¨ 25� GΣ 55, 55, # ß ȷ N+ 5, ‘ ȷ + k fi G5ȷ wNAWȷ Π 5

41+d, Z h kdyh X ⊃ Xqli rup +3>4, dqg

♭_� @ 4 ξ orj 5X 3 ⋆ X ⪰ 4 5 ∗ 4 ξ orj +5∗ 5X, 4 5 ⋆ X ⋆ 4 iruξ A 31 I ruı ⪰ 3 ] vr wkdw3 ⋆ x ⪰^�_2 ⌊

I_{f �} +ı, @S ^♭_� ⪰ ı‘@S ⌋ 4 ξ orj 5X ⪰ ı ⌈ @S ⌋ X ⪰ 4 5 h^{bϱ} ⌈ @ 4 5 h^{bϱ} dqg iruı A 3 ] vr wkdw^�_2 ⋆ x ⋆ 4 ⌊ I_{f �} +ı, @ S ^♭_� ⪰ ı‘@S ^♭_� ⪰ 3‘. S ^3 ⋆ ♭_� ⪰ ı‘

@ 4 5 . S ⌋ 3 ⋆ ∗ 4 ξ orj +5∗ 5X, ⪰ ı ⌈

@ 4 5 . S ⌋ 4 5 h^{∋ bϱ}⪰ 4∗ X ⋆ 4 5 ⌈

@ 4 5 . S ⌋ 4 5 ⋆ X ⪰ 4∗ 4 5 h^{∋ bϱ} ⌈

@ 4 5 . 4∗ 4 5 h^{∋ bϱ}∗ 4 5 @4∗ 4 5 h^{∋ bϱ} Khqfh/ e— glffihuhqwldwlrq

i_{f �} +ı, @ ξ 5 h^{bϱ} 3 ⪰ ı ξ 5 h^{∋ bϱ} ı A 3 @ ξ 5 h^{∋ b�ϱ�} ı ▽ U

^7 P DUNV‘ +ll, I ruwkh p ji H_{sf �} ⌋ h^{ȷf �} ⌈ @ ⊎_↑ ∋ ↑ h^{ȷϱ}i_{f �} +ı,gı @ ⊎_↑ ∋ ↑ h^{ȷϱ} ξ 5 h^{∋ b�ϱ�}gı

@ ξ 5 ⌋⊎_f ∋ ↑ h^{Ebn ȷøϱ}gı . ⊎_↑ f h^{∋ Eb∋ ȷøϱ}gı. ⌈

@ ξ 5 ⌋ 4 ξ . w . 4 ξ ∗ w ⌈ li ⇕w⇕⋆ ξ

@ ξ^2 +ξ . w, +ξ ∗ w, @ ξ^2 ] ξ^2 ∗ w^2 ⌊ @ 4 4∗ w^2 ξ^2 +4,

^9 P DUNV‘

P 5V4 DVVHVVHG FRXUVHZ RUN 5 0VROXWLRQV0sdjh 4 ri 7

+e, Wkh mrlqwsgi kdvvxssruw^_{E2ø} @U⋄ U_n i^{f 2ct} +ı>ȷ , @i^{f 2�t} +ı⇕ȷ ,i^t +ȷ , @ ] 4 5τȷ ⌊^{�⇀2} h–s ⟩ ∗ ı_2 5ȷ / ζ h–s ⟩ ∗ ζȷ | +l, Wr frp sxwh wkh p j i/ xvh wkh Odz ri Lwhudwhg H–shfwdwlrq H^{sf 2} ⌋ h_{ȷf 2} ⌈ @H^{st} ⌋ H^{sf 2�t} ⌋ h_{ȷf 2} ⇕♮ @ȷ ⌈⌈ / Qrz H^{sf 2�t} ⌋ h_{ȷf 2} ⇕♮ @ȷ ⌈ @h–s ⟩ ȷ w_2 5 / dv♭^2⇕♮ @ȷ ⊃ Qrup do+3>ȷ ,/ xvlqj wkh p ji ri d Qrup doudqgrp yduldeoh iurp wkh irup xod vkhhw/ z lwk π @3 dqg ϕ_2 @ȷ 1 Wkxv H^{sf 2} ⌋ h_{ȷf 2} ⌈ @H^{st} ⌋ h–s ⟩ ♮ w_2 5 / ⌈ @P^t ] w_2 5 ⌊ @ ζ ζ ∗ w_2 5 dv ♮ ⊃ Hısrqhqwldo+ζ,/ xvlqj wkh p j i irudp H–srqhqwldoiurp wkh irup xod vkhhw1 Khqfh

