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�25� G �55,55,# ��N+5,`�+k � G 5�wNAW��5
+d, Zh kdyh/ iru { @ 4> 5> 6> ===<

i � +{, @ n � orj ���
�

4 . 4
{
�

Pxvw fkhfn
3 � i � +{, � 4

�
[

��� �
i � +{, @ 4

Qrz/ surylghg n � A 3>
i � +4, @ n � orj ���

�

4 . 4
4
�

@ n � orj ��� 5 A 3 i � +<, @ n � orj ���
�

4 . 4
<
�

A 3
dqg i � +{, lv ghfuhdvlqj lq {1 Dovr

orj ���
�

4 . 4
{
�

@ orj ��� +4 . {,� orj ��� +{,

@,
�

[

��� �
orj ���

�

4 . 4
{
�

@
�

[

��� �
^orj ��� +4 . {,� orj ��� +{,`

@ ^orj ��� +4 . <,� orj ��� +4,` dv wkh vxp whohvfrshv
@ 4

dqg khqfh n � @ 4 dqg +l, dqg +ll, krog1
^7 PDUNV`

+e, +l, Zh kdyh iurp wkh orjdulwkplf vxp jlyhq
	
[


 � �

} 

n @ � orj+4� }, @,

	
[

��� �

� �
|6 � @ � orj

�

4� �
6
�

, n  @ � 4
orj

�

4� �
6
�

^5 PDUNV`
+ll, Zh kdyh

J � +w, @
	
[

��� �
w � i � +|, @

	
[

��� �
w �
;

A

A

?

A

A

=

� 4
orj

�

4� �
6
�

� �
|6 �

<

A

A

@

A

A

>

@ � 4
orj

�

4� �
6
�

5

7

	
[

��� �

4
|
��w

6
� �

6

8

@ � 4
orj

�

4� �
6
�

�� orj
�

4� �w
6
��

@
orj

�

4� �w
6
�

orj
�

4� �
6
�

^7 PDUNV`
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+f,+l, Frqglwlrqdo rq Q @ q

H � @
�
_

� � �
H � � @, S +H � mQ @ q, @

�
\

� � �
S +H � � , @

�
\

� � �
h �

� � @ h �
� � �

dv wkh hyhqwv H � � > ===> H � � duh lqghshqghqw +dqg wkxv frqglwlrqdoo| lqghshqghqw jlyhq Q @ q,
^5 PDUNV`

+ll, E| wkh Wkhruhp ri Wrwdo Suredelolw| rq wkh vxjjhvwhg sduwlwlrq/

S +H � , @
	
[

� � �
S +H � mQ @ q,S +Q @ q,

@
	
[

� � �
h �

� � � � � h �
�

q$ @ h �
�

	
[

� � �

��h �

� � � �

q$
@ h �

� h{s��h �

� � � dv wkh vxp lv ri dq h{srqhqwldo w|sh
@ h{s��� �4� h �

� � ��

1 ^9 PDUNV`
+lll, Dv { $ 4/ h �

� � $ 3 vr
S +H � , $ h{s i��j @ � A 3=

Wkxv wkhuh lv d srvlwlyh suredelolw| � wkdw wkh rujdqlvp grhv qrw vxffrpe> wklv lv gxh wr wkh idfw wkdw
S +Q @ 3, @ h �

� @ � A 3=
^5 PDUNV`
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�25� G 5N��w,�,�A�+v "N,5AW��5 � G 5�wNAW��5

41 Qhhg
	
[

� � �
i � +{, @ 41 Khqfh

+d, f �
� @

	
[

��� �

4
5 � @ 4 +e, f �

� @
	
[

��� �

4
{5 � @ orj 5

+f, f �
� @

	
[

��� �

4
{  @ � 

9 +g, f �
� @

	
[

��� �

5 �
{$ @ h  � 4

+d, lv jlyhq e| wkh vxp ri d jhrphwulf surjuhvvlrq> +e, xvhv wkh idfw wkdw
4

4� w @ 4 . w. w  . === @
	
[

� � �
w � @, � orj+4� w, @ w. w 

5 . w �

6 . === @
	
[

��� �

w �
{

e| lqwhjudwlqj erwk vlghv zlwk uhvshfw wr w1 Khqfh iru w @ 4@5/ zh kdyh

orj 5 @ � orj+4� 4@5, @
	
[

��� �

4
{5 � =

+f, lv d zhoo0nqrzq pdwkhpdwlfdo uhvxow 111> +g, xvhv wkh srzhu vhulhv h{sdqvlrq ri h � / hydoxdwhg dw w @ 5/
wkdw lv

h � @
	
[

��� �

w �
{$ @, h  @

	
[

��� �

5 �
{$ @ 4 .

