4 ¨ 25� G, j , + ß W5, 5O, , A f G5ȷ wNAWȷ Π 5

41I ruhyhqwvD>E ≥ fl/ ϖ ▽ D ∨ E ⇓ ⇔ ϖ ▽ D dqg ϖ ▽ E ϖ ▽ D∧ E ⇓ ⇔ ϖ ▽ D ruϖ ▽ E ruϖ ▽ D ∨ E Khqfh +l, ϖ ▽ H ∨ ⊤⇓ ⇔ ϖ ▽ H dqg ϖ ▽ ⊤/ Qr vxfk ϖ h–lvwv ≜ H ∨ ⊤@⊤ ϖ ▽ H ∧ ⊤⇓ ⇔ ϖ ▽ H ruϖ ▽ ⊤ ruϖ ▽ H ∨ ⊤⇓ ⇔ ϖ ▽ H ≜ H ∧ fl @H +dv+ϖ ▽ H ∨ ⊤@⊤ ,/ +ll, ϖ ▽ H ∨ fl ⇓ ⇔ ϖ ▽ H dqg ϖ ▽ fl ⇓ ⇔ ϖ ▽ H ≜ H ∨ fl @H ϖ ▽ H ∧ fl ⇓ ⇔ ϖ ▽ H ru ϖ ▽ fl ruϖ ▽ H ∨ fl ⇓ ⇔ ϖ ▽ fl ≜ H ∧ fl @fl +lll, +H ∨ I , ∧ +H^∋ ∧ I^∋, @++H ∨ I , ∧ H^∋ , ∧ ++H ∨ I , ∧ I^∋, ,

@++H ∧ H^∋, ∨ +I ∧ H^∋, , ∧ ++H ∧ I^∋, ∨ +I ∧ I^∋, , @+fl ∨ +I ∧ H^∋, , ∧ ++H ∧ I^∋, ∨ fl , @+I ∧ H^∋, ∧ +H ∧ I^∋, @fl ≜ +H ∨ I , ∧ +H^∋ ∧ I^∋, @fl vr +H ∨ I ,^∋ @+H^∋ ∧ I^∋, dqg +H^∋ ∧ I^∋,^∋ @+H ∨ I , Dovr>+H ∧ I ,^∋ @+H^∋ ∨ I^∋, +e— uhsodflqj H dqg I e— H^∋ dqg I^∋, +ly, H ≥ I @⇔ I @H ∧ J >vd— / z khuh H ∨ J @⊤ @⇔ I^∋ @+H ∧ J ,^∋ @H^∋ ∨ J^∋ ≥ H^∋ +y, Li H ≥ I >wkhq I @H ∧ J >vd— / z khuh H ∨ J @⊤ vr H ∨ I @H ∨ +H ∧ J , @+H ∨ H, ∧ +H ∨ J , @H H ∧ I @H ∧ +H ∧ J , @+H ∧ J , @I /

51 Dq hyhqwlv d vxevhwri vdp soh rxwfrp hv/ dqg wkh qxp ehu ri vxevhwv ri d froohfwlrq ri n lwhp v lv 5^n +hdfk ri wkh n rxwfrp hvfdq eh hlwkhulqfoxghg ruh–foxghg iurp wkh vxevhwv,1 61D froohfwlrq ri vxevhwv/ D/ ri vdp soh vsdfh fl/ vd— D @⟩D_4>D_5>///| > lvd ϕ0doj heud li

+L, fl ▽ D +LL, D ▽ D @⇔ D^∋ ▽ D +LLL, D_4>D_5>///▽ D @⇔ △⋀ l@4 D_l ▽ D Wdnlqj wkhvh wkuhh frqglwlrqv lq wxuq z h dwwhp swwr frqvwuxfwd p lqlp dofroohfwlrq D_3 ri vxevhwv wkdwvdwlvfflhv wkhvh frqglwlrqv1 Fohduo— +L, uht xluhv wkdwfl ▽ D_3/ dqg +LL, lp solhv wkdw/ dv fl ▽ D_3/ z h uht xluh ⊤ ▽ D_31 Qrz / li D_3 @⟩ ⊤>fl| / wkhq lwfdq eh yhulfflhg wkdw+LLL, krogvdv ⊤∧ fl @fl ▽ D_3/ Khqfh D_3 @⟩ ⊤>fl| lv wkh vp doohvwϕ0doj heud ri vxevhwvri fl1 ¨ 25� , j , +ß W5, 5 � 5ȷ wNAWȷ Π 5GT@˝i � Lu2

