¨ 25� GΣ 55, 55, # ß ȷ N+ 5, ‘ ȷ + k 2 G5ȷ wNAWȷ Π 5

+d, Mrlqwghqvlw— i_{f ct} +ı>ȷ , @f_� +ı . 5ȷ , h–s ⟩∗ +ı . ȷ ,| ı>ȷ A 3

+l, Wr frp sxwh f_�= qhhg wr lqwhjudwh i_{f ct} ryhuU^n ⋄ U^n ⊎_↑ f ⊎_↑ f i_{f ct} +ı>ȷ , gıgȷ @ f_� ⊎_↑ f ⊎_↑ f +ı . 5ȷ , h^{∋ Eϱn ⇁ø}gıgȷ @f_� ⊎_↑ f ⟩ ⊎_↑ f +ı . 5ȷ , h^{∋ Eϱn ⇁ø}gı / h^{∋ ⇁}gȷ

@ f_� ⊎_↑ f ⟩ ⌋ ∗ +ı . 5ȷ , h^{∋ ϱ} ⌈_↑ f . ⊎_↑ f h^{∋ ϱ}gı / h^{∋ ⇁}gȷ

@ f_� ⊎_↑ f ⟩ 5ȷ . ⌋ h^{∋ ϱ} ⌈_↑ f | h^{∋ ⇁}gȷ

@ f_� ⊎_↑ f +5ȷ . 4, h^{∋ ⇁}gȷ

@ f_� ⟩ ⌋ ∗ +5ȷ . 4, h^{∋ ⇁} ⌈_↑ f . ⊎_↑ f h^{∋ ⇁}gȷ /

@ f_� ⟩5. 4| @6f_�

dqg wkhuhiruh f_� @4∂61 ^5 P DUNV‘

+ll, I ruı A 3

i_f +ı, @ f_� ⊎_↑ f i_{f ct} +ı>ȷ ,gȷ @ 4 6 ⊎_↑ f +ı . 5ȷ , h^{∋ Eϱn ⇁ø}gȷ

@ 4 6 h^{∋ ϱ} ⊎_↑ f +ı . 5ȷ , h^{∋ ⇁}gȷ

@ 4 6 h^{∋ ϱ} ⟩ ⌋ ∗ +ı . 5ȷ , h^{∋ ⇁} ⌈_↑ f . ⊎_↑ f 5h^{∋ ⇁}gȷ / @ 4 6 h^{∋ ϱ}⟩ı . 5| dqg khqfh i_f +ı, @

+ı . 5,h^{∋ ϱ} 6 ı A 3 ^5 P DUNV‘ Vlp loduo— / iruȷ A 3

i_t +ȷ , @ f_� ⊎_↑ f i_{f ct} +ı>ȷ ,gı @ 4 6 ⊎_↑ f +ı . 5ȷ , h^{∋ Eϱn ⇁ø}gı

@ h^{∋ ⇁} 6 ⟩ ⌋ ∗ +ı . 5ȷ , h^{∋ ϱ} ⌈_↑ f . ⊎_↑ f h^{∋ ϱ}gı / @ 4 6 h^{∋ ⇁} ⟩ 5ȷ . 4| dqg khqfh i_t +ȷ , @

+5ȷ . 4,h^{∋ ⇁} 6 ȷ A 3 ^5 P DUNV‘

P 5V4 DVVHVVHG FRXUVHZ RUN 5 0VROXWLRQV0sdjh 4 ri 7

+ly, S ^♮ A ♭ ‘ @ ⊎ ⊎ Φ i^{f ct} +ı>ȷ ,gıgȷ D ≤ ⟩ +ı>ȷ , =3 ⋆ ı ⋆ ȷ ⋆ △ | vr wkhuhiruh S ^♮ A ♭ ‘ @ ⊎^↑ f ⊎^⇁ f i^{f ct} +ı>ȷ ,gıgȷ

