WRWDO SUREDELOLW“ DQG ED“ HV WKHRUHP Z RUNHG H[ DP SOHV

H[ DP SOH 41 D eldvhg frlq +z lwk suredelolw— ri rewdlqlqj d Khdg ht xdowr s A 3, lvwrvvhg uhshdwhgo— dqg lqghshqghqwo— xqwlowkhffluvwkhdg lvrevhuyhg1 Frp sxwhwkhsuredelolw— wkdwwkhffluvwkhdg dsshduv dwdq hyhq qxp ehuhg wrvv1

VROXWLRQ=Ghfflqh

⊆ vdp soh vsdfh fl wr eh doosrvvleoh lqfflqlwh elqdu— vht xhqfhvri frlq wrvvhv ⊆ hyhqwK_� 0khdg rq ffluvwwrvv ⊆ hyhqwH 0ffluvwkhdg rq hyhq qxp ehuhg wrvv1 Z h z dqwS+H, =xvlqj wkh Wkhruhp ri WrwdoSuredelolw— / dqg wkh sduwlwlrq ri fl j lyhq e— ⟩ K_�>K^≺_�| S+H, @S+H⇕K_�,S+K_�, . S+H⇕K^≺_�,S+K^≺_�, Qrz fohduo— / S+H⇕K_�, @3 +j lyhq K_�/ wkdwd khdg dsshduv rq wkh ffluvwwrvv/ H fdqqrwrffxu, dqg dovr S+H⇕K^≺_�, fdq eh vhhq wr eh j lyhq e— S+H⇕K^≺_�, @S+H^≺, @4∗ S+H, +j lyhq wkdwd khdg grhvqr wdsshdurq wkh ffluvwwrvv/ wkh uht xluhg frqglwlrqdosuredelolw— lvp huho— wkh suredelolw— wkdwwkh vht xhqfh frqfoxghv diwhu d ixuwkhu r gg qxp ehu ri wrvvhv/ wkdwlv/ wkh suredelolw— ri H^≺,1 Khqfh S+H, vdwlvfflhv S+H, @3⋄ s . +4∗ S+H,, ⋄ +4∗ s, @+4∗ s, +4∗ S+H,, vr wkdw S+H, @ 4∗ s 5∗ s / Dowhuqdwho— / frqvlghuwkh sduwlwlrq ri H lqwr H_�>H_2>///z khuh H_ς lv wkh hyhqwwkdwwkh ffluvwkhdg rffxuv rq wkh 5nwk wrvv1 Wkhq H @^↑ ⋀ ς’ �

H_ς/ dqg

S+H, @S ]_↑ ⋀ ς’ � H_ς ⌊ @^↑ ⋃ ς’ � S+H_ς,/ Qrz S+H_ς, @+4∗ s,^{2ς∋ �} s +wkdwlv/ 5n ∗ 4 wdlov/ wkhq d khdg,/ vr S+H, @^↑ ⋃ ς’ �

+4∗ s,^{2ς∋ �} s @ s 4∗ s ↑⋃ ς’ �

+4∗ s,^{2ς}

@ s 4∗ s +4∗ s,^2 4∗ +4∗ s,^2 @ 4∗ s 5∗ s

H[ DP SOH 51 Wz r sod— huv D dqg E duh frp shwlqj dwd wulyld t xl˝ jdp h lqyroylqj d vhulhv ri t xhv0 wlrqv1 Rq dq— lqglylgxdot xhvwlrq/ wkh suredelolwlhv wkdwD dqg E jlyh wkh fruuhfwdqvz hu duh δ dqg ϵ uhvshfwlyho— / iru doot xhvwlrqv/ z lwk rxwfrp hv iru glffihuhqwt xhvwlrqv ehlqj lqghshqghqw1 Wkh jdp h fflqlvkhvz khq d sod— huz lqve— dqvz hulqj d t xhvwlrq fruuhfwo— 1