P^{f 2} +w, @ ζ ζ ∗ w_2 5 @ 4 4∗ w_2 5ζ +5,

^7 P DUNV‘

+ll, Frp sdulqj +4, dqg +5,/ dqg vhwwlqj ξ_2 @5ζ/ z h fdq ghgxfh wkdw i^{f 2} +ı, @ ∫ 5ζ 5 h–s √ ∗ √ 5ζ ⇕ı⇕ √ ı ▽ U e— wkh xqlt xhqhvvri p j iv1

^7 P DUNV‘

+lll, Xvlqj surshuwlhvri p jiv

H^{sf 2} ^♭_o^2‘@ g_o gw_o ⟩P^{f 2} +w,|^{ȷ’ f}

Z h kdyh g gw ⟩ P^{f 2} +w,|^{ȷ’ f} @ ⟩ 7ζw +5ζ ∗ w_2,_2 / ȷ’ f

@3 ≜ H^{sf 2} ^♭^2‘@3 g_2 gw_2 ⟩ P^{f 2} +w,|^{ȷ’ f} @ ⟩ 7ζ ] 5ζ ∗ w_2 ⌊^2

. 49ζw_2

+5ζ ∗ w_2,_e / ȷ’ f @ 49ζ_fi

49ζ_e @ 4 ζ ≜ H^{sf 2} ⌋ ♭_2^2 ⌈ @ 4 ζ vr wkhuhiruh

Ydu^{sf 2} ^♭^2‘@H^{sf 2} ⌋ ♭_2^2 ⌈ ∗ √ H^{sf 2} ^♭^2‘

√^2 @ 4 ζ ^5 P DUNV‘

P 5V4 DVVHVVHG FRXUVHZ RUN 5 0VROXWLRQV0sdjh 5 ri 7

51 +d,+l, ♭_�>♭_2>///♭_⋆ ⊃ Srlvvrq+ξ, 1 I urp wkh irup xod vkhhwz h kdyh wkh p ji ri hdfk ♭_ζ ht xdowr h–s ⟩ ξ ] h^ȷ ∗ 4 ⌊|

dqg khqfh/ li W_⋆ @^⋆ ⋃ ζ’ �

♭_ζ/ e— wkh nh— p j i uhvxow

P_{A⋆} +w, @ ⋆⋂ ζ’ �

P_{f ζ} +w, @ ⋆⋂ ζ’ � h–s ⟩ ξ ] h^ȷ ∗ 4 ⌊| @h–s ⟩ qξ ] h^ȷ ∗ 4 ⌊|

dqg wkxv/ e— xqlt xhqhvvri p jiv W_⋆ ⊃ Srlvvrq+qξ, ^5 P DUNV‘

+ll, Vwdqgdugl˝hg yduldeoh ♯_⋆ @ W_⋆ ∗ qξ ∫ qξ dqg e— wkh FhqwudoOlp lwWkhruhp / z h kdyh ♯_⋆^⌢↔ ♯ ⊃ Q+3>4, dqg khqfh/ e— orfdwlrq2vfdoh wudqvirup dwlrq ri ♯_⋆ / iruodujh q W_⋆^ν⊃ Q+qξ>qξ, vr wkdw I_{A⋆} +w, @S Ŵ_⋆ ⪰ w‘@S ⌋ W_⋆ ∗ qξ ∫ qξ ⪰ w∗ qξ ∫ qξ ⌈ ≪ ff ] w∗ qξ ∫ qξ ⌊

^7 P DUNV‘

+e,+l, Z h kdyh/ iurp wkh ghfflqlwlrqv jlyhq/ wkdwirul @3>4 ♭_ζ ⊃ Elqrp ldo+q_ζ>λ_ζ, dqg frqvht xhqwo— ♭_ζ @ ⋆_ζ⋃

ρ’ � ♭_{ζρ} z khuh ♭_{ζρ} ⊃ Ehuqrxool +λ_ζ,/ lqghshqghqwo— / irum@4>5>///>q_ζ vr wkdw/ iurp wkh irup xod vkhhw

