ß OΣ ¸ A, + S

5AΣ AW5AWß Σ w Σ Π Σ wv 5W5

S˘� 5AΣ AW5AWß Σ w5N¨ ¨ Σ + W, 5 : 5Σ ¨ ¸ wWΠ B # W5A+ Ẁ NAWȷ Π 5

Ghfflqlwlr q 91414 D froohfwlrq ri l1l1g1udqgrp yduldeohv♭_�>///>♭_⋆ hdfk ri z klfk kdvglvwulexwlrq ghfflqhg e— fgi I_f +rup dvv2ghqvlw— ixqfwlrq i_f , lvd udqgr p vdp s oh ri vl˝h q iurp I_f +rui_f ,1

Ghfflqlwlr q 91415 D ixqfwlrq/ W/ ri d udqgrp vdp soh/ ♭_�>///>♭_⋆ / wkdwlv/ W@w+♭_�>///>♭_⋆ , wkdw ghshqgv rqo— rq ♭_�>///>♭_⋆ lv d vwdwlvwlf1D vwdwlvwlf lvd udqgrp yduldeoh1 I ruh–dp soh/ wkh vdp soh p hdq ß♭ @+♭_� . ♭_2 . ///. ♭_⋆ , ∂q lvd vwdwlvwlf1

Ghfflqlwlr q 91416 Li ♭_�>///>♭_⋆ lvd udqgrp vdp soh iurp I_f / vd— / dqg W@w+♭_�>///>♭_⋆ , lvd vwdwlvwlf/ wkhq I_A +rui_A,/ wkh fgi +rup dvv2ghqvlw— ixqfwlrq, ri udqgrp yduldeoh W/ lvwkh vdp s olqj glvwulexwlr q ri W1

Wkh remhfwlyh lv wr ghulyh wkh glvwulexwlrq ri Wiurp wkh glvwulexwlrq ri ♭_�>///>♭_⋆ 1

H[ DP SOH=Li ♭_�>///>♭_⋆ duh lqghshqghqwudqgrp yduldeohv/ z lwk ♭_ζ ⊃ Q+π_ζ>ϕ^2_ζ, irul @4>///>q/ dqg d_�>///>d_⋆ duh frqvwdqwv/ frqvlghuwkh glvwulexwlrq ri udqgrp yduldeoh ♮ ghfflqhg e— ♮ @ ⋆⋃ ζ’ � d_ζ♭_ζ Xvlqj vwdqgdug p ji uhvxowv/ wkh glvwulexwlrq ri ♮ lvghulyhg wr eh qrup doz lwk sdudp hwhuv

π_t @ ⋆⋃ ζ’ �

d_ζπ_ζ ϕ^2_t @ ⋆⋃ ζ’ �

d^2_ζϕ^2_ζ/

Qrz frqvlghu wkh vshfldofdvh ri wklv uhvxowz khq ♭_�>///>♭_⋆ duh l1l1g1 z lwk π_ζ @π dqg ϕ^2_ζ @ϕ^2/ dqg z khuh d_ζ @4∂q irul @4>///>q1Wkhq ♮ @ ⋆⋃ ζ’ � 4 q ♭_ζ @ ß♭ ⊃ Q ] π> ϕ^2 q ⌊

Ghfflqlwlr q 91417 I rud udqgrp vdp soh ♭_�>///>♭_⋆ iurp d suredelolw— glvwulexwlrq/ wkhq wkh vdp s oh yduldqfhv/ v^2 dqg V^2/ duh vwdwlvwlfv ghfflqhg e—

v^2 @ 4 q ∗ 4 ⋆⋃ ζ’ � ] ♭_ζ ∗ ß♭ ⌊_2

V^2 @ 4 q ⋆⋃ ζ’ � ] ♭_ζ∗ ß♭ ⌊_2

:4

:5 FKDSWHU 91 VWDWLVWLFDODQDO“ VLV

Wkhr uhp 91414 Vxssrvh wkdw♭^�>///>♭^⋆ lv d udqgrp vdp soh iurp d qrup doglvwulexwlrq/ vd—