@ ⊎^↑ f ⟩ ⊎^⇁ f 4 6 +ı . 5ȷ , h_{∋ Eϱn ⇁ø}gı / gȷ

@ 4 6 ⊎^↑ f ⟩ ⌋ ∗ +ı . 5ȷ ,h_{∋ ϱ} ⌈^⇁ f . ⊎^⇁ f h_{∋ ϱ} / h_{∋ ⇁}gȷ

@ 4 6 ⊎^↑ f ⟩ 5ȷ ∗ 6ȷ h_{∋ ⇁} . ] 4∗ h_{∋ ⇁} ⌊| h_{∋ ⇁}gȷ

@ 4 6 ⊎^↑ f ⟩ +5ȷ . 4,h_{∋ ⇁} ∗ +6ȷ . 4,h_{∋ 2⇁} | gȷ

@ 4 6 ⊎^↑ f ⟩ +5ȷ . 4,h_{∋ ⇁} | gȷ ∗ ⊎^↑ f ⟩ +6ȷ . 4,h_{∋ 2⇁} | gȷ

@ 4 6 ⟩ ⌋ ∗ +5ȷ . 4,h_{∋ ⇁} ⌈^↑ f . ⊎^↑ f 5h_{∋ ⇁}gȷ / ∗ 4 6 ⟩ ⌋ ∗ 4 5 +6ȷ . 4,h_{∋ 2⇁} ⌈^↑ f . ⊎^↑ f 6 5 h_{∋ 2⇁}gȷ /

@ 4 6 ⟩4. 6| ∗ 4 6 ⟩ 4 5 . 6 7 /

@ 4∗ 4 6 ⋄ 8 7 @ : 45 ^5 P DUNV‘

+e,Mrlqwghqvlw— i^{f ct c⃗} +ı>ȷ >℘, @f^2ıȷ ℘ 3 ⋆ ı>ȷ >℘ ⋆ 4 +l, Wr frp sxwh f^2= qhhg wr lqwhjudwh i^{f ct c⃗} ryhu+3>4, ⋄ +3>4, ⋄ +3>4,

⊎^� f ⊎^� f ⊎^� f i^{f ct c⃗} +ı>ȷ >℘, gıgȷ g℘ @ f^2 ⊎^� f ⊎^� f ⊎^� f ıȷ ℘ gıgȷ g℘

@ f^2

⟩ ⊎^� f ıgı / ⋄ ⟩ ⊎^� f ȷ gȷ / ⋄ ⟩ ⊎^� f ℘g℘ / lqwhj udoidfwrul˝hv

@ f^2 ⟩ ⌋ ı_2 5 ⌈^� f / ⋄ ⟩ ⌋ ȷ_2 5 ⌈^� f / ⋄ ⟩ ⌋ ℘_2 5 ⌈^� f /

@ f^2 4 5 ⋄ 4 5 ⋄ 4 5 dqg wkhuhiruh f^2 @;1

P 5V4 DVVHVVHG FRXUVHZ RUN 5 0VROXWLRQV0sdjh 5 ri 7

Qrwh wkdwz h fdq ghgxfh i_{f ct c⃗} +ı>ȷ >℘, @i_f +ı,i_t +ȷ ,i_⃗ +℘, z khuh

i_f +ı, @ 5ı 3 ⋆ ı ⋆ 4

i_t +ȷ , @ 5ȷ 3 ⋆ ȷ ⋆ 4

i_⃗ +℘, @ 5℘ 3 ⋆ ℘ ⋆ 4

dqg khqfh ♭ >♮ >dqg ♯ duh lqghs hqghqw/ dqg lghqwlfdoo— glvwulexwhg1

+ll, S ^♭ A ♮ ‘@ ⊎ ⊎ ⊎ Φ i_{f ct c⃗} +ı>ȷ >℘,gıgȷ g℘ D ≤ ⟩ +ı>ȷ >℘, =3 ⋆ ı>ȷ >℘ ⋆ 4>ı A ȷ |

vr wkhuhiruh S ^♭ A ♮ ‘ @ ⊎_� f ⟩ ⊎_� f ⟩ ⊎_ϱ f i_{f ct c⃗} +ı>ȷ >℘, gȷ / gı / g℘ @ ⊎_� f ⟩ ⊎_� f ⟩ ⊎_ϱ f ; ıȷ ℘gȷ / gı / g℘

@ ; ⊎_� f ⟩ ⊎_� f ⟩ ⊎_ϱ f ȷ gȷ / ıgı / ℘g℘

@ ; ⊎_� f ⟩ ⊎_� f ı^2 5 ıgı / ℘g℘ @; ⊎_� f ⟩ ⊎_� f ı^fi 5 gı / ℘g℘ @; ⊎_� f 4 ; ℘g℘ @ 4 5 ^6 P DUNV‘

