1 wins the game overall, and let W; be the event that player wins
overall on game ¢. Then

P(W) =P (G m-) = P(W3) + P(Wy) + iP(Wi).
=3 =5
Now
3 3,3 3 )
P(W3)=p P(Wy) = <2>p (1-p)=3p°1—-—p) PW;)=0fori=>5,7,9,...
and

P(Wait2) = < ;l >p2(1 —p)? x 2p(1—p)) 2 xp* =6p" (1 —p)> x 2p(1 —p))™* i=2,3,4,..

as Wh; 19 corresponds to a sequence of games in which the first four end two games all (with probability
6p2(1 —p)?), then a sequence of 2(i — 2) games that ends at i — 2 games all with no overall winner, that
is, i — 2 pairs of games with one win each in either order (with probability (2p(1 — p))i—2), then finally
two wins for player 1 (with probability p?). Hence

P(W) =p®+3p*(1—p) +6p"(1—p)>> (2p(1 —p))*
=2

= p*+3p*(1 —p) + 6p (1 — p)*> _(2p(1 —p))’
i=0

6p*(1—p)* _ p’(4—5p+2p°)
— 3 331_ —
P+ 3 p)+l—2p(1—p) 1—2p+ 2p?

Easy to show that g(p) + g(1 — p) = 1, which is reasonable as g(1 — p) = P(W').
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4. Let F, be the event that the weather is fine on day n. Then conditioning on the weather on day
n — 1, and using the Theorem of Total Probability

P(Fy) = P(Fp|Fp1)P(Fn1) + P(Fn|Fr/z—1)P(Frlz—1) s O =pbh1+ (1 —p)(1—0nh1)
and hence

<9n - %) =(2p-1) <9n1 - %) =@2p-1)""! <91 - %) sy = % +(2p—1)"t <9 - %) —

as n — OoQ.

N =

5. Let EF and F' be the events that the sequence of tosses results in n Heads, and that the coin is fair
respectively. Then

) P(E|F)P(F)
U = BEFR(R) + PEIF P
(i) P(E|F) = (%)n’ P(E|F') =1,P(F) = P(F,) = %, and hence P(F|E) = ] +12n.

/

(i) P(EIF) = (}) (3)", P(E|F) = (})p"(1 —p)" %, P(F) = P(F') = 1, and hence

1
P(F|F) = .
(F|E) 1+ 27pk(1 — p)n—Fk

6. Let E, I and G be the events that the flower produces ripe fruit, that the flower is pollinated, and
that the fruit ripens respectively. Then P(E) =P(FNG) =P(F)P(G) =2 x 2 = 1.

Now let A, be the event that the tree produces n flowers, and B, be the event that the tree produces

r ripe fruit (for n > r). Then
P(Br|A5)P(An)

[o.¢]

> P(B,|40)P(A,)

P(An|BT) =

SO

P(An|B,) = (Z> G)n(l—p)p"

- () () é(H) oy = () (5) W

using the binomial expansion for negative exponent. Hence

n pnfr(Q _ p)rJrl
P(A,|By) = (7‘) R <n
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7. Let T} be the event that there are k successive positive tests, let S be the event that drugs are
present. Then

P(T3|S)P(S) _ 0.99% x 0.0002
(T|S)P(S) + P(Tx|S)P(S") ~— 0.99% x 0.0002 + (1 — 0.98)% x (1 — 0.0002)

P(SIT) = 5

as, by conditional independence

P(T3|S) = {P(T1|S)}" P(T;|8") = {P(11]5")}"

If k = 1, P(S|T}) = 0.0098.
If k = 2, P(S|Ty) = 0.3289.

M2S1 EXERCISES 1 SOLUTIONS: page 4 of 4