	
[

� � �

5 �
{$

Fohduo| S^ [ A 4 ` @ 4� S^ [ @ 4 `/ vr
+d, S^ [ A 4 ` @ 4

5 +e, S^ [ A 4 ` @ 4� 4
5 orj 5

+f, S^ [ A 4 ` @ 4� 9
�  +g, S^ [ A 4 ` @ h  � 6

h  � 4

S^[ lv hyhq ` @
	
[

� � �
S^ [ @ 5l `/ vr

+d, S^ [ lv hyhq ` @ 4
6 +e, S^ [ lv hyhq ` @ 4� orj 6

orj 7

+f, S^ [ lv hyhq ` @ 4
7 +g, S^ [ lv hyhq ` @ 4� h �



5

+d, lv vwloo wkh vxp ri d jhrphwulf surjuhvvlrq
+e, iroorzv iurp wkh suhylrxv uhvxow
+f, iroorzv iurp wkh suhylrxv uhvxow wdnlqj rxw d idfwru ri 4@7
+g, xvhv wkh vxp ri wkh wzr srzhu vhulhv ri h � dqg h �

� / wr nqrfn rxw wkh rgg whupv/ hydoxdwhg dw w @ 51
P5V4 VXSSOHPHQWDU\ TXHVWLRQV 4= VROXWLRQV= sdjh 4 ri 9
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51 Ohw ] dqg [ eh wkh qxpehuv ri Khdgv rewdlqhg rq wkh �uvw dqg vhfrqg wrvvhv uhvshfwlyho|1 Wkhq
wkh udqjhv ri ] dqg [ duh erwk i3> 4> 5> ===> qj1 Qrz

i � +{, @ S^ [ @ { ` @
�
[

� � �
S^ [ @ { m ] @ } ` S^ ] @ } ` @

�
[

� � �

�}
{
��4

5
�

�
�q
}
��4

5
�

�

xvlqj wkh Wkhruhp ri Wrwdo suredelolw|1 Khqfh
i � +{, @

�4
5
� � �

[

� � �

}$
{$+} � {,$

q$
}$+q� },$

�4
5
��

@
�4
5
� � �q

{
�

�
[

� � �

�q� {
q� }

��4
5
� �

Exw �
[

� � �

�q� {
q� }

��4
5
� �

@
�
[

� � �

� p
p� w

��4
5
�

��� �

@
�4
5
� � �

4 . 4
5
��

zkhuh w @ } � {/ dqg p @ q� {/ xvlqj wkh Elqrpldo H{sdqvlrq1 Khqfh
i � +{, @

�q
{
��4

5
�

�
�4
5
�
�
�

4 . 4
5
�

�
�
�

@
�q
{
�6 �

�
�

5  � { @ 3> 4> 5> ===> q=

Dowhuqdwho|/ dv doo wrvvhv duh lqghshqghqw/ frqvlghu wrvvlqj doo q frlqv wzlfh/ dqg frxqwlqj wkh qxpehu
wkdw vkrz khdgv wzlfh> wklv lv lghqwlfdo wr hydoxdwlqj [1 Wkhq dv hdfk frlq vkrzv khdgv wzlfh zlwk
suredelolw|

