¨ 25� GΣ 55, 55, # ß ȷ N+ 5, ‘ ȷ + k � G5ȷ wNAWȷ Π 5 +d, Z h kdyh/ iruı @4>5>6>///¡ i_f +ı, @n_� orj_{�f} ] 4. 4 ı ⌊

P xvwfkhfn

3 ⪰ i_f +ı, ⪰ 4 b⋃ ϱ’ �

i_f +ı, @4

Qrz / surylghg n_� A 3>

i_f +4, @n_� orj_{�f} ] 4. 4 4 ⌊ @n_� orj_{�f} 5 A 3 i_f +¡, @n_� orj_{�f} ] 4. 4 ¡ ⌊ A 3 dqg i_f +ı, lvghfuhdvlqj lq ı1 Dovr

orj_{�f} ] 4. 4 ı ⌊ @orj_{�f} +4. ı, ∗ orj_{�f} +ı,

@⇔ b⋃ ϱ’ �

orj_{�f} ] 4. 4 ı ⌊ @ b⋃ ϱ’ �

ôrj_{�f} +4. ı, ∗ orj_{�f} +ı,‘

@ôrj_{�f} +4. ¡, ∗ orj_{�f} +4,‘ dvwkh vxp whohvfrshv @4 dqg khqfh n_� @4 dqg +l, dqg +ll, krog1 ^7 P DUNV‘

+e, +l, Z h kdyh iurp wkh orjdulwkp lf vxp j lyhq ↑⋃ ς’ � ℘^ς n @∗ orj +4∗ ℘, @⇔ ↑⋃ ⇁’ � λ^⇁ ȷ 6^⇁ @∗ orj ] 4∗ λ 6 ⌊ ≜ n_2 @∗ 4 orj ] 4∗ λ 6 ⌊

^5 P DUNV‘ +ll, Z h kdyh

J_t +w, @ ↑⋃ ⇁’ �

w^⇁i_t +ȷ , @ ↑⋃ ⇁’ � w^⇁ ∗ 4 orj ] 4∗ λ 6 ⌊ λ^⇁ ȷ 6^⇁

@ ∗ 4 orj ] 4∗ λ 6 ⌊ ↑⋃ ⇁’ � 4 ȷ ] λw 6 ⌊_⇁

@ ∗ 4 orj ] 4∗ λ 6 ⌊ ⌋ ∗ orj ] 4∗ λw 6 ⌊ ⌈ @ orj ] 4∗ λw 6 ⌊

orj ] 4∗ λ 6 ⌊

^7 P DUNV‘

P 5V4DVVHVVHG FRXUVHZ RUN 4=sdjh 4 ri 5

+f,+l, Frqglwlrqdorq Q @q

H^ϱ@ ⋆⋁ ζ’ � H^{ζϱ}@⇔ S+H^ϱ⇕Q @q, @ ⋆⋂ ζ’ � S+H^{ζϱ}, @ ⋆⋂ ζ’ � h_{∋ bϱ}@h_{∋ ⋆bϱ} dv wkh hyhqwvH^{�ϱ}>///>H^{⋆ϱ} duh lqghshqghqw+dqg wkxvfrqglwlrqdoo— lqghshqghqwjlyhq Q @q,

^5 P DUNV‘

+ll, E— wkh Wkhruhp ri WrwdoSuredelolw— rq wkh vxjj hvwhg sduwlwlrq/

S+H^ϱ, @ ↑⋃ ⋆’ f S+H^ϱ⇕Q @q,S+Q @q,

@ ↑⋃ ⋆’ f h_{∋ ⋆bϱ} π_⋆ h_{∋ >} q$ @h_{∋ >} ↑⋃ ⋆’ f ] πh_{∋ bϱ} ⌊^⋆ q$ @h_{∋ >} h–s ⟩ πh_{∋ bϱ} | dvwkh vxp lvri dq h–srqhqwldow— sh

@h–s ⟩ ∗ π ] 4∗ h_{∋ bϱ} ⌊| 1 ^9 P DUNV‘

+lll, Dvı ↔ △ / h_{∋ bϱ}↔ 3 vr S+H^ϱ, ↔ h–s ⟩∗ π| @λ A 3/ Wkxvwkhuh lvd srvlwlyh suredelolw— λ wkdwwkh ruj dqlvp grhvqrwvxffrp e¿wklvlvgxh wr wkh idfwwkdw