♭^ζ ⊃ Q+π>ϕ_2,1 Wkhq

+4, ß♭ lv lqghshqghqwri ⟩ ♭^ζ ∗ ♭ >l @4>///>q | +5, ß♭ dqg v_2 duh lqghshqghqwudqgrp yduldeohv

+6, Wkh udqgrp yduldeoh

+q ∗ 4,v_2 ϕ_2 @ ⋆⋃ ζ’ � ] ♭^ζ∗ ß♭ ⌊^2 ϕ_2 kdv d fkl0vt xduhg glvwulexwlr q zlwk q ∗ 4 ghjuhhv ri iuhhgrp 1

Sur r i1 +4, Vnhwfk=Frqvlghuwkh p xowlyduldwh wudqvirup dwlrq wr ♮^�>///>♮^⋆ z khuh

♮^� @ ß♭ ♮^ζ @♭^ζ∗ ß♭ >l @5>///>q ⇓ ⇔ ♭^� @♮^� ∗_⋆ ⋃ ζ’ �

♮^ζ ♭^ζ @♮^ζ. ♮^�/

Wkhq i^{t �cννct ⋆} +ȷ^�>//>ȷ^⋆ , @i^{t 2cννct ⋆} +ȷ^2>//>ȷ^⋆ ,i^{t �} +ȷ^�,/ dqg wkhuhiruh ♮^� lv lqghshqghqwri ♮^2>///>♮^⋆ 1

Khqfh ß♭ lvlqghshqghqwri wkh udqgrp yduldeohvwhup v ⟩ ♮^ζ @♭^ζ∗ ß♭ >l @5>///>q | / I lqdoo— / dv

♭^� ∗ ß♭ @∗_⋆ ⋃ ζ’ 2 ] ♭^ζ∗ ß♭ ⌊ / ß♭ lvdovr lqghshqghqwri ♭^� ∗ ß♭

+5, v_2 lvd ixqfwlrq rqo— ri ⟩ ♭^ζ ∗ ß♭ >l @4>///>q | 1Dv ß♭ lvlqghshqghqwri wkhvh yduldeohv/ ß♭ dqg v_2 duh dovr lqghshqghqw1

+6, Fdq ghfrp srvh wkh vxp vri vt xduhvwhup v wkdwdsshdulq wkh olnholkrrg dv ⋆⋃ ζ’ �

+♭^ζ∗ π,_2 @ ⋆⋃ ζ’ � ] ♭^ζ ∗ ß♭ ⌊^2 . q ] ß ♭ ∗ π ⌊^2 ru ϕ_2Y^� @ϕ_2Y^2 . ϕ_2Y^fi vd— / z khuh wkh p jivri Y^�/ Y^2 dqg Y^fi duh

P^{T�} +w, @ ] 4∂5 4∂5∗ w ⌊^{⋆⇀2} P^{T2} +w, @ ] 4∂5 4∂5∗ w ⌊^{E⋆∋ �ø⇀2} P^{Tfi} +w, @ ] 4∂5 4∂5∗ w ⌊^{�⇀2} vr wkdw

Y^� ⊃ ε_2^⋆ Y^2 ⊃ ε_2^{⋆∋ �} Y^fi ⊃ ε_2^�

Wkhr uhp 91415 Vxssrvh wkdw♭^�>///>♭^⋆ lv d udqgrp vdp soh iurp d qrup doglvwulexwlrq/ vd—

♭^ζ ⊃ Q+π>ϕ_2,1 Wkhq wkh udqgrp yduldeoh W@ ß♭ ∗ π v∂ ∫ q kdv d Vwxghqw0wglvwulexwlrq zlwk q ∗ 4 ghjuhhv ri iuhhgrp 1

Sur r i1 Frqvlghuwkh udqgrp yduldeohv ♯ @ ∫ q+ß♭ ∗ π, ϕ ⊃ Q+3>4, Y @ +q ∗ 4,v_2 ϕ_2

