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WRWDO SUREDELOLW\ DQG ED\HV WKHRUHP
ZRUNHG H[DPSOHV

H[DPSOH 41 D eldvhg frlq +zlwk suredelolw| ri rewdlqlqj d Khdg htxdo wr s A 3, lv wrvvhg uhshdwhgo|
dqg lqghshqghqwo| xqwlo wkh �uvw khdg lv revhuyhg1 Frpsxwh wkh suredelolw| wkdw wkh �uvw khdg dsshduv
dw dq hyhq qxpehuhg wrvv1

VROXWLRQ= Gh�qh
� vdpsoh vsdfh 
 wr eh doo srvvleoh lq�qlwh elqdu| vhtxhqfhv ri frlq wrvvhv
� hyhqw K � 0 khdg rq �uvw wrvv
� hyhqw H 0 �uvw khdg rq hyhq qxpehuhg wrvv1

Zh zdqw S +H, = xvlqj wkh Wkhruhp ri Wrwdo Suredelolw|/ dqg wkh sduwlwlrq ri 
 jlyhq e| iK � >K �
� j

S +H, @ S +HmK � ,S +K � , . S +HmK �
� ,S +K �

� ,
Qrz fohduo|/ S +HmK � , @ 3 +jlyhq K � / wkdw d khdg dsshduv rq wkh �uvw wrvv/ H fdqqrw rffxu, dqg dovr
S +HmK �

� , fdq eh vhhq wr eh jlyhq e|
S +HmK �

� , @ S +H � , @ 4� S +H,
+jlyhq wkdw d khdg grhv qrw dsshdu rq wkh �uvw wrvv/ wkh uhtxluhg frqglwlrqdo suredelolw| lv phuho| wkh
suredelolw| wkdw wkh vhtxhqfh frqfoxghv diwhu d ixuwkhu rgg qxpehu ri wrvvhv/ wkdw lv/ wkh suredelolw|
ri H � ,1 Khqfh S +H, vdwlv�hv

S +H, @ 3� s. +4� S +H,,� +4� s, @ +4� s, +4� S +H,,
vr wkdw

S +H, @ 4� s
5� s=

Dowhuqdwho|/ frqvlghu wkh sduwlwlrq ri H lqwr H � >H � > === zkhuh H � lv wkh hyhqw wkdw wkh �uvw khdg rffxuv
rq wkh 5nwk wrvv1 Wkhq H @

�
V

��� �
H � / dqg

S +H, @ S
� �

V

��� �
H �

�

@
�
S

��� �
S +H � ,=

Qrz S +H � , @ +4� s, � �	� � s +wkdw lv/ 5n � 4 wdlov/ wkhq d khdg,/ vr
S +H, @

�
S

��� �
+4� s, � �
� � s

@ s
4� s

�
S

��� �
+4� s, � �

@ s
4� s

+4� s, �
4� +4� s, �

@ 4� s
5� s
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H[DPSOH 51 Wzr sod|huv D dqg E duh frpshwlqj dw d wulyld txl} jdph lqyroylqj d vhulhv ri txhv0
wlrqv1 Rq dq| lqglylgxdo txhvwlrq/ wkh suredelolwlhv wkdw D dqg E jlyh wkh fruuhfw dqvzhu duh � dqg
� uhvshfwlyho|/ iru doo txhvwlrqv/ zlwk rxwfrphv iru gl�huhqw txhvwlrqv ehlqj lqghshqghqw1 Wkh jdph
�qlvkhv zkhq d sod|hu zlqv e| dqvzhulqj d txhvwlrq fruuhfwo|1

Frpsxwh wkh suredelolw| wkdw D zlqv li
+d, D dqvzhuv wkh �uvw txhvwlrq 1+e, E dqvzhuv wkh �uvw txhvwlrq

VROXWLRQ= Gh�qh
� vdpsoh vsdfh 
 wr eh doo srvvleoh lq�qlwh vhtxhqfhv ri dqvzhuv
� hyhqw D 0 D dqvzhuv wkh �uvw txhvwlrq
� hyhqw I 0 jdph hqgv diwhu wkh �uvw txhvwlrq
� hyhqw Z 0 D zlqv1
Zh zdqw