Frp sxwh wkh suredelolw— wkdwD z lqvli

+d, D dqvz huvwkh ffluvwt xhvwlrq 1+e, E dqvz huvwkh ffluvwt xhvwlrq

VROXWLRQ=Ghfflqh

⊆ vdp soh vsdfh fl wr eh doosrvvleoh lqfflqlwh vht xhqfhvri dqvz huv

⊆ hyhqwD 0D dqvz huvwkh ffluvwt xhvwlrq

⊆ hyhqwI 0j dp h hqgvdiwhuwkh ffluvwt xhvwlrq

⊆ hyhqwZ 0D z lqv1

Z h z dqw S+Z ⇕D, dqg S+Z ⇕D_≺, Xvlqj wkh Wkhruhp ri WrwdoSuredelolw— / dqg wkh sduwlwlrq jlyhq e— ⟩I >I_≺| S+Z ⇕D, @S+Z ⇕D∨ I ,S+I ⇕D, . S+Z ⇕D ∨ I_≺,S+I_≺⇕D,/ Qrz / fohduo—

S+I ⇕D, @S D̂ dqvz huvffluvwt xhvwlrq fruuhfwo— ‘@δ S+I_≺⇕D, @4∗ δ dqg S+Z ⇕D∨ I , @4/ exwS+Z ⇕D ∨ I_≺, @S+Z ⇕D_≺,/ vr wkdw S+Z ⇕D, @+4⋄ δ, . ] S+Z ⇕D_≺, ⋄ +4∗ δ, ⌊ /@δ . S+Z ⇕D_≺, +4∗ δ, +4,

Vlp loduo— S+Z ⇕D_≺, @S+Z ⇕D_≺∨ I ,S+I ⇕D_≺, . S+Z ⇕D_≺∨ I_≺,S+I_≺⇕D_≺,/ Z h kdyh

S+I ⇕D_≺, @S Ê dqvz huvffluvwt xhvwlrq fruuhfwo— ‘@ϵ S+I_≺⇕D, @4∗ ϵ exwS+Z ⇕D_≺∨ I , @31 I lqdoo— S+Z ⇕D_≺∨ I_≺, @S+Z ⇕D,>vr wkdw S+Z ⇕D_≺, @+3⋄ ϵ, . +S+Z ⇕D, ⋄ +4∗ ϵ,, /@S+Z ⇕D, +4∗ ϵ, +5,

Vroylqj +4, dqg +5, vlp xowdqhrxvo— jlyhv/ iru+d, dqg +e, S+Z ⇕D, @ δ 4∗ +4∗ δ, +4∗ ϵ, S+Z ⇕D_≺, @ +4∗ ϵ, δ 4∗ +4∗ δ, +4∗ ϵ,

Qrwh=uhfdoo/ iru dq— hyhqwv H^� dqg H^2 zh kdyh wkdw S ] H_≺^�⇕H^2 ⌊ @4∗ S +H^�⇕H^2, exwqrwqhfhvvdulo— wkdw S ] H^�⇕H_≺^2 ⌊ @4∗ S +H^�⇕H^2,

H[ DP SOH 61 Sdwlhqwvduhuhfuxlwhg rqwr wkhwz r dup v+3 0Frqwuro/ 40Wuhdwp hqw, ri d folqlfdowuldo1 Wkh suredelolw— wkdwdq dgyhuvh rxwfrp h rffxuv rq wkh frqwurodup lv s_f / dqg lv s_� iru wkh wuhdwp hqw dup 1 Sdwlhqwvduhdoorfdwhg dowhuqdwho— rqwr wkhwz r dup vlq wkhvht xhqfh343434111/ dqg wkhlurxwfrp hv duh lqghshqghqw

Z kdwlvwkh suredelolw— wkdwwkh ffluvwdgyhuvh hyhqwrffxuvrq wkh frqwurodup 1B VROXWLRQ=Ghfflqh