⊃ ε_2^{⋆∋ �} dqg ♯ Y q ∗ 4 dqg xvh wkh surshuwlhv ri wkh qrup doglvwulexwlrq dqg uhodwhg udqgrp yduldeohv +QRWH +9,/ s 1

93/ vhfwlr q 718,

9151 K“ SRWKHVLVWHVWLQJ^W : 6

S˘2 Ov ¸ ȷ AO, 5W5 A, 5AWΠ B^±

J lyhq d vdp soh ı_�>///>ı_⋆ iurp d suredelolw— p rghoi_f +ı¿λ, ghshqglqj rq sdudp hwhu λ/ z h p lj kw z dqwwr whvw/ vd— / z khwkhuruqrwwkhuhlvhylghqfhiurp wkhvdp sohwkdwwuxh+exwxqrevhuyhg, ydoxh ri λ lv qrwht xdowr d vshflfflhg ydoxh1 Z h xvh vdp s olqj glvwulexwlr qv wr t xdqwli— wklv hylghqfh1 Z h z looorrn dwwz r vlwxdwlrqv/ qdp ho— r qh vdp s oh dqg wz r vdp s oh h–shulp hqwv1 Udqgrp Yduldeohv Gdwd P rghovB RQH VDP SOH= ♭_�>///>♭_⋆ ⊃ Q+π>ϕ^2, ı_�>///ı_⋆ π @f_�>ϕ @f_2

WZ R VDP SOH= ♭_�>///>♭_⋆ ⊃ Q+π_f >ϕ^2_f , ı_�>///ı_⋆ π_f @π_t >ϕ_f @ϕ_t ♮_�>///>♮_⋆ ⊃ Q+π_t >ϕ^2_t , ȷ_�>///ȷ_⋆ S˘2˘� A, 5A5 6ȷ + Π ȷ + ¨ Σ w # Σ AΣ Ẃ AO, ~´A, 5A Ej k Π ȷ ‘ Π ø Uhfdoowkdw/ li ♭_�>///>♭_⋆ ⊃ Q+π>ϕ^2, duh wkh l1l1g1 rxwfrp h udqgrp yduldeohv ri q h–shulp hqwdo wuldov/ wkhq ß♭ ⊃ Q ] π> ϕ^2 q ⌊ dqg qV^2 ϕ^2

⊃ ε^2_{⋆∋ �}

z lwk ß♭ dqg V^2 vwdwlvwlfdoo— lqghshqghqw1 Vxssrvh z h z dqwwr whvwwkh k— s r wkhvlv wkdwπ @f/ iru vrp h vshflfflhg frqvwdqwf/ +z khuh/ iruh–dp soh/ f @53/3, lvd sodxvleoh p rgho¿p ruh vshflfflfdoo— / z h z dqwwr whvw K_f = π @f wkh QXOO k— srwkhvlv K_� = π ∃@f wkh DOWHUQDWLYH k— srwkhvlv Vshflfflfdoo— / z h z dqwwr whvwz khwkhuK_f lvwuxh/ ruz khwkhuK_� lvwuxh1 Qrz / z h nqrz wkdw/ lq wkh fdvh ri d Qrup dovdp soh/ wkh glvwulexwlrq ri wkh hvwlp dwru ß♭ lvQrup do/ dqg ß♭ ⊃ Q ] π> ϕ^2 q ⌊ @⇔ ♯ @ ß♭ ∗ π ϕ∂ ∫ q ⊃ Q +3>4, z khuh ♯ lv d udqgr p yduldeoh1 Qrz / z khq z h kdyh revhuyhg wkh gdwd vdp soh/ z h fdq fdofxodwh ßı/ dqg wkhuhiruh z h kdyh d z d— ri whvwlqj z khwkhuπ @f lvd sodxvleoh p rgho¿z h fdofxodwh ℘ @ ßı ∗ f ϕ∂ ∫ q Li K_f lvwuxh/ dqg π @f/ wkhq wkhr evhuyhg ℘ vkrxog ehdq revhuydwlrq iurp dq Q+3>4, glvwulexwlrq +dv♯ ⊃ Q+3>4,,/ wkdwlv/ lwvkrxog eh qhdu˝hur z lwk kljk suredelolw— 1Lq idfw/ ℘ vkrxog olh ehwz hhq 041¡9 dqg 41¡9 z lwk suredelolw— 4∗ δ @3/¡8/ vd— / dv S^∗ 4/¡9 ⪰ ♯ ⋆ 4/¡9‘ @ff+4/¡9, ∗ ff+∗ 4/¡9, @3/¡:8∗ 3/358 @3/¡8 /Li z h revhuyh ℘ wr eh rxwvlgh ri wklvudqj h/ wkhq wkhuh lvhylghqfh wkdwK_f lvqr wwuxh1