S +Z mD, dqg S +Z mD � ,
Xvlqj wkh Wkhruhp ri Wrwdo Suredelolw|/ dqg wkh sduwlwlrq jlyhq e| iI>I � j

S +Z mD, @ S +Z mD _ I ,S +I mD, . S +Z mD _ I � ,S +I � mD,=
Qrz/ fohduo|

S +I mD, @ S ^D dqvzhuv �uvw txhvwlrq fruuhfwo|` @ � S +I � mD, @ 4� �
dqg S +Z mD _ I , @ 4/ exw S +Z mD _ I � , @ S +Z mD � ,/ vr wkdw

S +Z mD, @ +4� �, . �S +Z mD � ,� +4� �,� = @ �. S +Z mD � , +4� �, +4,

Vlploduo|
S +Z mD � , @ S +Z mD � _ I ,S +I mD � , . S +Z mD � _ I � ,S +I � mD � ,=

Zh kdyh
S +I mD � , @ S ^E dqvzhuv �uvw txhvwlrq fruuhfwo|` @ � S +I � mD, @ 4� �

exw S +Z mD � _ I , @ 31 Ilqdoo| S +Z mD � _ I � , @ S +Z mD,> vr wkdw
S +Z mD � , @ +3� �, . +S +Z mD,� +4� �,, = @ S +Z mD, +4� �, +5,

Vroylqj +4, dqg +5, vlpxowdqhrxvo| jlyhv/ iru +d, dqg +e,
S +Z mD, @ �

4� +4� �, +4� �, S +Z mD � , @ +4� �,�
4� +4� �, +4� �,

Qrwh= uhfdoo/ iru dq| hyhqwv H � dqg H � zh kdyh wkdw
S �H �

� mH �
� @ 4� S +H � mH � ,

exw qrw qhfhvvdulo| wkdw
S �H � mH �

�
� @ 4� S +H � mH � ,
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H[DPSOH 61 Sdwlhqwv duh uhfuxlwhg rqwr wkh wzr dupv +3 0 Frqwuro/ 40Wuhdwphqw, ri d folqlfdo wuldo1
Wkh suredelolw| wkdw dq dgyhuvh rxwfrph rffxuv rq wkh frqwuro dup lv s � / dqg lv s � iru wkh wuhdwphqw
dup1 Sdwlhqwv duh doorfdwhg dowhuqdwho| rqwr wkh wzr dupv lq wkh vhtxhqfh 343434111/ dqg wkhlu rxwfrphv
duh lqghshqghqw

Zkdw lv wkh suredelolw| wkdw wkh �uvw dgyhuvh hyhqw rffxuv rq wkh frqwuro dup1 B
VROXWLRQ= Gh�qh

� vdpsoh vsdfh 
 wr eh doo srvvleoh lq�qlwh vhtxhqfhv ri sdwlhqwv rxwfrphv
� hyhqw H � 0 �uvw sdwlhqw +doorfdwhg rqwr wkh frqwuro dup, vx�huv dq dgyhuvh rxwfrph
� hyhqw H � 0 �uvw sdwlhqw +doorfdwhg rqwr wkh frqwuro dup, grhv qrw vx�hu dq dgyhuvh rxwfrph/ exw
wkh vhfrqg sdwlhqw +doorfdwhg rqwr wkh wuhdwphqw dup, grhv vx�hu dq dgyhuvh rxwfrph

� hyhqw H � 0 qhlwkhu ri wkh �uvw wzr sdwlhqwv vx�hu dgyhuvh rxwfrphv
� hyhqw I 0 �uvw dgyhuvh hyhqw rffxuv rq wkh frqwuro dup
Zh zdqw S +I ,1 Qrz wkh hyhqwv H � >H � dqg H � sduwlwlrq 
/ vr/ e| wkh Wkhruhp/

S +I , @ S +I mH � ,S +H � , . S +I mH � ,S +H � , . S +I mH � ,S +H � ,=
Qrz

S +H � , @ s � S +H � , @ +4� s � , s � S +H � , @ +4� s � , +4� s � ,
dqg S +I mH � , @ 4/ S +I mH � , @ 31 Ilqdoo|/ dv diwhu wzr qrq0dgyhuvh rxwfrphv/ wkh doorfdwlrq surfhvv
h�hfwlyho| uh0vwduwv/ vr S +I mH � , @ S +I ,1 Khqfh