⊆ vdp soh vsdfh fl wr eh doosrvvleoh lqfflqlwh vht xhqfhvri sdwlhqwvrxwfrp hv ⊆ hyhqwH_� 0ffluvwsdwlhqw+doorfdwhg rqwr wkh frqwurodup , vxffihuv dq dgyhuvh rxwfrp h ⊆ hyhqwH_2 0ffluvwsdwlhqw+doorfdwhg rqwr wkh frqwurodup , grhv qrwvxffihu dq dgyhuvh rxwfrp h/ exw wkh vhfrqg sdwlhqw+doorfdwhg rqwr wkh wuhdwp hqwdup , grhvvxffihudq dgyhuvh rxwfrp h ⊆ hyhqwH_f 0qhlwkhuri wkh ffluvwwz r sdwlhqwvvxffihudgyhuvh rxwfrp hv ⊆ hyhqwI 0ffluvwdgyhuvh hyhqwrffxuvrq wkh frqwurodup Z h z dqwS+I ,1 Qrz wkh hyhqwvH_�>H_2 dqg H_f sduwlwlrq fl/ vr/ e— wkh Wkhruhp / S+I , @S+I ⇕H_�,S+H_�, . S+I ⇕H_2,S+H_2, . S+I ⇕H_f ,S+H_f ,/ Qrz S+H_�, @s_f S+H_2, @+4∗ s_f , s_� S+H_f , @+4∗ s_f , +4∗ s_�, dqg S+I ⇕H_�, @4/ S+I ⇕H_2, @31 I lqdoo— / dv diwhu wz r qrq0dgyhuvh rxwfrp hv/ wkh doorfdwlrq surfhvv hffihfwlyho— uh0vwduwv/ vr S+I ⇕H_f , @S+I ,1 Khqfh

S+I , @+4⋄ s_f , . +3⋄ +4∗ s_f , s_�, . +S+I , ⋄ +4∗ s_f , +4∗ s_�,, @s_f . +4∗ s_f , +4∗ s_�, S+I , z klfk fdq eh uh0duudqj hg wr j lyh S+I , @ s_f s_f . s_� ∗ s_f s_�

H[ DP SOH 71 Lq d whqqlv p dwfk/ z lwk wkh vfruh dwghxfh/ wkh jdp h lv rqh e— wkh ffluvwsod— hu z kr jhwvd fohduohdg ri wz r srlqwv1 Li wkh suredelolw— wkdwj lyhq sod— huz lqvd sduwlfxodusrlqwlvλ/ dqg doosrlqwvduh sod— hg lqghshqghqwo— / z kdwlvwkh suredelolw— wkdwsod— huhyhqwxdoo— z lqvwkh j dp h

VROXWLRQ=Ghfflqh

⊆ vdp soh vsdfh fl wr eh doosrvvleoh lqfflqlwh vht xhqfhvri srlqwv ⊆ hyhqwZ_ζ 0qrp lqdwhg sod— huz lqv wkh lwk srlqw ⊆ hyhqwY_ζ 0qrp lqdwhg sod— huz lqvwkh j dp h rq wkh lwk srlqw ⊆ hyhqwY 0qrp lqdwhg sod— huz lqvwkh j dp h1

Z h z dqwS +Y, / Wkh hyhqwv ⟩Z^�>Z_≺^�| sduwlwlrq fl>dqg wkxv/ e— wkh Wkhruhp

S+Y, @S+Y⇕Z^�,S+Z^�, . S+Y⇕Z_≺^�,S+Z_≺^�,/ +6,

Qrz S+Z^�, @λ dqg S+Z_≺^�, @4∗ λ1 Wr j hwS+Y⇕Z^�, dqg S+Y⇕Z_≺^�,/ z h qhhg wr ixuwkhu frqglwlrq rq wkh uhvxowri wkh vhfrqg srlqw/ dqg dj dlq xvh wkh Wkhruhp = iruh–dp soh

S+Y⇕Z^�, @ S+Y⇕Z^� ∨ Z^2,S+Z^2⇕Z^�, . S+Y⇕Z^� ∨ Z_≺^2,S+Z_≺^2⇕Z^�, +7,

S+Y⇕Z_≺^�, @ S+Y⇕Z_≺^� ∨ Z^2,S+Z^2⇕Z_≺^�, . S+Y⇕Z_≺^� ∨ Z_≺^2,S+Z_≺^2⇕Z_≺^�, z khuh

S+Y⇕Z^� ∨ Z^2, @4 S+Z^2⇕Z^�, @S+Z^2, @λ

S+Y⇕Z^� ∨ Z_≺^2, @S+Y, S+Z_≺^2⇕Z^�, @S+Z_≺^2, @4∗ λ

S+Y⇕Z_≺^� ∨ Z^2, @S+Y, S+Z^2⇕Z_≺^�, @S+Z^2, @λ

S+Y⇕Z_≺^� ∨ Z_≺^2, @3 S+Z_≺^2⇕Z_≺^�, @S+Z_≺^2, @4∗ λ dv/ jlyhq Z^� ∨ Z^2 = wkh jdp h lvryhu/ dqg wkh sod— hukdvz rq jlyhq Z^� ∨ Z_≺^2 = wkh jdp h lvedfn dwghxfh jlyhq Z_≺^� ∨ Z^2 = wkh jdp h lvedfn dwghxfh jlyhq Z_≺^� ∨ Z_≺^2 = wkh jdp h lvryhu/ dqg wkh sod— hukdvorvw dqg wkh uhvxowvri vxffhvvlyh srlqwvduh lqghshqghqw1 Wkxv