S+Q @3, @h_{∋ >} @λ A 3/

^5 P DUNV‘

P 5V4 DVVHVVHG FRXUVHZ RUN 4 =VROXWLRQV=sdjh 4 ri 5

¨ 25� G5N¸ ¸ w, ¨ , Π AΣ +v ” N, 5AWȷ Π 5 � G5ȷ wNAWȷ Π 5

41Qhhg ↑⋃ ϱ’ �

i_ϱ+ı, @41Khqfh

+d, f^{∋ �} @ ↑⋃ ϱ’ � 4 5^ϱ

@4 +e, f^{∋ �} @ ↑⋃ ϱ’ � 4 ı5^ϱ @orj 5

+f, f^{∋ �} @ ↑⋃ ϱ’ � 4 ı^2 @ τ^2 9 +g, f^{∋ �} @ ↑⋃ ϱ’ �

5^ϱ ı$ @h^2 ∗ 4

+d, lvjlyhq e— wkh vxp ri d jhrp hwulf surjuhvvlrq¿+e, xvhvwkh idfwwkdw 4 4∗ w @4. w. w^2 . ///@ ↑⋃ ϱ’ f

w^ϱ@⇔ ∗ orj +4∗ w, @w.

w^2 5 . w^fi 6 . ///@ ↑⋃ ϱ’ � w^ϱ ı e— lqwhj udwlqj erwk vlghvz lwk uhvshfwwr w1Khqfh iruw@4∂5/ z h kdyh

orj 5 @∗ orj +4∗ 4∂5, @ ↑⋃ ϱ’ � 4 ı5^ϱ / +f, lvd z hoo0nqrz q p dwkhp dwlfdouhvxow111¿+g, xvhvwkh srz huvhulhvh–sdqvlrq ri h^ȷ / hydoxdwhg dww@5/ wkdwlv h^ȷ @ ↑⋃ ϱ’ f w^ϱ ı$ @⇔ h^2 @ ↑⋃ ϱ’ f

5^ϱ ı$ @4. ↑⋃ ϱ’ �

5^ϱ ı$ Fohduo— S^♭ A 4 ‘@4∗ S^♭ @4 ‘/ vr

+d, S^♭ A 4 ‘@ 4 5 +e, S^♭ A 4 ‘ @4∗ 4 5orj 5

+f, S^♭ A 4 ‘@4∗ 9 τ^2

+g, S^♭ A 4 ‘ @ h^2 ∗ 6 h^2 ∗ 4

S^♭ lvhyhq ‘ @ ↑⋃ ϱ’ �

S^♭ @5l ‘/ vr

+d, S^♭ lvhyhq ‘@ 4 6 +e, S^♭ lvhyhq ‘ @4∗ orj 6 orj 7

+f, S^♭ lvhyhq ‘@ 4 7 +g, S^♭ lvhyhq ‘ @ 4∗ h^{∋ 2} 5 +d, lvvwloowkh vxp ri d j hrp hwulf surj uhvvlrq

+e, iroorz viurp wkh suhylrxvuhvxow

+f, iroorz viurp wkh suhylrxvuhvxowwdnlqj rxwd idfwruri 4∂7

+g, xvhvwkh vxp ri wkh wz r srz huvhulhvri h^ȷ dqg h^{∋ ȷ} / wr nqrfn rxwwkh rgg whup v/ hydoxdwhg dww@51

P 5V4 VXSSOHP HQWDU“ TXHVWLRQV4=VROXWLRQV=sdjh 4 ri 9

51 Ohw♯ dqg ♭ eh wkh qxp ehuv ri Khdgv rewdlqhg rq wkh ffluvwdqg vhfrqg wrvvhv uhvshfwlyho— 1 Wkhq wkh udqj hvri ♯ dqg ♭ duh erwk ⟩ 3>4>5>///>q| 1Qrz i^f +ı, @S^♭ @ı ‘@ ⋆⋃ 5’ �

S^♭ @ı ⇕♯ @℘ ‘ S^♯ @℘ ‘ @ ⋆⋃ 5’ ϱ ] ℘ ı ⌊ ] 4 5 ⌊^5 ] q ℘ ⌊ ] 4 5 ⌊^⋆ xvlqj wkh Wkhruhp ri Wrwdosuredelolw— 1Khqfh i^f +ı, @ ] 4 5 ⌊^{⋆ ⋆}⋃ 5’ ϱ ℘$ ı$+℘ ∗ ı,$ q$ ℘$+q ∗ ℘,$ ] 4 5 ⌊^5 @ ] 4 5 ⌊^⋆ ] q ı ⌊^⋆⋃ 5’ ϱ ] q ∗ ı q ∗ ℘ ⌊ ] 4 5 ⌊^5