S +I , @ +4� s � , . +3� +4� s � , s � , . +S +I ,� +4� s � , +4� s � ,, @ s � . +4� s � , +4� s � ,S +I ,
zklfk fdq eh uh0duudqjhg wr jlyh

S +I , @ s �

s � . s � � s � s �

H[DPSOH 71 Lq d whqqlv pdwfk/ zlwk wkh vfruh dw ghxfh/ wkh jdph lv rqh e| wkh �uvw sod|hu zkr
jhwv d fohdu ohdg ri wzr srlqwv1
Li wkh suredelolw| wkdw jlyhq sod|hu zlqv d sduwlfxodu srlqw lv �/ dqg doo srlqwv duh sod|hg lqghshqghqwo|/
zkdw lv wkh suredelolw| wkdw sod|hu hyhqwxdoo| zlqv wkh jdph

VROXWLRQ= Gh�qh
� vdpsoh vsdfh 
 wr eh doo srvvleoh lq�qlwh vhtxhqfhv ri srlqwv
� hyhqw Z � 0 qrplqdwhg sod|hu zlqv wkh lwk srlqw
� hyhqw Y � 0 qrplqdwhg sod|hu zlqv wkh jdph rq wkh lwk srlqw
� hyhqw Y 0 qrplqdwhg sod|hu zlqv wkh jdph1
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Zh zdqw S +Y , = Wkh hyhqwv iZ � >Z �
� j sduwlwlrq 
> dqg wkxv/ e| wkh Wkhruhp

S +Y , @ S +Y mZ � ,S +Z � , . S +Y mZ �
� ,S +Z �

� ,= +6,
Qrz S +Z � , @ � dqg S +Z �

� , @ 4� �1 Wr jhw S +Y mZ � , dqg S +Y mZ �
� ,/ zh qhhg wr ixuwkhu frqglwlrq rq

wkh uhvxow ri wkh vhfrqg srlqw/ dqg djdlq xvh wkh Wkhruhp= iru h{dpsoh
S +Y mZ � , @ S +Y mZ � _Z � ,S +Z � mZ � , . S +Y mZ � _Z �

� ,S +Z �
� mZ � , +7,

S +Y mZ �
� , @ S +Y mZ �

� _Z � ,S +Z � mZ �
� , . S +Y mZ �

� _Z �
� ,S +Z �

� mZ �
� ,

zkhuh
S +Y mZ � _Z � , @ 4 S +Z � mZ � , @ S +Z � , @ �
S +Y mZ � _Z �

� , @ S +Y , S +Z �
� mZ � , @ S +Z �

� , @ 4� �
S +Y mZ �

� _Z � , @ S +Y , S +Z � mZ �
� , @ S +Z � , @ �

S +Y mZ �
� _Z �

� , @ 3 S +Z �
� mZ �

� , @ S +Z �
� , @ 4� �

dv/
jlyhq Z � _Z � = wkh jdph lv ryhu/ dqg wkh sod|hu kdv zrq
jlyhq Z � _Z �

� = wkh jdph lv edfn dw ghxfh
jlyhq Z �

� _Z � = wkh jdph lv edfn dw ghxfh
jlyhq Z �

� _Z �
� = wkh jdph lv ryhu/ dqg wkh sod|hu kdv orvw

dqg wkh uhvxowv ri vxffhvvlyh srlqwv duh lqghshqghqw1 Wkxv
S +Y mZ � , @ +4� �, . +S +Y ,� +4� �,, @ � . +4� �,S +Y ,
S +Y mZ �

� , @ +S +Y ,� �, . 3� +4� �, @ �S +Y ,
Khqfh/ frpelqlqj +6, dqg +7, zh kdyh

S +Y , @ +� . +4� �,S +Y ,, � . �S +Y , +4� �, @ � � . 5�+4� �,S +Y , @, S +Y , @ � �
4� 5�+4� �,

Dowhuqdwho|/ iY � > l @ 4> 5> ===j sduwlwlrq Y 1 Khqfh

S +Y , @
�
[

� � �
S +Y � ,

Qrz/ S +Y � , @ 3 li l lv rgg/ dv wkh jdph fdq qhyhu eh frpsohwhg diwhu dq rgg qxpehu ri srlqwv1 Iru
l @ 5/ S +Y � , @ � � / dqg iru l @ 5n . 5 +n @ 4> 5> 6> ===, zh kdyh