S+Y⇕Z^�, @ +4⋄ λ, . +S+Y, ⋄ +4∗ λ,, @λ. +4∗ λ, S+Y,

S+Y⇕Z_≺^�, @ +S+Y, ⋄ λ, . 3⋄ +4∗ λ, @λS+Y,

Khqfh/ frp elqlqj +6, dqg +7, z h kdyh

S+Y, @+λ. +4∗ λ, S+Y,, λ. λS+Y, +4∗ λ, @λ_2 . 5λ+4∗ λ,S+Y, @⇔ S+Y, @ λ_2 4∗ 5λ+4∗ λ, Dowhuqdwho— / ⟩Y^ζ>l @4>5>///| sduwlwlrq Y1 Khqfh S+Y, @ ↑⋃ ζ’ � S+Y^ζ, Qrz / S+Y^ζ, @3 li l lv rgg/ dv wkh j dp h fdq qhyhu eh frp sohwhg diwhu dq rgg qxp ehu ri srlqwv1 I ru l @5/ S+Y^2, @λ_2/ dqg irul @5n . 5 +n @4>5>6>///, z h kdyh

S+Y^ζ, @S+Y^{2ςn 2}, @5_ςλ_ς+4∗ λ,_ς⋄ λ_2

0 wkh vfruh p xvwvwdqg dwghxfh diwhu 5n srlqwv dqg wkh j dp h p xvwqrwkdyh ehhq frp sohwhg sulru wr wklv/ lqglfdwlqj wkdwwkhuh p xvwkdyh ehhq n vxffhvvlyh gudz q sdluv ri srlqwv/ hdfk ri z klfk frxog eh duudqj hg z lq2orvh ru orvh2z lq iru wkh qrp lqdwhg sod— hu1 Wkhq wkdwsod— hu p xvwz lq wkh fflqdowz r srlqwv1 Khqfh S+Y, @ ↑⋃ ς’ f

S+Y^{2ςn 2}, @λ_2 ↑⋃ ς’ f ⟩ 5λ+4∗ λ,|_ς@ λ_2 4∗ 5λ+4∗ λ, dv wkh whup lq wkh j hrp hwulf vhulhvvdwlvfflhv⇕5λ+4∗ λ,⇕⋆ 41

H[ DP SOH 8 D frlq iruz klfk S+Khdgv, @s lvwrvvhg xqwlowz r vxffhvvlyh Wdlovduh rewdlqhg1

I lqg wkh suredelolw— wkdwwkh h–shulp hqwlvfrp sohwhg rq wkh qwk wrvv1

VROXWLRQ=Ghfflqh

⊆ vdp soh vsdfh fl wr eh doosrvvleoh lqfflqlwh vht xhqfhvri wrvvhv

⊆ hyhqwH_� =ffluvwwrvvlv K

⊆ hyhqwH_2 =ffluvwwz r wrvvhvduh WK

⊆ hyhqwH_fi =ffluvwwz r wrvvhvduh WW

⊆ hyhqwI_⋆ =h–shulp hqwfrp sohwhg rq wkh qwk wrvv

Z h z dqwS +I_⋆ , iruq @5>6>///1Wkh hyhqwv⟩ H_�>H_2>H_fi| sduwlwlrq fl>dqg wkxv/ e— wkh Wkhruhp

