
4

�25� G ,j,+�W5,5 � G 5�wNAW��5

41 Ohw K � eh wkh hyhqw wkdw q wrvvhv uhvxow lq dq hyhq qxpehu ri khdgv1 Frqglwlrqlqj rq wkh uhvxow
diwhu q� 4 wrvvhv/ dqg xvlqj wkh Wkhruhp ri Wrwdo Suredelolw|

S+K � , @ S+K � mK ����� ,S+K ����� , . S+K � mK �
����� ,S+K �

����� ,

Wkhuhiruh/
s � @ +4� s,s ����� . s+4� s ����� , @ s. +4� 5s,s �����

Qrz/ wr �qg d vroxwlrq wr wklv gl�huhqfh htxdwlrq/ sursrvh s � @ D.E� � iru doo q � 31 Wkhq
q @ 3 s � @ D.E @ 4
q � 4 s � @ D.E� � @ s. +4� 5s,+D.E� ����� ,

<

@

>

@, � @ +4�5s,>D @ E @ 4
5 > s � @ 4

5.
4
5+4�5s, � =

Li s ? 4@5/ +4� 5s, A 3/ vr s � A 4@5 iru doo q1
Dv q �$ 4/

s � �$
� 4@5 3 ? s ? 4

4 s @ 3
dqg li s @ 4 qr olplw h{lvwv1
51 Ohw Q 	 eh wkh hyhqw wkdw l glfh duh xvhg/ dqg ohw V 
 eh wkh hyhqw wkdw wkh vxp lv m/ iru l> m @ 4> 5> 6> ===1
Ohw H eh wkh hyhqw wkdw wkh qxpehu ri glfh lv hyhq1 Wkhq H @

�
^

	� �
Q ��	 1

+l, Xvlqj frqglwlrqdo suredelolw| gh�qlwlrq

S+V � mH, @ S+V � _H,
S+H, @

S
#

V � _
�
^

	� �
Q ��	

$

S+H, @
S
# �
^

	� �
+V � _Q ��	 ,

$

S+H, @ S+V � _Q � , . S+V � _Q � ,
S+H,

dv S+V � _Q ��	 , @ 3 iru l @ 6> 7> ===1 Qrz
S+V � _Q � , . S+V � _Q � , @ S+V � mQ � ,S+Q � , . S+V � mQ � ,S+Q � ,

@ 6
69

4
7 . 4

9 �
4
5 � @ 6

477 . 4
536:9 @ 766

53:69

S+H, @
�
[

	� �
S+Q ��	 , @

�
[

	� �

4
5 ��	 @

4
7

4
4� 4@7 @ 4

6
dqg khqfh

S+V � mH, @ 6 766
53:69 @ 766

9<45 � 3=396=
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+ll, Dv deryh/ xvlqj wkh frqglwlrqdo suredelolw| gh�qlwlrq

S+Q � mV � , @ S+Q � _ V � ,
S+V � , @ S+V � mQ � ,S+Q � ,

�
[

	� �
S+V � mQ 	 ,S+Q 	 ,

@ S+V � mQ � ,S+Q � ,
S+V � mQ � ,S+Q � , . S+V � mQ � ,S+Q � , . S+V � mQ � ,S+Q � , . S+V � mQ � ,S+Q � ,

@
6
9 �

4
74

9
4
5 . 6

9 �
4
7 . 6

9 �
4
; . 4

9 �
4
49

@ 765
54<: � 3=4<:=

61 Ohw Z eh wkh hyhqw wkdw sod|hu 4 zlqv wkh jdph ryhudoo/ dqg ohw Z 	 eh wkh hyhqw wkdw sod|hu zlqv
ryhudoo rq jdph l1 Wkhq

S+Z , @ S
# �
^

	���
Z	

$

@ S+Z � , . S+Z � , .
�
[

	���
S+Z 	 ,=

Qrz
S+Z � , @ s � S+Z � , @

� 6
5
�

s � +4� s, @ 6s � +4� s, S+Z 	 , @ 3 iru l @ 8> :> <> ===

dqg
S +Z ��	���� , @

� 7
5
�

s � +4� s, � � +5s+4� s,, 	 � � � s � @ 9s � +4� s, � � +5s+4� s,, 	 � � l @ 5> 6> 7> ===

dv Z ��	���� fruuhvsrqgv wr d vhtxhqfh ri jdphv lq zklfk wkh �uvw irxu hqg wzr jdphv doo +zlwk suredelolw|
9s � +4�s, � ,/ wkhq d vhtxhqfh ri 5+l� 5, jdphv wkdw hqgv dw l� 5 jdphv doo zlwk qr ryhudoo zlqqhu/ wkdw
lv/ l� 5 sdluv ri jdphv zlwk rqh zlq hdfk lq hlwkhu rughu +zlwk suredelolw| +5s+4� s,, 	 � � ,/ wkhq �qdoo|
wzr zlqv iru sod|hu 4 +zlwk suredelolw| s � ,1 Khqfh