S +Y � , @ S +Y � ��� � , @ 5 � � � +4� �, � � � �

0 wkh vfruh pxvw vwdqg dw ghxfh diwhu 5n srlqwv dqg wkh jdph pxvw qrw kdyh ehhq frpsohwhg sulru
wr wklv/ lqglfdwlqj wkdw wkhuh pxvw kdyh ehhq n vxffhvvlyh gudzq sdluv ri srlqwv/ hdfk ri zklfk frxog
eh duudqjhg zlq2orvh ru orvh2zlq iru wkh qrplqdwhg sod|hu1 Wkhq wkdw sod|hu pxvw zlq wkh �qdo wzr
srlqwv1 Khqfh

S +Y , @
�
[

��� �
S +Y � ��� � , @ � �

�
[

��� �
i5�+4� �,j � @ � �

4� 5�+4� �,
dv wkh whup lq wkh jhrphwulf vhulhv vdwlv�hv m5�+4� �,m ? 41
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H[DPSOH 8 D frlq iru zklfk S +Khdgv, @ s lv wrvvhg xqwlo wzr vxffhvvlyh Wdlov duh rewdlqhg1
Ilqg wkh suredelolw| wkdw wkh h{shulphqw lv frpsohwhg rq wkh qwk wrvv1

VROXWLRQ= Gh�qh
� vdpsoh vsdfh 
 wr eh doo srvvleoh lq�qlwh vhtxhqfhv ri wrvvhv
� hyhqw H � = �uvw wrvv lv K
� hyhqw H � = �uvw wzr wrvvhv duh WK
� hyhqw H � = �uvw wzr wrvvhv duh WW
� hyhqw I � = h{shulphqw frpsohwhg rq wkh qwk wrvv
Zh zdqw S +I � , iru q @ 5> 6> === 1Wkh hyhqwv iH � >H � >H � j sduwlwlrq 
> dqg wkxv/ e| wkh Wkhruhp

S +I � , @ S +I � mH � ,S +H � , . S +I � mH � ,S +H � , . S +I � mH � ,S +H � ,= +8,
Qrz iru q @ 5

S +I � , @ S +H � , @ +4� s, �
dqg iru q A 5/

S +I � mH � , @ S +I � � � , S +I � mH � , @ S +I � � � , S +I � mH � , @ 3
dv jlyhq H � zh qhhg q� 4 ixuwkhu wrvvhv wkdw �qlvk WW iru I � wr rffxu/ dqg jlyhq H � / zh qhhg q� 5
ixuwkhu wrvvhv wkdw �qlvk WW iru I � wr rffxu/ zlwk doo wrvvhv lqghshqghqw1 Khqfh/ li s � @ S +I � , wkhq
s � @ +4� s, � / rwkhuzlvh/ iurp +8,/ s � vdwlv�hv

s � @ +s � � � � s, . +s � � � � +4� s, s, @ ss � � � . s+4� s,s � � �

Wr �qg s � h{solflwo|/ wu| d vroxwlrq ri wkh irup s � @ D� � � .E� �
� zklfk jlyhv

D� � � .E� �
� @ s�D� � � �� .E� � � �

�

�. s+4� s, �D� � � �� .E� � � �
�

� =
Iluvw/ froohfwlqj whupv lq � � jlyhv

� � � @ s� � � �� . s+4� s,� � � �� @, � � � � s� � � s+4� s, @ 3
lqglfdwlqj wkdw � � dqg � � duh jlyhq dv wkh urrwv ri wklv txdgudwlf/ wkdw lv

� � @ s�ss � . 7s+4� s,
5 � � @ s.ss � . 7s+4� s,

5
Ixuwkhupruh/

q @ 4 = s � @ 3 @, D� � .E� � @ 3
q @ 5 = s � @ +4� s, � @, D� � � .E� �� @ +4� s, �

@, D @ +4� s, �
� � +� � � � � , E @ �� �

� � D @ � +4� s, �
� � +� � � � � ,

@, s � @ � +4� s, � � � �

� � +� � � � � , .
+4� s, � � �

�

� � +� � � � � , @ +4� s, �
ss+7� 6s,

�

� � � �
� � � � � ��

�

q � 5
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H[DPSOH 9 Lqirupdwlrq lv wudqvplwwhg gljlwdoo| dv d elqdu| vhtxhqfh nqrz dv _elwv%1 Krzhyhu/
qrlvh rq wkh fkdqqho fruuxswv wkh vljqdo/ lq wkdw d gljlw wudqvplwwhg dv 3 lv uhfhlyhg dv 4 zlwk suredelolw|
4 � �/ zlwk d vlplodu udqgrp fruuxswlrq zkhq wkh gljlw 4 lv wudqvplwwhg1 Lw kdv ehhq revhuyhg wkdw/
dfurvv d odujh qxpehu ri wudqvplwwhg vljqdov/ wkh 3v dqg 4v duh wudqvplwwhg lq wkh udwlr 6 = 71
Jlyhq wkdw wkh vhtxhqfh 434 lv uhfhlyhg/ zkdw lv wkh suredelolw| glvwulexwlrq ryhu wudqvplwwhg vljqdov B
Dvvxph wkdw wkh wudqvplvvlrq dqg uhfhswlrq surfhvvhv duh lqghshqghqw

VROXWLRQ= Gh�qh
� vdpsoh vsdfh 
 wr eh doo srvvleoh elqdu| vhtxhqfhv ri ohqjwk wkuhh wkdw lv

i333> 334> 343> 344> 433> 434> 443> 444j
� d fruuhvsrqglqj vhw ri
vljqdo hyhqwv iV � > V � > V � > V � > V � > V � > V � > V � j dqg
uhfhswlrq hyhqwv iU � > U � > U � >U � >U � >U � >U � > U � j

Zh kdyh revhuyhg hyhqw U � / wkdw 434 zdv uhfhlyhg> zh zlvk wr frpsxwh S +V � mU � ,/ iru l @ 3> 4> ===> :1
Krzhyhu/ rq wkh lqirupdwlrq jlyhq/ zh rqo| kdyh +ru fdq frpsxwh, S +U � mV � ,1 Iluvw/ xvlqj wkh Wkhruhp
ri Wrwdo Suredelolw|/ zh frpsxwh S +U � ,

S +U � , @
�

[

� � �
S +U � mV � ,S +V � ,= +9,

Frqvlghu S +U � mV � ,> li 333 lv wudqvplwwhg/ wkh suredelolw| wkdw 434 lv uhfhlyhg lv +4� �,��� +4� �, @
� +4� �, � +fruuxswlrq/ qr fruuxswlrq/ fruuxswlrq, E| frpsohwh hydoxdwlrq zh kdyh

S +U � mV � , @ � +4� �, � S +U � mV � , @ � � +4� �, S +U � mV � , @ +4� �, � S +U � mV � , @ � +4� �, �
S +U � mV � , @ � � +4� �, S +U � mV � , @ � � S +U � mV � , @ � +4� �, � S +U � mV � , @ � � +4� �,

Qrz/ wkh sulru lqirupdwlrq derxw gljlwv wudqvplwwhg lv wkdw wkh suredelolw| ri wudqvplwwlqj d 4 lv 7@:/
vr

S +V � , @
�6
:
� �

S +V � , @
�7
:
��6

:
� �

S +V � , @
�7
:
��6

:
� �

S +V � , @
�7
:
� � �6

:
�

S +V � , @
�7
:
��6

:
� �

S +V � , @
�7
:
� � �6

:
�

S +V � , @
�7
:
� � �6

:
�

S +V � , @
�7
:
� �

dqg khqfh +9, fdq eh frpsxwhg dv

S +U � , @ 7;� � . 469� � +4� �, . 456� +4� �, � . 69 +4� �, �

676 =
Ilqdoo|/ xvlqj Ed|hv Wkhruhp/ zh kdyh wkh suredelolw| glvwulexwlrq ryhu iV � > V � > V � > V � > V � > V � > V � > V � j
jlyhq e|