Dowhuqdwlyho— / z hfrxog fdofxodwhwkhsuredelolw— s ri revhuylqj d ℘ ydoxhwkdwlvp r uh h–wuhp h wkdq wkh ℘ z h glg revhuyh¿wklvsuredelolw— lvj lyhq e— s @5ff+∗ ⇕℘⇕, Li s lvyhu— vp doo/ vd— s ⪰ δ @3/38/ wkhq wkhuh lvhylghqfh wkdwK_f lvqr wwuxh1 Lq vxp p du— / li ℘ lvd vxus ulvlqj revhuydwlrq iurp dq Q+3>4, glvwulexwlrq wkhq z h fdq uhmhfwK_f 1

:7 FKDSWHU 91 VWDWLVWLFDODQDO“ VLV

S˘2˘2 Ov ¸ ȷ AO, 5W5 A, 5AWΠ B A, + ¨ WΠ ȷ wȷ Bv

Wkhuh duh fflyh fuxfldofrp srqhqwvwr d k— srwkhvlvwhvw/ qdp ho—

⊆ WHVWVWDWLVWLF

⊆ QXOO GLVWULEXWLRQ

⊆ VLJ QLI LF DQF H OHYHO/ ghqrwhg δ

⊆ S0YDOXH/ ghqrwhg s1

⊆ F ULWLF DO YDOXH+V,

Lq wkh Qrup doh–dp soh j lyhq deryh/ z h kdyh wkdw

℘ lvwkh whvwvwdwlvwlf

Wkh glvwulexwlrq ri udqgrp yduldeoh ♯ li K^f lvwuxh lvwkh qxooglvwulexwlr q δ @3/38 lv wkh vlj qlfflfdqfh ohyhori wkh whvw+z h frxog xvh δ @3/34 li z h uht xluh d ˙vwurqj hu% whvw,1 s lvwkh s 0ydoxh ri wkh whvwvwdwlvwlf xqghuwkh qxooglvwulexwlrq

Wkh vroxwlrq F ri ff+F , @4∗ δ∂5 +F @4/¡9 deryh, jlyhvwkh fulwlfdoydoxhv ri wkh whvw⊖ F 1

S˘2˘fi A, 5A5 6ȷ + Π ȷ + ¨ Σ w # Σ AΣ WẂ AO, A´A, 5A Ej NΠ k Π ȷ ‘ Π ø

Li wkh yduldqfh ϕ_2 lvxqnqrz q/ z h surfhhg dviroorz v¿wkh vdp solqj glvwulexwlrqvri ß♭ dqg v_2 duh nqrz q iurp Wkhruhp 91414/ dqg wkdwwkh wz r hvwlp dwruv duh vwdwlvwlfdoo— lqghshqghqw1 Qrz / iurp wkh surshuwlhv ri wkh Qrup doglvwulexwlrq/ li z h kdyh lqghshqghqwudqgrp yduldeohv ♯ ⊃ Q+3>4, dqg ♮ ⊃ ε_2^D/ wkhq z h nqrz wkdwudqgrp yduldeoh Wghfflqhg e— W@ ♯ √ ♮ ∂ρ kdvd Vwxghqw0wglvwulexwlrq z lwk ρ ghj uhhvri iuhhgrp 1Xvlqj wklvuhvxow/ dqg uhfdoolqj wkhvdp solqj glvwulexwlrqv ri ß♭ dqg v_2/ z h vhh wkdw W@ ß♭ ∗ π ϕ∂ ∫ q \ +q ∗ 4,v_2∂ϕ_2