Exw^⋆ ⋃ 5’ ϱ ] q ∗ ı q ∗ ℘ ⌊ ] 4 5 ⌊^5 @ 6⋃ ȷ’ f ] p p ∗ w ⌊ ] 4 5 ⌊^{ȷn ϱ} @ ] 4 5 ⌊^ϱ] 4. 4 5 ⌊^6 z khuh w@℘ ∗ ı/ dqg p @q ∗ ı/ xvlqj wkh Elqrp ldoH–sdqvlrq1Khqfh i^f +ı, @ ] q ı ⌊ ] 4 5 ⌊^⋆ ] 4 5 ⌊^ϱ] 4. 4 5 ⌊^{⋆∋ ϱ} @ ] q ı ⌊ 6_{⋆∋ ϱ} 5_{2⋆} ı @3>4>5>///>q/ Dowhuqdwho— / dv doowrvvhv duh lqghshqghqw/ frqvlghu wrvvlqj dooq frlqv wz lfh/ dqg frxqwlqj wkh qxp ehu wkdwvkrz khdgv wz lfh¿wklv lv lghqwlfdowr hydoxdwlqj ♭ 1 Wkhq dv hdfk frlq vkrz v khdgv wz lfh z lwk suredelolw— ] 4 5 ⌊^2 / i^f +ı, @ ] q ı ⌊ ⟩ ] 4 5 ⌊^2/ ϱ⟩ 4∗ ] 4 5 ⌊^2/ ⋆∋ ϱ @ ] q ı ⌊ 6_{⋆∋ ϱ} 5_{2⋆} dv ehiruh1

61Hdfk ri wkh q+q . 4,∂5 srlqwvkdvht xdosuredelolw— s @5∂+q+q . 4,, ri ehlqj vhohfwhg1Lq froxp q ı ri wkh wuldqj xoduduud— ri srlqwv/ wkhuh duh ı srlqwvlq wrwdo¿lq urz ȷ / wkhuh duh +q . 4∗ ȷ , srlqwv +iru ı>ȷ @4>5>///>q, dqg wkhuhiruh i^f +ı, @ S^♭ @ı ‘ @ ıs @ 5ı q+q . 4, ı @4>5>///>q i^t +ȷ , @ S^♮ @ȷ ‘ @ +q . 4∗ ȷ ,s @ 5+q . 4∗ ȷ , q+q . 4, ȷ @4>5>///>q

71Fdq fdofxodwh I^f e— lqwhj udwlrq

I^f +ı, @ ⊎^ϱ ∋ ↑ i^f +w, gw@ ⊎^ϱ f fw_2+4∗ w, gw@f ⌋ ı_fi 6 ∗ ı_e 7 ⌈ 3 ⋆ ı ⋆ 4 dqg I^f +4, @4 jlyhv f @451 I lqdoo— / S^♭ A 4∂5 ‘ @4 ∗ S^♭ ⪰ 4∂5‘ @4 ∗ I^f +4∂5, @4 ∗ 45^4∂57 ∗

4∂97‘@44∂491

81Ydolg sgi li +l, lwlvd qrq0qhj dwlyh ixqfwlrq +wkdwlv/ li n A 3,/ dqg +ll, lqwhjudwhvwr 4 ryhuwkh udqj h ı A 4/ wkdwlv ⊎^↑ � i^f +ı, gı @ ⊎^↑ � n ı_{ςn �} gı @ ⌋ ∗ 4 ı_ς ⌈^↑ � @4 li n A 3 vr i^f lvd sgi li n A 3/ dqg I^f +ı, @4∗ 4 ı_ς iruı A 41