S +V � mU � , @ S +U � mV � ,S +V � ,
S +U � , =

Iru h{dpsoh/ wkh suredelolw| ri fruuhfw uhfhswlrq lv

S +V � mU � , @ S +U � mV � ,S +V � ,
S +U � , @ 7;� �

7;� � . 469� � +4� �, . 456� +4� �, � . 69 +4� �, �



:

Iljxuh 4= H[DPSOH 9= Srvwhulru suredelolw| dv d ixqfwlrq ri �

H[DPSOH : Rq d jlyhq Vdwxugd| diwhuqrrq/ R{irug Vwuhhw lq Orqgrq frpsulvhv 5@6 Khosixo shrsoh
zkr/ zkhq dvnhg iru gluhfwlrqv/ zloo jlyh wkh fruuhfw dqvzhu zlwk suredelolw| 6@7/ exw dovr 4@6 Xqkhosixo
shrsoh zkr zloo/ pdolflrxvo| ru rwkhuzlvh/ jlyh wkh lqfruuhfw dqvzhu zlwk suredelolw| 41
Frpsxwh wkh iroorzlqj suredelolwlhv/ dvvxplqj wkdw wkh dqvzhuv jlyhq duh frqglwlrqdoo| lqghshqghqw/
jlyhq wkh fdwhjru| +Khosixo ru Xqkhosixo, ri shuvrq dvnhg =
+d, \rx dvn d udqgrpo| vhohfwhg shuvrq zkhwkhu d idprxv odqgpdun lv wr wkh Qruwk ru Vrxwk> |rx

duh jlyhq wkh dqvzhu Qruwk1 Zkdw lv wkh suredelolw| wkdw lv fruuhfw B
+e, \rx dvn wkh vdph shuvrq d wrwdo ri u wlphv/ dqg uhfhlyh wkh vdph dqvzhu hdfk wlph 1 Zkdw lv wkh

suredelolw| wkdw lw lv fruuhfw B
+f, Li wkh irxuwk dqvzhu lv/ lqvwhdg/ Vrxwk/ frpsxwh wkh suredelolw| wkdw Qruwk lv lq idfw fruuhfw/ lq

oljkw ri wkh �uvw irxu dqvzhuv
+g, Vxssrvh wkdw |rx eholhyh/ sulru wr dq| lqtxlulhv/ wkdw Qruwk lv fruuhfw zlwk suredelolw| s1 Vkrz

wkdw wkh �uvw dqvzhu uhfhlyhg grhv qrw frqwdlq dq| xvhixo lqirupdwlrq iru |rx1
+h, Li wkh �uvw wzr dqvzhuv jlyhq duh wkh vdph/ vkrz wkdw vwloo qr xvhixo lqirupdwlrq kdv ehhq holflwhg1
+i, Vkrz wkdw/ li wkuhh lghqwlfdo dqvzhuv/ wkh lqirupdwlrq jdlqhg vkrxog qrw eh ljqruhg1

VROXWLRQ= Gh�qh
� L � 0 hyhqw wkdw |rx uhfhlyh u lghqwlfdo dqvzhuv
� W 0 hyhqw wkdw wkh dqvzhu jlyhq lv fruuhfw
� K 0 hyhqw wkdw wkh shuvrq dvnhg lv/ lq idfw/ Khosixo
� Q 0 hyhqw wkdw wkh fruuhfw dqvzhu lv Qruwk



;

Zh �uvw qhhg wr frpsxwh S +W mL � , iru u @ 4> 5> === 1 Wkhq/ xvlqj wkh frqglwlrqdo suredelolw| gh�qlwlrq/
dqg d sduwlwlrq jlyhq e| K/

S +W mL � , @ S +W _ L � ,
S +L � , @ S +W _ L � _K, . S +W _ L � _K � ,

S +L � , @ S +W _ L � mK,S +K,
S +L � ,

dv S +W _ L � _K � , @ 31 Qrz
S +W _ L � mK, @

�6
7
� �

S +K, @ 5
6

dqg
S +L � , @ S +L � mK,S +K, . S +L � mK � ,S +K � , @ ��S +L � _ W mK, . S +L � _ W � mK,�� S +K,�. �4� S +K � ,�

@
���6

7
� �

.
�4
7
� � �

�
�5
6
��

.
�4
6
�

+e, Wkhuhiruh/ lq jhqhudo/
S +W mL � , @

�

�
�

� � � �
�

�

k�

�
�

� � . � �

�

� � l � �
�

�. � �

�

�

dqg vshfl�fdoo|
+d, S +W mL � , @ �

� 1 Qrwh/ dovr/ wkdw S +W mL � , @ �

� / exw S +W mL � , @ �
� � dqg S +W mL � , @ � �

� �

+f, Li wkh irxuwk dqvzhu lv gl�huhqw iurp wkh suhylrxv wkuhh/ wkhq wkh shuvrq pxvw eh Khosixo/ dqg zh
fdq frqglwlrq rq K/ jlylqj

S +W � _GmL � _K, @ S +W � _G _ L � mK,
S +W � _G _ L � mK, . S +W � _G _ L �� mK, @

�

�
�

� � � �

�

�

�

�
�

� � � �

�

�. �

�
�

� � �

�

� � @ <
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zkhuh G phdqv d gl�huhqw dqvzhu jlyhq rq wkh irxuwk hqtxlu|/ W � phdqv wkdw wkh �uvw 6 dqvzhuv
jlyhq zhuh fruuhfw1

+g, Zh qrz zdqw S +Qruwk FruuhfwmDqvzhu jlyhq lv Qruwk, dqg S +Qruwk FruuhfwmDqvzhu jlyhq lv
Vrxwk,1 E| wkh frqglwlrqdo suredelolw| gh�qlwlrq/ xwlol}lqj d vxlwdeoh sduwlwlrq

S +Q ����� mQ ���	� , @ S +Q ����� _Q ���	� ,
S +Q ���	� ,

Ydulrxv whupv wkdw duh xvhg wr frqvwuxfw wkhvh suredelolwlhv duh
+4, S +Q ����� _Q ���	� _K, @ S +Q �
�	� mK _Q ����� ,S +KmQ ����� ,S +Q ����� , @ �

� � �
� � s

+5, S +Q ����� _Q ���	� _K � , @ S +Q ���	� mK � _Q ����� ,S +K � mQ ����� ,S +Q ����� , @ 3� �

� � s
+6, S +Q �

����� _Q ���	� _K, @ S +Q �
�	� mK _Q �
����� ,S +KmQ �

����� ,S +Q �
����� , @ �

� � �
� � +4� s,

+7, S +Q �
����� _Q ���	� _K � , @ S +Q ���	� mK � _Q �

����� ,S +K � mQ �
����� ,S +Q �

����� , @ 4� �

� � +4� s,

dqg khqfh
S +Q ����� mQ ���	� , @ +4, . +5,

+4, . +5, . +6, . +7, @
�

� s. 3
�

� s. 3 . �

� +4� s, . �

� +4� s, @ s



<

Lw fdq eh vkrzq vlploduo| wkdw/ dv Q ����� @ +Q ����� _Q ���	� , ^ +Q ����� _Q �
�
� � ,/