+q ∗ 4, @ +ß♭ ∗ π, v∂ ∫ q ⊃ w^{⋆∋ �} dqg Wkdvd Vwxghqw0wglvwulexwlrq z lwk q ∗ 4 ghj uhhvri iuhhgrp / ghqrwhg Vw+q ∗ 4,1Wkxvz h fdq uhshdwwkh surfhgxuh xvhg lq wkh ϕ nqrz q fdvh/ exwxvh wkh vdp solqj glvwulexwlrq ri Wudwkhuwkdq wkdwri ♯ wr dvvhvvz khwkhuwkh whvwvwdwlvwlf lv ˙vxusulvlqj%ruqrw1 Vshflfflfdoo— / z h fdofxodwh w@ +ßı ∗ π, v∂ ∫ q dqg fflqg wkh fulwlfdoydoxhv iru d δ @3/38 vljqlfflfdqfh whvwe— fflqglqj wkh ruglqdwhv fruuhvsrqglqj wr wkh 3/358 dqg 3/¡:8 shufhqwlohv ri d Vwxghqw0wglvwulexwlrq/ Vw+q ∗ 4, +udwkhu wkdq d Q+3>4,, glvwulexwlrq1 I lqdoo— / z h fdq fdofxodwh wkh suredelolw— s ri revhuylqj d Wwkdwlv p r uh h–wuhp h wkdq wkh wz h glg revhuyh¿wklvsuredelolw— lvj lyhq e— s @5I^{7ȷE⋆∋ �ø}+∗ ⇕w⇕, Li s lvyhu— vp doo/ vd— s ⪰ δ @3/38/ wkhq/ djdlq/ wkhuh lvhylghqfh wkdwK^f lvqr wwuxh1

9151 K“ SRWKHVLVWHVWLQJ^W : 8

S˘2˘e A, 5A5 6ȷ + Π ȷ + ¨ Σ w # Σ AΣ WWẂ A, 5AWΠ B j Wkh] 0whvwdqg W0whvwduherwk whvwviruwkhsdudp hwhuπ1 Vxssrvhwkdwz hz lvk wr whvwd k— srwkhvlv derxwϕ/ iruh–dp soh

K_f = ϕ^2 @f K_� = ϕ^2 ∃@f

Z h frqvwuxfwd whvwedvhg rq wkh hvwlp dwh ri yduldqfh/ v^21 Lq sduwlfxodu/ z h vdz iurp Wkhruhp 91414 wkdwwkh udqgrp yduldeoh T/ ghfflqhg e— T @ +q ∗ 4,v^2

ϕ^2

⊃ ε^2_{⋆∋ �}

li wkh gdwd kdyh dq Q+π>ϕ^2, glvwulexwlrq1Khqfh li z h ghfflqh whvwvwdwlvwlf t e— t @ +q ∗ 4,v^2 f wkhq z h fdq frp sduh t z lwk wkh fulwlfdoydoxhv ghulyhg iurp d ε^2_{⋆∋ �} glvwulexwlrq¿z h orrn iru wkh 31358 dqg 31¡:8 t xdqwlohv 0 qrwh wkdwwkh Fkl0vt xduhg glvwulexwlrq lv qrwv— p p hwulf/ vr z h qhhg wz r glvwlqfwfulwlfdoydoxhv