P 5V4 VXSSOHP HQWDU“ TXHVWLRQV4=VROXWLRQV=sdjh 5 ri 9

91Vnhwfk ri i_f ¿

I_f +ı, @ ⊎_ϱ ∋ ↑ i_ϱ+w, gw@

⊎_ϱ f wgw @ ı^2 5 3 ⋆ ı ⋆ 4 ⊎_� f wgw. ⊎_ϱ � +5∗ w, gw @5ı ∗ ı^2 5 ∗ 4 4 ⪰ ı ⋆ 5

Qrwh wkdwI_f lvfrqwlqxrxv/ dqg I_f +3, @3/ I_f +5, @41

:1I_f +4, @4 @⇔ 4 δ ∗ ϵ / dqg

i_f +ı, @ g gw ⟩I_f +w,|_{ȷ’ ϱ}@ δϵ δ ∗ ϵ ) ı^{q∋ �} ∗ ı^{k∋ �} [ 3 ⪰ ı ⪰ 4 dqg ˝hur rwkhuz lvh/ dqg khqfh

H_{sf} ^♭^o ‘ @ ⊎_↑ ∋ ↑ ı^oi_f +ı, gı @

⊎_� f δϵ δ ∗ ϵ ) ı^{q∋ �} ∗ ı^{k∋ �} [ gı

@ δϵ δ ∗ ϵ ⌋ ı^{qn o} ϵ . u ∗ ı^{kn o} δ . u ⌈_� f @ δϵ +δ . u,+ϵ . u,

P 5V4 VXSSOHP HQWDU“ TXHVWLRQV4=VROXWLRQV=sdjh 6 ri 9

;1E— glffihuhqwldwlrq/ i^f +ı, @ g gw ⟩I^f +w,|^{ȷ’ ϱ}@ 5ϵ+ϵ_2 ∗ ı_2,

+ϵ_2 . ı_2,_2 3 ⪰ ı ⪰ ϵ dqg ˝hur rwkhuz lvh/ dqg khqfh

H^{sf} ^♭ ‘ @ ⊎^↑ ∋ ↑ ıi^f +ı, gı @ ⊎^q f ı 5ϵ+ϵ_2 ∗ ı_2,

+ϵ_2 . ı_2,_2 gı

@ ⊎^{Z⇀e} f 5ϵ_2 wdq_2 λ

ϵ_2+4∗ wdq_2 λ, ϵ_e+4. wdq_2 λ,_2 ϵ vhf_2 λ gλ +ı @ϵ wdqλ,

@5ϵ ⊎^{Z⇀e} f wdqλ

+4∗ wdq_2 λ,

+4. wdq_2 λ, gλ

@5ϵ ⊎^{Z⇀e} f wdqλfrv5λ gλ

@5ϵ ⌋ 4 5 wdqλvlq5λ ⌈^{Z⇀e} f ∗ ϵ ⊎^{Z⇀e} f vhf_2 λvlq5λ gλ +e— sduwv,

@5ϵ ⌋ 4 5 ∗ ⊎^{Z⇀e} f wdqλ gλ ⌈

@5ϵ ⌋ 4 5 ∗ ^∗ orj +frvλ,‘_{Z⇀e}^f ⌈

@5ϵ ⌋ 4 5 . orj +frvτ∂7, ⌈ @ϵ+4∗ orj 5, dv frvτ∂7 @4∂ ∫ 51

P 5V4 VXSSOHP HQWDU“ TXHVWLRQV4=VROXWLRQV=sdjh 7 ri 9

:

¡1Xvlqj wkh irup xod jlyhq lq wkh t xhvwlrq irui_7

i_7 +v, @ r⋃ ϱ’ f

i_f +ı,i_t +v∗ ı,

z h kdyh iruwkh sji

J_7 +w, @ ↑⋃ r’ f

w^ri_7 +v, @ ↑⋃ r’ f w^r ⟩_r ⋃ ϱ’ f

i_f +ı,i_t +v∗ ı, / @ ↑⋃ r’ f r⋃ ϱ’ f

w^r i_f +ı,i_t +v∗ ı,

@ ↑⋃ ϱ’ f ↑⋃ r’ ϱ w^r i_f +ı,i_t +v∗ ı,

@ ↑⋃ ϱ’ f ↑⋃ ⇁’ f

w^{ϱn ⇁}i_f +ı,i_t +ȷ , +vhwwlqj ȷ @v∗ ı,

@ ⟩_↑ ⋃ ϱ’ f

w^ϱi_f +ı, / ↑⋃ ⇁’ f

w^⇁i_t +ȷ ,

@J_f +w,J_t +w,

431+l, I ruwkh sp i j lyhq +z klfk lvElqrp ldoz lwk sdudp hwhuvq dqg λ,

J_{7ζ}+w, @ ↑⋃ ϱ’ f

w^ϱi_{7ζ}+ı, @ ⋆⋃ ϱ’ f w^ϱ ] q ı ⌊ λ^ϱ+4∗ λ,^{⋆∋ ϱ}@ ⋆⋃ ϱ’ f ] q ı ⌊ +λw,^ϱ+4∗ λ,^{⋆∋ ϱ}