S+Z , @ s � . 6s � +4� s, . 9s � +4� s, �
�
[

	���
+5s+4� s,, 	 � �

@ s � . 6s � +4� s, . 9s � +4� s, �
�
[

	� �
+5s+4� s,, 	

@ s � . 6s � +4� s, . 9s � +4� s, �
4� 5s+4� s, @ s � +7� 8s. 5s � ,

4� 5s. 5s �

Hdv| wr vkrz wkdw j+s, . j+4� s, @ 4/ zklfk lv uhdvrqdeoh dv j+4� s, @ S+Z � ,1
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71 Ohw I � eh wkh hyhqw wkdw wkh zhdwkhu lv �qh rq gd| q1 Wkhq frqglwlrqlqj rq wkh zhdwkhu rq gd|
q� 4/ dqg xvlqj wkh Wkhruhp ri Wrwdo Suredelolw|

S+I � , @ S+I � mI ����� ,S+I ����� , . S+I � mI �
����� ,S+I �

����� , , � � @ s� ����� . +4� s,+4� � ����� ,
dqg khqfh
�

� � � 4
5
�

@ +5s� 4,
�

� ����� � 4
5
�

@ +5s� 4, �����
�

� � � 4
5
�

, � � @ 4
5 . +5s� 4, �����

�

� � 4
5
�

�$ 4
5

dv q �$ 41
81 Ohw H dqg I eh wkh hyhqwv wkdw wkh vhtxhqfh ri wrvvhv uhvxowv lq q Khdgv/ dqg wkdw wkh frlq lv idlu
uhvshfwlyho|1 Wkhq

S+I mH, @ S+HmI ,S+I ,
S+HmI ,S+I , . S+HmI � ,S+I � ,

+l, S+HmI , @ � �
�
�
� / S+HmI � , @ 4/ S+I , @ S+I � , @ �

� / dqg khqfh S+I mH, @ 4
4 . 5 � 1

+ll, S+HmI , @ � � � � � �
�
�
� / S+HmI � , @ � � � �s

�
+4� s, ���

�
/ S+I , @ S+I � , @ �

� / dqg khqfh

S+I mH, @ 4
4 . 5 � s

�
+4� s, ���

� =

91 Ohw H/ I dqg J eh wkh hyhqwv wkdw wkh �rzhu surgxfhv ulsh iuxlw/ wkdw wkh �rzhu lv sroolqdwhg/ dqg
wkdw wkh iuxlw ulshqv uhvshfwlyho|1 Wkhq S+H, @ S+I _J, @ S+I ,S+J, @ �

� � �
� @ �

� 1
Qrz ohw D � eh wkh hyhqw wkdw wkh wuhh surgxfhv q �rzhuv/ dqg E � eh wkh hyhqw wkdw wkh wuhh surgxfhv
u ulsh iuxlw +iru q � u,1 Wkhq

S+D � mE � , @ S+E � mD � ,S+D � ,
�
[

� ���
S+E � mD � ,S+D � ,

Qrz
S+E � mD � , @

�q
u
��4

5
�
�

S+D � , @ +4� s,s �

vr

S+D � mE � , @

�q
u
��4

5
� �

+4� s,s �
�
[

� ���

�q
u
��4

5
� �

+4� s,s �

@
�q
u
�

�s
5
� � 4

�
[

� � �

�{. u
u

�

�s
5
� � ��� @

�q
u
�

�s
5
� ��� � 4

�

4� s
5
� ��� � � ���

xvlqj wkh elqrpldo h{sdqvlrq iru qhjdwlyh h{srqhqw1 Khqfh

S+D � mE � , @
�q
u
�s ��� � +5� s, � � �

5 � � � u � q
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:1 Ohw W � eh wkh hyhqw wkdw wkhuh duh n vxffhvvlyh srvlwlyh whvwv/ ohw V eh wkh hyhqw wkdw guxjv duh
suhvhqw1 Wkhq

S+VmW � , @ S+W � mV,S+V,
S+W � mV,S+V, . S+W � mV � ,S+V � , @ 3=<<

�
� 3=3335

3=<<
�
� 3=3335 . +4� 3=<;,

�
� +4� 3=3335,

dv/ e| frqglwlrqdo lqghshqghqfh
S+W � mV, @ iS+W � mV,j

�
S+W � mV � , @ �S+W � mV � ,�

�

Li n @ 4/ S+VmW � , @ 3=33<;=
Li n @ 5/ S+VmW � , @ 3=65;<=

P5V4 H[HUFLVHV 4 VROXWLRQV= sdjh 7 ri 7