F_� @I_υ2_{⋆ ∋ �} +3/358, F_2 @I_υ2_{⋆ ∋ �} +3/¡:8,

Li t lvd vxusulvlqj revhuydwlrq iurp d ε^2_{⋆∋ �} glvwulexwlrq/ dqg z h fdqqrwuhmhfwK_f 1

S˘2˘D A‘ ȷ 5Σ ¨ ¸ w, A, 5A5 Lwlvvwudljkwiruz dug wr h–whqg wkh lghdviurp wkh suhylrxvvhfwlrqvwr wz r vdp soh vlwxdwlrqvz khuh z h z lvk wr frp sduh wkh glvwulexwlrqv xqghuo— lqj wz r gdwd vdp sohv1 W— slfdoo— / z h frqvlghu vdp soh rqh/ ı_�>///>ı_{⋆ f} / iurp d Q+π_f >ϕ^2_f , glvwulexwlrq/ dqg vdp soh wz r/ ȷ_�>///>ȷ_{⋆ t} / lqghshqghqwo— iurp d Q+π_t >ϕ^2_t , glvwulexwlrq/ dqg whvwwkh ht xdolw— ri wkh sdudp hwhuv lq wkh wz r p rghov1 Vxssrvh wkdw wkh vdp soh p hdq dqg vdp soh yduldqfh iru vdp sohv rqh dqg wz r duh ghqrwhg +ßı>v^2_f , dqg +ßȷ >v^2_t , uhvshfwlyho— 1

I luvw/ frqvlghuwhvwlqj wkh k— srwkhvlv

K_f = π_f @π_t K_� = π_f ∃@π_t

z khq ϕ_f @ϕ_t @ϕ lvnqrz q1Qrz / z h kdyh iurp wkh vdp solqj glvwulexwlrqv wkhruhp z h kdyh ß♭ ⊃ Q ] π_f > ϕ^2 q_f ⌊ ß♮ ⊃ Q ] π_t > ϕ^2 q_t ⌊ @⇔ ß♭ ∗ ß♮ ⊃ Q ] 3> ϕ^2 q_f . ϕ^2 q_t ⌊

dqg khqfh ♯ @ ß♭ ∗ ß♮ ϕ 4 q_f . 4 q_t ⊃ Q+3>4,

:9 FKDSWHU 91 VWDWLVWLFDODQDO“ VLV jlylqj xvd whvwvwdwlvwlf ℘ ghfflqhg e— ℘ @ ßı ∗ ßȷ ϕ 4 q^f . 4 q^t z klfk z h fdq frp sduh z lwk wkh vwdqgdug qrup doglvwulexwlrq¿li ℘ lvd vxusulvlqj revhuydwlrq iurp

Q+3>4,/ dqg olhvrxwvlgh ri wkh fulwlfdouhjlrq/ wkhq z h fdq uhmhfwK^f 1 Wklvsurfhgxuh lv wkh Wz r

Vdp s oh ] 0Whvw1

Li ϕ^f @ϕ^t @ϕ lv xqnqrz q/ z h sdudoohowkh rqh vdp soh W0whvwe— uhsodflqj ϕ e— dq hvwlp dwh lq wkh wz r vdp soh ] 0whvw1 I luvw/ z h rewdlq dq hvwlp dwh ri ϕ e— ˙srrolqj%wkh wz r vdp sohv¿rxu hvwlp dwh lv wkh s r r ohg hvwlp dwh/ v_2^σ / ghfflqhg e— v_2^σ @

+q^f ∗ 4,v_2^f . +q^t ∗ 4,v_2^t q^f . q^t ∗ 5 z klfk z h wkhq xvh wr irup wkh whvwvwdwlvwlf wghfflqhg e— w@ ßı ∗ ßȷ v^σ 4 q^f . 4 q^t Lwfdq eh vkrz q wkdw/ li K^f lv wuxh wkhq wvkrxog eh dq revhuydwlrq iurp d Vwxghqw0wglvwulexwlrq z lwk q^f . q^t ∗ 5 ghj uhhv ri iuhhgrp 1 Khqfh z h fdq ghulyh wkh fulwlfdoydoxhv iurp wkh wdeohv ri wkh Vwxghqw0wglvwulexwlrq1