S+I_⋆ , @S+I_⋆ ⇕H_�,S+H_�, . S+I_⋆ ⇕H_2,S+H_2, . S+I_⋆ ⇕H_fi,S+H_fi,/ +8,

Qrz iruq @5 S+I_2, @S+H_fi, @+4∗ s,^2 dqg iruq A 5/ S+I_⋆ ⇕H_�, @S+I_{⋆∋ �}, S+I_⋆ ⇕H_2, @S+I_{⋆∋ 2}, S+I_⋆ ⇕H_fi, @3 dv jlyhq H_� z h qhhg q ∗ 4 ixuwkhu wrvvhv wkdwfflqlvk WWiru I_⋆ wr rffxu/ dqg j lyhq H_2/ z h qhhg q ∗ 5 ixuwkhu wrvvhv wkdwfflqlvk WWiru I_⋆ wr rffxu/ z lwk doowrvvhv lqghshqghqw1 Khqfh/ li s_⋆ @S+I_⋆ , wkhq s_2 @+4∗ s,^2/ rwkhuz lvh/ iurp +8,/ s_⋆ vdwlvfflhv

s_⋆ @+s_{⋆∋ �} ⋄ s, . +s_{⋆∋ 2} ⋄ +4∗ s, s, @ss_{⋆∋ �} . s+4∗ s,s_{⋆∋ 2}

Wr fflqg s_⋆ h–solflwo— / wu— d vroxwlrq ri wkh irup s_⋆ @Dξ^⋆_� . Eξ^⋆_2 z klfk j lyhv

Dξ^⋆_� . Eξ^⋆_2 @s ) Dξ^{⋆∋ �}_� . Eξ^{⋆∋ �}_2 [ . s+4∗ s, ) Dξ^{⋆∋ 2}_� . Eξ^{⋆∋ 2}_2 [ / I luvw/ froohfwlqj whup vlq ξ_� j lyhv

ξ^⋆_� @sξ^{⋆∋ �}_� . s+4∗ s,ξ^{⋆∋ 2}_� @⇔ ξ^2_� ∗ sξ_� ∗ s+4∗ s, @3

lqglfdwlqj wkdwξ_� dqg ξ_2 duh j lyhq dvwkh urrwvri wklvt xdgudwlf/ wkdwlv

ξ_� @ s ∗ √ s^2 . 7s+4∗ s, 5 ξ_2 @ s . √ s^2 . 7s+4∗ s, 5 I xuwkhup ruh/

q @4 =s_� @3 @⇔ Dξ_� . Eξ_2 @3 q @5 =s_2 @+4∗ s,^2 @⇔ Dξ^2_� . Eξ^2 @+4∗ s,^2 @⇔ D @ +4∗ s,^2 ξ_� +ξ_� ∗ ξ_2, E @∗ ξ_� ξ_2 D @∗ +4∗ s,^2 ξ_2 +ξ_� ∗ ξ_2, @⇔ s_⋆ @∗ +4∗ s,^2 ξ^⋆_� ξ_� +ξ_2 ∗ ξ_�, . +4∗ s,^2 ξ^⋆_2 ξ_2 +ξ_2 ∗ ξ_�, @ +4∗ s,^2 √ s+7∗ 6s, ) ξ^{⋆∋ �}_2 ∗ ξ^{⋆∋ �}_� [ q ∼ 5

H[ DP SOH 9 Lqirup dwlrq lv wudqvp lwwhg gljlwdoo— dv d elqdu— vht xhqfh nqrz dv ˙elwv%1 Krz hyhu/ qrlvhrq wkhfkdqqhofruuxswvwkhvlj qdo/ lq wkdwd glj lwwudqvp lwwhg dv3 lvuhfhlyhg dv4 z lwk suredelolw—

4 ∗ δ/ z lwk d vlp lodu udqgrp fruuxswlrq z khq wkh glj lw4 lv wudqvp lwwhg1 Lwkdv ehhq revhuyhg wkdw/ dfurvvd odujh qxp ehuri wudqvp lwwhg vljqdov/ wkh 3v dqg 4v duh wudqvp lwwhg lq wkh udwlr 6 =71

J lyhq wkdwwkh vht xhqfh 434 lvuhfhlyhg/ z kdwlvwkh suredelolw— glvwulexwlrq ryhuwudqvp lwwhg vljqdovB

Dvvxp h wkdwwkh wudqvp lvvlrq dqg uhfhswlrq surfhvvhv duh lqghshqghqw

VROXWLRQ=Ghfflqh

⊆ vdp soh vsdfh fl wr eh doosrvvleoh elqdu— vht xhqfhvri ohqjwk wkuhh wkdwlv

⟩ 333>334>343>344>433>434>443>444|

⊆ d fruuhvsrqglqj vhwri vlj qdohyhqwv⟩ V^f >V^�>V^2>V^fi>V^e>V^D>V^S>V^. | dqg uhfhs wlr q hyhqwv⟩ U^f >U^�>U^2>U^fi>U^e>U^D>U^S>U^. |