H_{sf ζ} ^♭_ζ‘@λ_ζ Ydu_{sf ζ} ^♭_ζ‘@λ_ζ+4∗ λ_ζ, 1

Qrz / l @3>4/ ♯_ζ @ ♭_ζ∗ q_ζλ_ζ √ q_ζλ_ζ+4∗ λ_ζ, lvd vwdqgdugl˝hg yduldeoh/ dqg khqfh e— wkh FhqwudoOlp lwWkhruhp z h kdyh ♯_ζ^⌢↔ ♯ ⊃ Q+3>4, dv q_ζ ↔ △ 1 ^7 P DUNV‘

P 5V4 DVVHVVHG FRXUVHZ RUN 5 0VROXWLRQV0sdjh 6 ri 7

+ll, Li ♯ ⊃ Q+3>4,/ wkhq

P^⃗ +w, @h–s ⟩ w_2 5 / vr wkdwwkh p ji ri ♯^� ∗ ♯^f +lq wkh olp lwdvq^f ↔ △ dqg q^� ↔ △ , lv

P^{⃗�} +w, ⋄ P^{⃗f} +∗ w, h–s ⟩ w_2 5 / ⋄ h–s ⟩ +∗ w,_2 5 / @h–s ⟩ 5w_2 5 / @h–s ⟩ ]∫ 5w ⌊^2 5 / e— d nh— p ji uhvxow/ dqg wkh uhvxowiruolqhduwudqvirup dwlrqvri Qrup doudqgrp yduldeohv1 Khqfh

♯^� ∗ ♯^f_ν⊃ Q ] 3> )∫ 5 [^2⌊ ≤ Q+3>5, ^5 P DUNV‘

+lll, Fdq t xrwh uhvxowiurp ohfwxuh qrwhv/ exwiurp ffluvwsulqflsohv/ li ♯ ⊃ Q+3>4, dqg Y @♯_2 wkhq iru y A 3 I^T +y, @SŶ ⪰ y‘ @S ⌋ ♭_2 ⪰ y ⌈ @S ⌋ ∗ ∫ y ⪰ ♭ ⪰ ∫ y ⌈ @I^f + ∫ y, ∗ I^f +∗ ∫ y, @ff+ ∫ y, ∗ ff+∗ ∫ y, dqg vr/ e— glffihuhqwldwlrq i^T +y, @ 4 5 ∫ y ⌋ ω ]∫ y ⌊ . ω ] ∗ ∫ y ⌊⌈ @ 4 ∫ y ] 4 5τ ⌊^{�⇀2} h–s ⟩ ∗ 4 5 ]∫ y ⌊^2/ @ ]^� 2 ⌊^{�⇀2} Λ ]^� 2 ⌊ y_{�⇀2∋ �} h–s √ ∗ y 5 √ y A 3 vr iurp wkh irup xod vkhhw Y ⊃ J dp p d ] 4 5 > 4 5 ⌊ ≤ ε_2^� ≜ P^T +w, @ � 2 � 2 ∗ w Khqfh/ iruodujh q^f dqg q^� T^f_ν⊃ ε_2^� dqg T^�_ν⊃ ε_2^� dqg wkxvxvlqj p jiv

P^φ +w, @P^{φ f} +w,P^{φ �} +w, ≪

]^� 2 � 2 ∗ w ⌊ ⋄ ]^� 2 � 2 ∗ w ⌊ @ ]^� 2 � 2 ∗ w ⌊^2 vr wkdw/ iurp wkh irup xod vkhhw T_ν⊃ J dp p d ] 5 5 > 4 5 ⌊ ≤ J dp p d ] 4> 4 5 ⌊ ≤ ε_2 ≤ Hısrqhqwldo ] 4 5 ⌊

^7 P DUNV‘

+ly, Li λ^f @λ^� @λ vd— / wkhq iurp wkh irup xod vkhhw

P^t +ȷ , @P^{f f} +w,P^{f �} +w, @ ] 4∗ λ. λh_ȷ ⌊^{⋆ �} ⋄ ] 4∗ λ. λh_ȷ ⌊^{⋆ 2} @ ] 4∗ λ. λh_ȷ ⌊^{⋆ �n ⋆ 2} dqg khqfh ♮ ⊃ Elqrp ldo+q^f . q^�>λ, vr wkdw/ e— wkh FhqwudoOlp lwWkhruhp

♮_ν⊃ Qrup do++q^f . q^�, λ>+q^f . q^�, λ+4∗ λ,,

^7 P DUNV‘

P 5V4 DVVHVVHG FRXUVHZ RUN 5 0VROXWLRQV0sdjh 7 ri 7