M2S1 : ASSESSED COURSEWORK 3 : SOLUTIONS

1. (a) We have U ~ Uniform(0,1) and
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(b) The joint pdf has support X?) = R x Rt

1/2 2

1 T

Prax (@) = Frval) fr) = (3 ) o] =5} ven (=)
(i) To compute the mgf, use the Law of Iterated Expectation

EfX2 [etXQ] = FEy, [EfX2|Y [etXQ\Y = y]} .

Now
X yt?
EfX2|Y [e Y = y] = exp 9

as Xo|Y =y ~ Normal (0,y), using the mgf of a Normal random variable from the formula sheet, with
p=0and 62 =y. Thus

Yt? t?
Efx, 2] = By, [GXP{TH = My <5> = Ltg

Ty

as Y ~ Exponential (), using the mgf for am Exponential from the formula sheet. Hence

¥ 1
Mx,(t) = — 5 = — (2)
Ty - >
/4 MARKS]
(ii) Comparing (1) and (2), and setting A\* = 27, we can deduce that
V2
fx,(x) = 27exp{—\/2fy|a:|} reR
by the uniqueness of mgfs.
[4 MARKS]

(iii) Using properties of mgfs

T dT
By, [X3] = 2 {Mx, (0} g
We have
d 4yt
7 UM ()} { T }t_o 0 .~ Ep, [X]=0
&2 4y (29 — £2)% + 16422 167 1 o 1
di2 { X2( )}t:() { (2’)/ . t2)4 o 16’)/4 v Ixqy [ 2] v

so therefore )

2
V(ITfXQ {XQ} = Efx2 [XQQ] - {E.fXQ {XQ}} - ;

2 MARKS]
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2. (a)(i) Xi,Xo,...Xp ~ Poisson(\) . From the formula sheet we have the mgf of each X; equal to
exp {/\ (et — 1)}

n
and hence, if T,, = > Xj, by the key mgf result
i=1

My, () = H]V[Xi (t) = Hexp A -1)} =exp{nA(e' —1)}

and thus, by uniqueness of mgfs
T,, ~ Poisson(n\)

[2 MARKS]
(ii) Standardized variable
7 T, — nA
" vnA
and by the Central Limit Theorem, we have
Zn % Z ~ N(0,1)
and hence, by location/scale transformation of Z,, for large n
T, ~ N(n\,n\)
so that T \ \ \
n—Tn t—n t—n
Fr(t)y=P[T,,<t]=P < ~®
7. () [ ] vVnA vVnA } < vVnA )
[4 MARKS]

(b)(i) We have, from the definitions given, that for ¢ = 0,1
X, ~ Binomial (n;,0;)
and consequently
X=Xy
j=1
where X;; ~ Bernoulli (0;), independently, for j = 1,2, ...,n; so that, from the formula sheet
Ein [Xz] = 92 VanXi [Xz] = 92 (1 — (91) .
Now, i = 0,1,
nzez (1 — (92)

is a standardized variable, and hence by the Central Limit Theorem we have

i

Z; % Z ~ N(0,1)

as n; — 00.

[4 MARKS]
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and hence

so that, by the Central Limit Theorem

(ii) If Z ~ N(0,1), then

My(t) = exp {g}

so that the mgf of Z; — Zy (in the limit as ng — co and n; — 00) is

My, (t) x My, (—t) exp{tj} X exp{(_;)z} :eXP{Q_f} - eXP{@}

by a key mgf result, and the result for linear transformations of Normal random variables. Hence

71— Zo~ N <0, <\/§>2> = N(0,2)

[2 MARKS]
(iii) Can quote result from lecture notes, but from first principles, if Z ~ N(0,1) and V = Z? then for
v >0

and so, by differentiation

Fy(v) =PV <v]=P[X?<v] =P [-/v < X <] = Fx(\v) = Fx(—/v) = ®(v/v) — (=)

L 1 1\ 1 2 (%)1/2 1/2-1 v
o) =572 [0 +o (VD)) = 0= (57) exn -5 (V)] - Womtop (-2} oo
so from the formula sheet
1
V ~ Gamma <%, %) = X% My (t) = 2

Hence, for large ng and n; Qo ~ x? and Q1 ~ X7 and thus using mgfs

1 2
Mq(t) = Mg, (t)Mg, (t) = (1 2 t) X < t) = < t)
1
so that, from the formula sheet

1
2
, 1
FExponential <§>

[4 MARKS]
(iv) If Og = 01 = 0 say, then from the formula sheet

| N|—
| D=

DO

Q ~ Gamma <2 L

1
5 5) = Gamma (l, 5) = X%

My (y) = Mx,(t)Mx, (t) = (1 =0+ 60e))™ x (1 =0 +60e)"™ = (1 -6 +0et)™ ™
Y ~ Binomial (ng +n1,0)
Y ~ Normal ((ng +n1) 6, (ng+n1)0 (1 —10))

[4 MARKS]
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