Z h kdyh revhuyhg hyhqwU^D/ wkdw434 z dv uhfhlyhg¿z h z lvk wr frp sxwh S +V^ζ⇕U^D,/ iru l @3>4>///>: 1

Krz hyhu/ rq wkhlqirup dwlrq jlyhq/ z hrqo— kdyh+rufdq frp sxwh, S +U^D⇕V^ζ,1 I luvw/ xvlqj wkhWkhruhp ri WrwdoSuredelolw— / z h frp sxwh S+U^D,

S+U^D, @ .⋃ ζ’ f

S+U^D⇕V^ζ,S+V^ζ,/ +9,

FrqvlghuS+U^D⇕V^f ,¿li 333 lvwudqvp lwwhg/ wkh suredelolw— wkdw434 lvuhfhlyhg lv+4∗ δ, ⋄ δ⋄ +4∗ δ, @ δ +4∗ δ,_2 +fruuxswlrq/ qr fruuxswlrq/ fruuxswlrq, E— frp sohwh hydoxdwlrq z h kdyh

S+U^D⇕V^f , @δ +4∗ δ,_2 S+U^D⇕V^�, @δ_2 +4∗ δ, S+U^D⇕V^2, @+4∗ δ,_fi S+U^D⇕V^fi, @δ +4∗ δ,_2

S+U^D⇕V^e, @δ_2 +4∗ δ, S+U^D⇕V^D, @δ_fi S+U^D⇕V^S, @δ +4∗ δ,_2 S+U^D⇕V^. , @δ_2 +4∗ δ,

Qrz / wkh sulru lqirup dwlrq derxwglj lwv wudqvp lwwhg lv wkdwwkh suredelolw— ri wudqvp lwwlqj d 4 lv 7∂: / vr S+V^f , @ ] 6 : ⌊^fi

S+V^�, @ ] 7 : ⌊ ] 6 : ⌊^2

S+V^2, @ ] 7 : ⌊ ] 6 : ⌊^2

S+V^fi, @ ] 7 : ⌊^2 ] 6 : ⌊

S+V^e, @ ] 7 : ⌊ ] 6 : ⌊^2

S+V^D, @ ] 7 : ⌊^2 ] 6 : ⌊ S+V^S, @ ] 7 : ⌊^2 ] 6 : ⌊ S+V^. , @ ] 7 : ⌊^fi dqg khqfh +9, fdq eh frp sxwhg dv

S+U^D, @

7;δ_fi . 469δ_2 +4∗ δ, . 456δ +4∗ δ,_2 . 69+4∗ δ,_fi 676 / I lqdoo— / xvlqj Ed— hv Wkhruhp / z h kdyh wkh suredelolw— glvwulexwlrq ryhu ⟩V^f >V^�>V^2>V^fi>V^e>V^D>V^S>V^. | jlyhq e—

S+V^ζ⇕U^D, @ S+U^D⇕V^ζ,S+V^ζ,

S+U^D, / I ruh–dp soh/ wkh suredelolw— ri fruuhfwuhfhswlrq lv

S+V^D⇕U^D, @ S+U^D⇕V^D,S+V^D,

S+U^D, @ 7; δ_fi

7;δ_fi . 469δ_2 +4∗ δ, . 456δ +4∗ δ,_2 . 69+4∗ δ,_fi

:

I lj xuh 4=H[ DP SOH 9=Srvwhulrusuredelolw— dv d ixqfwlrq ri δ

H[ DP SOH : Rq d j lyhq Vdwxugd— diwhuqrrq/ R–irug Vwuhhwlq Orqgrq frp sulvhv5∂6 Khosixoshrsoh z kr/ z khq dvnhg irugluhfwlrqv/ z loojlyhwkhfruuhfwdqvz huz lwk suredelolw— 6∂7/ exwdovr 4∂6 Xqkhosixo shrsoh z kr z loo/ p dolflrxvo— rurwkhuz lvh/ j lyh wkh lqfruuhfwdqvz huz lwk suredelolw— 41 Frp sxwh wkh iroorz lqj suredelolwlhv/ dvvxp lqj wkdwwkh dqvz huv jlyhq duh frqglwlrqdoo— lqghshqghqw/ jlyhq wkh fdwhjru— +KhosixoruXqkhosixo, ri shuvrq dvnhg =