@+4∗ λ. λw,^⋆ e— wkh elqrp ldowkhruhp 1

+ll, J lyhq wkdwU @u/ z h vhhn wkh sp i ri wkh vxp V@ o⋃ ζ’ � V_ζ z klfk z h fdq frp sxwh xvlqj wkh d nh— sji uhvxowiurp ohfwxuhv z klfk lv wkh h–whqvlrq ri wkh uhvxowlq +l,/ qdp ho— wkdwdvwkh V_ζ yduldeohv duh lqghshqghqwz h kdyh iruwkh frqglwlrqdosji

J_7 +w, @ o⋂ ζ’ � J_{7ζ}+w, vr wkdwiurp +l,/

J_7 +w, @ o⋂ ζ’ � +4∗ λ. λw,^⋆ @+4∗ λ. λw,^{⋆o} z klfk lv d sji ri d irup lghqwlfdowr wkdwlq +ll, exwz lwk d glffihuhqwsrz hu1 Khqfh wklv lv wkh sji fruhvsrqglqj wr wkh sp i ] qu ı ⌊ λ^ϱ+4∗ λ,^{⋆o∋ ϱ} ı ▽ ⟩3>4>///>qu| P 5V4 VXSSOHP HQWDU“ TXHVWLRQV=VROXWLRQV=sdjh 8 ri 9

;

Khqfh li wkh frqglwlrqdosp i j lyhq U @u lvghqrwhg i^{7�} +v⇕u, wkhq i^{7�} +v⇕u, @S V̂@v⇕U @u‘ @ ] qu v ⌊ λ_r +4∗ λ,_{⋆o∋ r} v ▽ ⟩ 3>4>///>qu|

+lll, I lqdoo— / wkh xqfrqglwlrqdo sp i ri V/ i^7 +v,/ lv rewdlqhg iurp +ll, xvlqj wkh Wkhruhp ri Wrwdo

Suredelolw— / dv i^7 +v, @S V̂@v‘ @ ↑⋃ o’ f S V̂@v⇕U @u‘S Û @u‘

@ ↑⋃ o’ f ] qu v ⌊ λ_r +4∗ λ,_{⋆o∋ r} h_{∋ b}ξ_o u$ v @3>4>5>/// z klfk lv dq h–suhvvlrq wkdwfdqqrweh vlp solfflhg xvhixoo— 1 Krz hyhu/ li z h wu— wr frp sxwh wkh +xqfrq0 glwlrqdo, sj i ri V wkhq

J^7 +w, @ ↑⋃ r’ f

w_ri^7 +v, @ ↑⋃ r’ f w_r ⟩^↑ ⋃ o’ f S V̂@v⇕U @u‘S Û @u‘ /

@ ↑⋃ r’ f ↑⋃ o’ f w_r S V̂@v⇕U @u‘S Û @u‘

@ ↑⋃ o’ f ⟩^{⋆o} ⋃ r’ f w_r S V̂@v⇕U @u‘ / S Û @u‘ h–fkdqjlqj rughuri vxp p dwlrq/ qrwlqj S V̂@v⇕U @u‘@3 li v A qu

@ ↑⋃ o’ f ⟩^{⋆o} ⋃ r’ f w_r ] qu v ⌊ λ_r +4∗ λ,_{⋆o∋ r} / S Û @u‘

@ ↑⋃ o’ f

⟩+4∗ λ. λw,_{⋆o}| S Û @u‘ iurp +ll,

@ ↑⋃ o’ f +4∗ λ. λw,_{⋆o} h_{∋ b}ξ_o u$ @h_{∋ b} ↑⋃ o’ f

+ξ +4∗ λ. λw,_⋆ ,_o u$ @h_{∋ b} h–s ⟩ξ +4∗ λ. λw,_⋆ | dvwkh vxp lvwkdwri dq h–srqhqwldow— sh1

@h–s ⟩ ∗ ξ+4∗ +4∗ λ. λw,_⋆ |

P 5V4 DVVHVVHG FRXUVHZ RUN 4=VROXWLRQV=sdjh 9 ri 9