+lll, E— v— p p hwu— ri wkh irup ri wkh mrlqwghqvlw— / z h fdq lp p hgldwho— vwdwh wkdw S ^♮ A ♯ ‘ @ 4 5 exwiurp ffluvwsulqflsohv/ S ^♮ A ♯ ‘@ ⊎ ⊎ ⊎ Φ i_{f ct c⃗} +ı>ȷ >℘,gıgȷ g℘ D ≤ ⟩ +ı>ȷ >℘, =3 ⋆ ı>ȷ >℘ ⋆ 4>ȷ A ℘| vr S ^♮ A ♯ ‘ @ ⊎_� f ⟩ ⊎_� f ⟩ ⊎_ϱ f i_{f ct c⃗} +ı>ȷ >℘, g℘ / gȷ / gı @ ⊎_� f ⟩ ⊎_� f ⟩ ⊎_⇁ f ; ıȷ ℘g℘ / gȷ / gı

@ ; ⊎_� f ⟩ ⊎_� f ⟩ ⊎_⇁ f ℘g℘ / ȷ gȷ / ıgı

@ ; ⊎_� f ⟩ ⊎_� f ȷ^2 5 ȷ gȷ / ıgı @; ⊎_� f ⟩ ⊎_� f ȷ^fi 5 gȷ / ıgı @; ⊎_� f 4 ; ıgı @ 4 5 ^4 P DUN‘

P 5V4 DVVHVVHG FRXUVHZ RUN 5 0VROXWLRQV0sdjh 6 ri 7

+f,Mrlqwghqvlw— i^{f ct} +ı>ȷ , @f^fi h–s ⟩ ∗ 5ı ∗ ȷ | 3 ⋆ ı ⋆ ȷ ⋆ △ +l,I ruı A 3 i^f +ı, @ f^fi ⊎^↑ f i^{f ct} +ı>ȷ , gȷ @f^fi ⊎^↑ ϱ h_{∋ E2ϱn ⇁ø}gȷ

@ f^fih_{∋ 2ϱ} ⊎^↑ ϱ h_{∋ ⇁}gȷ @f^fih_{∋ 2ϱ} ⌋ ∗ h_{∋ ϱ} ⌈^↑ ϱ @f^fih_{∋ fiϱ}

Exw ⊎^↑ f f^fih_{∋ fiϱ}gı @f^fi ⌋ ∗ h_{∋ fiϱ} 6 ⌈^↑ f @ f^fi 6 ≜ f^fi @6 dqg khqfh i^f +ı, @6h_{∋ fiϱ} ı A 3 vr wkdw♭ ⊃ Hısrqhqwldo+6,1 ^5 P DUNV‘

Vlp loduo— iruȷ A 3 i^t +ȷ , @ f^fi ⊎^↑ f i^{f ct} +ı>ȷ , gı @f^fi ⊎^⇁ f h_{∋ E2ϱn ⇁ø}gı

@ f^fih_{∋ ⇁} ⊎^⇁ f h_{∋ 2ϱ}gı

@ f^fih_{∋ ⇁} ⌋ ∗ h_{∋ 2ϱ} 5 ⌈^⇁ f @ f^fi 5 h_{∋ ⇁} ] 4∗ h_{∋ 2⇁} ⌊ dqg khqfh i^t +ȷ , @ 6 5 h_{∋ ⇁} ] 4∗ h_{∋ 2⇁} ⌊ ȷ A 3 ^5 P DUNV‘

+ll, ♭ dqg ♮ duh qr wlqghs hqghqw

^4 P DUN‘

Wklv fdq eh ghgxfhg lq p dq— z d— v¿ iru h–dp soh/ li z h wdnh d sduwlfxodu srlqw+ı>ȷ , ▽ U_2 vxfk wkdw ı A ȷ 1 Dwwklv srlqw/ i^{f ct} +ı>ȷ , @3/ exwi^f +ı, A 3 dqg i^t +ȷ , A 3 vr i^{f ct} +ı>ȷ , ∃@i^f +ı,i^t +ȷ ,

^4 P DUN‘

P 5V4 DVVHVVHG FRXUVHZ RUN 5 0VROXWLRQV0sdjh 7 ri 7