+d, “ rx dvn d udqgrp o— vhohfwhg shuvrq z khwkhu d idp rxv odqgp dun lv wr wkh Qruwk ru Vrxwk¿— rx duh jlyhq wkh dqvz huQruwk1 Z kdwlvwkh suredelolw— wkdwlv fruuhfwB +e, “ rx dvn wkh vdp h shuvrq d wrwdori u wlp hv/ dqg uhfhlyh wkh vdp h dqvz huhdfk wlp h 1 Z kdwlvwkh suredelolw— wkdwlwlvfruuhfwB +f, Li wkh irxuwk dqvz hu lv/ lqvwhdg/ Vrxwk/ frp sxwh wkh suredelolw— wkdwQruwk lv lq idfwfruuhfw/ lq oljkwri wkh ffluvwirxudqvz huv +g, Vxssrvh wkdw— rx eholhyh/ sulru wr dq— lqt xlulhv/ wkdwQruwk lv fruuhfwz lwk suredelolw— s1 Vkrz wkdwwkh ffluvwdqvz huuhfhlyhg grhvqrwfrqwdlq dq— xvhixolqirup dwlrq iru— rx1 +h, Li wkh ffluvwwz r dqvz huvj lyhq duh wkh vdp h/ vkrz wkdwvwlooqr xvhixolqirup dwlrq kdvehhq holflwhg1 +i, Vkrz wkdw/ li wkuhh lghqwlfdodqvz huv/ wkh lqirup dwlrq j dlqhg vkrxog qrweh ljqruhg1

VROXWLRQ=Ghfflqh

⊆ L_o 0hyhqwwkdw— rx uhfhlyh u lghqwlfdodqvz huv ⊆ W0hyhqwwkdwwkh dqvz hujlyhq lvfruuhfw ⊆ K 0hyhqwwkdwwkh shuvrq dvnhg lv/ lq idfw/ Khosixo ⊆ Q 0hyhqwwkdwwkh fruuhfwdqvz hulvQruwk

;

Z hffluvwqhhg wr frp sxwhS+W⇕L^o, iruu @4>5>///1 Wkhq/ xvlqj wkhfrqglwlrqdosuredelolw— ghfflqlwlrq/ dqg d sduwlwlrq jlyhq e— K/ S+W⇕L^o, @ S+W∨ L^o, S+L^o, @ S+W∨ L^o ∨ K, . S+W∨ L^o ∨ K_≺, S+L^o, @ S+W∨ L^o⇕K,S+K, S+L^o, dv S+W∨ L^o ∨ K_≺, @31 Qrz S+W∨ L^o⇕K, @ ] 6 7 ⌊^o S+K, @ 5 6 dqg S+L^o, @ S+L^o⇕K,S+K, . S+L^o⇕K_≺,S+K_≺, @ ]⌋ S+L^o ∨ W⇕K, . S+L^o ∨ W_≺⇕K, ⌈ ⋄ S+K, ⌊ . ] 4⋄ S+K_≺, ⌊ @ ] ⌋] 6 7 ⌊^o . ] 4 7 ⌊^o⌈ ⋄ ] 5 6 ⌊ ⌊ . ] 4 6 ⌊

+e, Wkhuhiruh/ lq jhqhudo/ S+W⇕L^o, @ )^fi e [^o )^2 fi [ ⌋)^fi e [^o . )^� e [^o⌈ )^2 fi [ . )^� fi [ dqg vshflfflfdoo—

+d, S+W⇕L^�, @_�^21 Qrwh/ dovr/ wkdwS+W⇕L^2, @_�^2/ exwS+W⇕L^fi, @_b^{2f} dqg S+W⇕L^e, @_{2.}^{. f}

+f, Li wkh irxuwk dqvz hulvglffihuhqwiurp wkh suhylrxvwkuhh/ wkhq wkh shuvrq p xvweh Khosixo/ dqg z h fdq frqglwlrq rq K/ jlylqj

S+W^fi ∨ G⇕L^fi ∨ K, @ S+W^fi ∨ G ∨ L^fi⇕K, S+W^fi ∨ G ∨ L^fi⇕K, . S+W^fi ∨ G ∨ L_≺^fi⇕K, @ )^fi e [^fi )^� e [ )^fi e [^fi )^� e [ . )^fi e [ )^� e [^fi @ ¡ 43 z khuh G p hdqv d glffihuhqwdqvz hujlyhq rq wkh irxuwk hqt xlu— / W^fi p hdqvwkdwwkh ffluvw6 dqvz huv j lyhq z huh fruuhfw1