�4
5
� 

/

i � +{, @
�q
{
�

+

�4
5
�  ,

� +

4��4
5
�  ,

�
�
�

@
�q
{
�6 �

�
�

5  �

dv ehiruh1
61 Hdfk ri wkh q+q.4,@5 srlqwv kdv htxdo suredelolw| s @ 5@+q+q.4,, ri ehlqj vhohfwhg1 Lq froxpq {
ri wkh wuldqjxodu duud| ri srlqwv/ wkhuh duh { srlqwv lq wrwdo> lq urz |/ wkhuh duh +q. 4� |, srlqwv +iru
{> | @ 4> 5> ===> q, dqg wkhuhiruh

i � +{, @ S^ [ @ { ` @ {s @ 5{
q+q. 4, { @ 4> 5> ===> q

i � +|, @ S^ \ @ | ` @ +q. 4� |,s @ 5+q. 4� |,
q+q. 4, | @ 4> 5> ===> q

71 Fdq fdofxodwh I � e| lqwhjudwlrq
I � +{, @

] �

�
	
i � +w, gw @

] �

�
fw  +4� w, gw @ f

�{ �

6 � { �

7
�

3 ? { ? 4
dqg I � +4, @ 4 jlyhv f @ 451 Ilqdoo|/ S^ [ A 4@5 ` @ 4� S^[ � 4@5` @ 4� I � +4@5, @ 4� 45^4@57�
4@97` @ 44@491
81 Ydolg sgi li +l, lw lv d qrq0qhjdwlyh ixqfwlrq +wkdw lv/ li n A 3,/ dqg +ll, lqwhjudwhv wr 4 ryhu wkh udqjh
{ A 4/ wkdw lv

] 	

�
i � +{, g{ @

] 	

�

n
{ 
 � � g{ @

�� 4
{ 


� 	

�
@ 4 li n A 3

vr i � lv d sgi li n A 3/ dqg I � +{, @ 4� 4
{ 
 iru { A 41
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91 Vnhwfk ri i � >

I � +{, @
] �

�
	
i � +w, gw @

;

A

A

A

A

A

A

?

A

A

A

A

A

A

=

] �

�
w gw @ { 

5 3 ? { ? 4
] �

�
w gw.

] �

�
+5� w, gw @ 5{� { 

5 � 4 4 � { ? 5

Qrwh wkdw I � lv frqwlqxrxv/ dqg I � +3, @ 3/ I � +5, @ 41

:1 I � +4, @ 4 @, 4
�� � / dqg

i � +{, @ g
gw iI � +w,j � � � @ ��

�� �
�

{� �
� � { � �

�
�

3 � { � 4

dqg }hur rwkhuzlvh/ dqg khqfh

H ��� ^ [ � ` @
] 	

�
	
{ � i � +{, g{ @

] �

�

��
�� �

�

{� �
� � { � �

�
�

g{

@ ��
�� �

� {� �

�

� . u � { �
�

�

�. u
� �

�

@ ��
+�. u,+� . u,
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;1 E| gl�huhqwldwlrq/

i � +{, @ g
gw iI � +w,j � � � @ 5�+�  � {  ,

+�  . {  ,  3 � { � �

dqg }hur rwkhuzlvh/ dqg khqfh

H ��� ^ [ ` @
] 	

�
	
{i � +{, g{ @

]

�

�
{5�+�

 � {  ,
+�  . {  ,  g{

@
] ��� �

�
5�  wdq  � �  +4� wdq  �,

� � +4 . wdq  �,  � vhf  � g� +{ @ � wdq �,

@ 5�
] ��� �

�
wdq � +4� wdq  �,

+4 . wdq  �, g�

@ 5�
] ��� �

�
wdq � frv 5� g�

@ 5�
�4
5 wdq � vlq 5�

� ��� �

�
� �

] ��� �

�
vhf  � vlq 5� g� +e| sduwv,

@ 5�
%4
5 � ] ��� �

�
wdq � g�

&

@ 5�
�4
5 � ^� orj+frv �,` ��� ��

�

@ 5�
�4
5 . orj+frv�@7,

�

@ �+4� orj 5,

dv frv�@7 @ 4@s51
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<1 Xvlqj wkh irupxod jlyhq lq wkh txhvwlrq iru i �

i � +v, @
�

[

��� �
i � +{,i � +v� {,

zh kdyh iru wkh sji

J � +w, @
	
[

��� �
w � i � +v, @

	
[

��� �
w �
+ �
[

��� �
i � +{,i � +v� {,

,

@
	
[

��� �

�
[

��� �
w � i � +{,i � +v� {,

@
	
[

��� �

	
[

��� �
w � i � +{,i � +v� {,

@
	
[

��� �

	
[

��� �
w � � � i � +{,i � +|, +vhwwlqj | @ v� {,

@
+ 	
[

��� �
w � i � +{,

,

;

?