5

71+l, fl @⟩K>W| / vr wkh vhwD ri doovxevhwvri fl/ lv ⟩ ⊤>⟩ K| >⟩W| >⟩K>W| @fl | > dqg lwlvhdv— wr yhuli— wkdwD lvd ϕ0doj heud e— fkhfnlqj frqglwlrqv+L,/ +LL, dqg +LLL,1

+ll, Li fl lv frxqwdeoh/ vd— fl @⟩ ϖ^4>ϖ^5>///>|/ ohwD eh wkh vhwri doovxevhwv ri fl1 Dq hyhqwD^l lv d vxevhwri fl li ϖ ▽ D^l @⇔ ϖ ▽ fl/ vr D lvwkh vhwri hyhqwvD^l wkdwduh frxqwdeoh xqlrqvri wkh hohp hqwvri fl1

Wkhuhiruh

+L, fl ▽ D e— frqvwuxfwlrq1

+LL, D ▽ D @⇔ D_∋ ▽ fl +dv D∧ D_∋ @fl/ dqg D dqg fl duh frxwdeoh xqlrqv ri hohp hqwv ri fl,1

+LLL, D lv forvhg xqghu frxqwdeoh xqlrq +dv wkh frxqwdeoh xqlrq ri frxqwdeoh xqlrqv ri hohp hqwv ri fl lv lwvhoi d frxwdeoh xqlrqvri hohp hqwvri fl,1 dqg khqfh D lvd ϕ0doj heud1

81+d, ⟩ D^n| irup vd sduwlwlrq ri fl @U_. dvϖ ▽ fl @⇔ ϖ ▽ D^n irusuhflvho— rqh n/ dqg △⋀ n@4 D^n @fl1

Frqvwuxfwϕ0dojheud D z krvh hohp hqwvduh frxqwdeoh xqlrqvri wkh hyhqwv D^n1

D frxqwdeoh xqlrq ri hohp hqwv ri wkh ⟩ D^n| vht xhqfh fdq eh ghvfulehg e— dq lqfflqlwh elqdu— vht xhqfh lq z klfk wkh nwk whup lv 4 li D^n lv lq wkh frxqwdeoh xqlrq/ dqg 3 rwkhuz lvh1 Lwlv wkhq vwudljkwiruz dug wr yhuli— wkdwwkh frqglwlrqv+L,/ +LL, dqg +LLL,1

+L, frqvlghuwkh lqfflqlwh elqdu— vht xhqfh z krvh hohp hqwvduh doo4v1

+LL, Li D ▽ D/ wkhq D_∋ kdv dq elqdu— vht xhqfh uhsuhvhqwdwlrq rewdlqhg e— vz lwfklqj 4 wr 3 dqg 3 wr 4 iru hdfk hohp hqwri wkh D vht xhqfh1Wkhq fohduo— D_∋ ▽ D1

+LLL, D lvforvhg xqghu frxqwdeoh xqlrq/ e— frqvlghulqj wkh elqdu— vht xhqfh uhsuhvhqwdwlrq1 dqg khqfh D lvd ϕ0doj heud1

+e, Fdq frqvwuxfwdoovxfk lqwhuydov e— wdnlqj xqlrqv dqg lqwhuvhfwlrqv ri D^l hyhqwv dqg wkhlu frp sohp hqwv/ +li z h lqwhusuhw⟩ d^l| dvwkh lqwhuydo+d^l>d^l‘,/ dv D_∋^l ∨ D^m@+d^l>d^m‘ d^l ⋆ d^m dqg d̂>e‘@+d>e‘∧ ⟩d| d̂>e, @d̂>e‘∧ ⟩e| +d>e, @+d>e‘∨ ⟩ e|_∋ +ll, Vwudljkwiruz dug wr yhuli— wkdwfrqglwlrqv +L,/ +LL,/ dqg +LLL, krog xvlqj wkh glvwulexwlyh dqg Gh P rujdq odz v

¨ 25� , j , +ß W5, 5 � 5ȷ wNAWȷ Π 5GT@˝i 2 Lu2