+g, Z h qrz z dqwS+Qruwk Fruuhfw⇕Dqvz hu jlyhq lv Qruwk, dqg S+Qruwk Fruuhfw⇕Dqvz hu jlyhq lv

Vrxwk,1 E— wkh frqglwlrqdosuredelolw— ghfflqlwlrq/ xwlol˝lqj d vxlwdeoh sduwlwlrq S+Q^{τ η} ⇕Q^{Φ Υ 7} , @ S+Q^{τ η} ∨ Q^{Φ Υ 7} , S+Q^{Φ Υ 7} , Ydulrxvwhup v wkdwduh xvhg wr frqvwuxfwwkhvh suredelolwlhv duh

+4, S+Q^{τ η} ∨ Q^{Φ Υ 7} ∨ K, @S+Q^{Φ Υ 7} ⇕K ∨ Q^{τ η} ,S+K⇕Q^{τ η} ,S+Q^{τ η} , @_fi^e ⋄_2^fi ⋄ s +5, S+Q^{τ η} ∨ Q^{Φ Υ 7} ∨ K_≺, @S+Q^{Φ Υ 7} ⇕K_≺∨ Q^{τ η} ,S+K_≺⇕Q^{τ η} ,S+Q^{τ η} , @3⋄_�^fi ⋄ s +6, S+Q_≺^{τ η} ∨ Q^{Φ Υ 7} ∨ K, @S+Q^{Φ Υ 7} ⇕K ∨ Q_≺^{τ η} ,S+K⇕Q_≺^{τ η} ,S+Q_≺^{τ η} , @_�^e ⋄_2^fi ⋄ +4∗ s, +7, S+Q_≺^{τ η} ∨ Q^{Φ Υ 7} ∨ K_≺, @S+Q^{Φ Υ 7} ⇕K_≺∨ Q_≺^{τ η} ,S+K_≺⇕Q_≺^{τ η} ,S+Q_≺^{τ η} , @4⋄_�^fi ⋄ +4∗ s, dqg khqfh S+Q^{τ η} ⇕Q^{Φ Υ 7} , @ +4, . +5,

+4, . +5, . +6, . +7, @ � 2s . 3 � 2s . 3._�^S+4∗ s, ._�^fi+4∗ s, @s

43

H[ DP SOH ; Z kloh z dwfklqj d jdp h ri Fkdp slrqvOhdj xh irrwedoolq d edu/ — rx revhuyh vrp hrqh z kr lvfohduo— vxssruwlqj P dqfkhvwhuXqlwhg lq wkh jdp h1

Z kdwlvwkhsuredelolw— wkdwwkh— z huhdfwxdoo— eruq z lwklq 58 p lohvri P dqfkhvwhuB1 Dvvxp hwkdwwkh suredelolw— wkdwd udqgrp o— vhohfwhg shuvrq lq d w— slfdoorfdoedu hqylurqp hqwlv eruq z lwklq 58 p lohv ri P dqfkhvwhu lv_�^{2f} / dqg wkdwwkh fkdqfh wkdwd shuvrq eruq z lwklq 58 p lohv ri P dqfkhvwhu dfwxdoo— vxssruwv Xqlwhg lv_.^{�f} / Dvvxp h dovr wkdwwkh suredelolw— wkdwd shuvrq qrweruq z lwklq 58 p lohv ri

P dqfkhvwhuvxssruwvXqlwhg z lwk suredelolw—_�^{�f}

VROXWLRQ=Ghfflqh

⊆ E 0hyhqwwkdwwkh shuvrq lveruq z lwklq 58 p lohvri P dqfkhvwhu

⊆ X 0hyhqwwkdwwkh shuvrq vxssruwvXqlwhg1

Z h z dqwS+E⇕X,1 E— Ed— hvWkhruhp / S+E⇕X, @ S+X⇕E,S+E, S+X, @ S+X⇕E,S+E, S+X⇕E,S+E, . S+X⇕E_≺,S+E_≺, @ . �f � 2f . �f � 2f ._�^{�f}_{�b}^{2f} @ : 59 ≪ 3/59¡