S +Q ����� mQ �
���	� , @ S +Q ����� _Q �

�
� � ,
S +Q �

���	� , @ S +Q ����� ,� S +Q ����� _Q �
�	� ,
4� S +Q ���	� , @ s� �

� s
4� �

�
@ s

+h, Xvlqj dq reylrxv h{whqvlrq ri qrwdwlrq/ zh zlvk wr frpsxwh

S �Q ����� mQ
� ���
���	�

� @ S +Q ����� _Q
� ���
���	� ,

S +Q
� ���
���	� ,

iru zklfk zh qhhg
+4, S +Q ����� _Q

� ���
�
�	� _K, @ S +Q

� ���
���	� mK _Q ����� ,S +KmQ ����� ,S +Q ����� , @ �

�
�

� � � �
� � s

+5, S +Q ����� _Q
� ���
�
�	� _K � , @ S +Q

� ���
���	� mK � _Q ����� ,S +K � mQ ����� ,S +Q ����� , @ 3� �

� � s

+6, S +Q �
����� _Q

� ���
�
�	� _K, @ S +Q

� ���
���	� mK _Q �

����� ,S +KmQ �
����� ,S +Q �

����� , @
� �

�

� � � �
� � +4� s,

+7, S +Q �
����� _Q

� ���
�
�	� _K � , @ S +Q

� ���
���	� mK � _Q �

����� ,S +K � mQ �
����� ,S +Q �

����� , @ 4� �

� � +4� s,

vr wkdw

S +Q ����� mQ
� ���
���	� , @ +4, . +5,

+4, . +5, . +6, . +7, @
�
� � s. 3

�
� � s. 3 . �

� � +4� s, . �� � +4� s, @ s

S +Q ����� mQ
� �����
���	� , @ S +Q ����� _Q

� ��� �
���	� ,

S +Q
� ��� �
���	� ,

@ S +Q ����� ,� S +Q ����� _Q
� ���
���	� ,

4� S +Q
� ���
���	� ,

@ s� �
� � s

4� �
� �

@ s

+i, E| d ixuwkhu h{whqvlrq/ �uvw zh frpsxwh

+4, S +Q ����� _Q
� ���
�
�	� _K, @ S +Q

� ���
���	� mK _Q ����� ,S +KmQ ����� ,S +Q ����� , @ �

�
�

� � � �
� � s

+6, S +Q ����� _Q
� ���
�
�	� _K � , @ S +Q

� ���
���	� mK � _Q ����� ,S +K � mQ ����� ,S +Q ����� , @ 3� �

� � s

+6, S +Q �
����� _Q

� ���
�
�	� _K, @ S +Q

� ���
���	� mK _Q �

����� ,S +KmQ �
����� ,S +Q �

����� , @
� �

�

� � � �
� � +4� s,

+7, S +Q �
����� _Q

� ���
�
�	� _K � , @ S +Q

� ���
���	� mK � _Q �

����� ,S +K � mQ �
����� ,S +Q �

����� , @ 4� �

� � +4� s,

vr wkdw

S +Q ����� mQ
� ���
���	� , @ +4, . +5,

+4, . +5, . +6, . +7, @
� �� � s. 3

� �� � s. 3 . �
� � +4� s, . � �� � +4� s, @ <s

<s. 44+4� s,
S +Q ����� mQ

� �����
���	� , @ S +Q ����� _Q

� �����
���	� ,

S +Q
� ��� �
���	� ,

@ S +Q ����� ,� S +Q ����� _Q
� ���
���	� ,

4� S +Q
� ���
���	� ,

@ 9<s
96 . 9s

dqg wkh suredelolw| kdv ehhq xsgdwhg lq oljkw ri erwk qhz slhfhv ri lqirupdwlrq
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H[DPSOH ; Zkloh zdwfklqj d jdph ri Fkdpslrqv Ohdjxh irrwedoo lq d edu/ |rx revhuyh vrphrqh
zkr lv fohduo| vxssruwlqj Pdqfkhvwhu Xqlwhg lq wkh jdph1
Zkdw lv wkh suredelolw| wkdw wkh| zhuh dfwxdoo| eruq zlwklq 58 plohv ri Pdqfkhvwhu B1 Dvvxph wkdw wkh
suredelolw| wkdw d udqgrpo| vhohfwhg shuvrq lq d w|slfdo orfdo edu hqylurqphqw lv eruq zlwklq 58 plohv
ri Pdqfkhvwhu lv �

� � / dqg wkdw wkh fkdqfh wkdw d shuvrq eruq zlwklq 58 plohv ri Pdqfkhvwhu dfwxdoo|
vxssruwv Xqlwhg lv �� � = Dvvxph dovr wkdw wkh suredelolw| wkdw d shuvrq qrw eruq zlwklq 58 plohv ri
Pdqfkhvwhu vxssruwv Xqlwhg zlwk suredelolw| �

� �

VROXWLRQ= Gh�qh
� E 0 hyhqw wkdw wkh shuvrq lv eruq zlwklq 58 plohv ri Pdqfkhvwhu
� X 0 hyhqw wkdw wkh shuvrq vxssruwv Xqlwhg1
Zh zdqw S +EmX,1 E| Ed|hv Wkhruhp/

S +EmX, @ S +X mE,S +E,
S +X, @ S +X mE,S +E,

S +X mE,S +E, . S +X mE � ,S +E � ,
@

�� �

�

� �
�� �

�

� � . �
� �

� �
� �

@ :
59 � 3=59<