=

	
[

��� �
w � i � +|,

<

@

>

@ J � +w,J � +w,

431 +l, Iru wkh spi jlyhq +zklfk lv Elqrpldo zlwk sdudphwhuv q dqg �,

J ��� +w, @
	
[

��� �
w � i ��� +{, @

�
[

��� �
w �
�q
{
�

� � +4� �, �
�
� @

�
[

� � �

�q
{
�

+�w, � +4� �, �
�
�

@ +4� � . �w, �

e| wkh elqrpldo wkhruhp1
+ll, Jlyhq wkdw U @ u/ zh vhhn wkh spi ri wkh vxp

V @ �[

� � �
V �

zklfk zh fdq frpsxwh xvlqj wkh d nh| sji uhvxow iurp ohfwxuhv zklfk lv wkh h{whqvlrq ri wkh uhvxow lq
+l,/ qdpho| wkdw dv wkh V � yduldeohv duh lqghshqghqw zh kdyh iru wkh frqglwlrqdo sji

J � +w, @ �\

� � �
J ��� +w,

vr wkdw iurp +l,/
J � +w, @ �\

� � �
+4� � . �w, � @ +4� � . �w, �

�

zklfk lv d sji ri d irup lghqwlfdo wr wkdw lq +ll, exw zlwk d gl�huhqw srzhu1 Khqfh wklv lv wkh sji
fruhvsrqglqj wr wkh spi

�qu
{
�

� � +4� �, �
� �

� { 5 i3> 4> ===> quj
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Khqfh li wkh frqglwlrqdo spi jlyhq U @ u lv ghqrwhg i ��� � +vmu, wkhq
i ��� � +vmu, @ S ^V @ vmU @ u` @

�qu
v
�

� � +4� �, �
� �

� v 5 i3> 4> ===> quj

+lll, Ilqdoo|/ wkh xqfrqglwlrqdo spi ri V/ i � +v,/ lv rewdlqhg iurp +ll, xvlqj wkh Wkhruhp ri Wrwdo
Suredelolw|/ dv

i � +v, @ S ^V @ v` @
	
[

�
� �

S ^V @ vmU @ u` S ^U @ u`

@
	
[

�
� �

�qu
v
�

� � +4� �, �
� �

� h �

� � �

u$ v @ 3> 4> 5> ===

zklfk lv dq h{suhvvlrq wkdw fdqqrw eh vlpsol�hg xvhixoo|1 Krzhyhu/ li zh wu| wr frpsxwh wkh +xqfrq0
glwlrqdo, sji ri V wkhq

J � +w, @
	
[

��� �
w � i � +v, @

	
[

��� �
w �
+ 	
[

�
� �

S ^V @ vmU @ u` S ^U @ u`
,

@
	
[

��� �

	
[

�
� �

w � S ^V @ vmU @ u` S ^U @ u`

@
	
[

�
� �

+ �
�[

��� �
w � S ^V @ vmU @ u`

,

S ^U @ u` h{fkdqjlqj rughu ri vxppdwlrq/ qrwlqj
S ^V @ vmU @ u` @ 3 li v A qu

@
	
[

�
� �

+ �
�[

��� �
w �
�qu

v
�

� � +4� �, �
� �

�
,

S ^U @ u`

@
	
[

�
� �

i+4� � . �w, �
� jS ^U @ u` iurp +ll,

@
	
[

�
� �

+4� � . �w, �
�
h �

� � �

u$ @ h �

�
	
[

�
� �

+� +4� � . �w, � , �
u$

@ h �

� h{s i� +4� � . �w, � j dv wkh vxp lv wkdw ri dq h{srqhqwldo w|sh1
@ h{s i��+4� +4� � . �w, � j
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