Li ϕ^f ∃@ϕ^t / exwerwk sdudp hwhuv duh nqrz q/ z h fdq xvh d vlp lodu dssurdfk wr wkh rqh deryh wr ghulyh whvwvwdwlvwlf ℘ ghfflqhg e— ℘ @ ßı ∗ ßȷ ϕ_2^f q^f . ϕ_2^t q^t z klfk kdvdq Q+3>4, glvwulexwlrq li K^f lv wuxh1

Fohduo— / wkhfkrlfhri whvwghshqgvrq z khwkhuϕ^f @ϕ^t rurwkhuz lvh¿z hp d— whvwwklvk— srwkhvlv irup doo— ¿wr whvw

K^f =ϕ^f @ϕ^t

K^� =ϕ^f ∃@ϕ^t z h frp sxwh wkh whvwvwdwlvwlf t @ v_2^f v_2^t z klfk kdvd qxooglvwulexwlrq nqrz q dvwkh I lvkhu ruI glvwulexwlrq z lwk +q^f ∗ 4>q^t ∗ 4, ghj uhhv ri iuhhgrp ¿wklv glvwulexwlrq fdq eh ghqrwhg I +q^f ∗ 4>q^t ∗ 4,/ dqg lwv t xdqwlohv duh wdexodwhg1

Khqfh z h fdq orrn xs wkh 31358 dqg 31¡: 8 t xdqwlohv ri wklv glvwulexwlrq +wkh I glvwulexwlrq lv qrw v— p p hwulf,/ dqg khqfh ghfflqh wkh fulwlfdouhjlrq¿lqirup doo— / li wkh whvwvwdwlvwlf t lv yhu— vp doo ru yhu— odujh/ wkhq lwlv d vxusulvlqj revhuydwlrq iurp wkh I glvwulexwlrq dqg khqfh z h uhmhfwwkh k— srwkhvlvri ht xdoyduldqfhv1

9151 K“ SRWKHVLVWHVWLQJ^W : :

S˘2˘S ß ȷ Π 6W# , Π ß , WΠ A, +VΣ w5

Wkh surfhgxuhv deryh doorz xv wr whvwvshflfflf k— srwkhvlv derxwwkh sdudp hwhuv ri suredelolw— p rghov1Z h p d— frp sohp hqwvxfk whvwve— uhsruwlqj d fr qfflghqfh lqwhuydo/ z klfk lvdq lqwhuydo lq z klfk z heholhyhwkh˙wuxh%sdudp hwhuolhvz lwk kljk suredelolw— 1Hvvhqwldoo— / z hxvhwkhvdp solqj glvwulexwlrq wr ghulyh vxfk lqwhuydov1

I ruh–dp soh/ lq d rqh vdp soh ] 0whvw/ z h vdz wkdw ♯ @ ♭ ∗ π ϕ∂ ∫ q ⊃ Q+3>4, wkdwlv/ wkdw/ irufulwlfdoydoxhv⊖ F lq wkh whvwdwwkh 8( Vljqlfflfdqfh ohyho S ^ ∗ F ⪰ ♯ ⪰ F ‘@S ⌋ ∗ F ⪰ ß♭ ∗ π ϕ∂ ∫ q ⪰ F ⌈ @3/¡8

Qrz / iurp wdeohvz h kdyh F @4/¡9/ vr uh0duudqj lqj wklv h–suhvvlrq z h rewdlq S ⌋ ß♭ ∗ 4/¡9 ϕ∫ q ⪰ π ⪰ ß♭ . 4/¡9 ϕ ∫ q ⌈ @3/¡8

iurp z klfk z h ghgxfh d ¡8 ( F r qfflghqfh Lqwhuydoiruπ edvhg rq wkh vdp soh p hdq ßı ri ßı ⊖ 4/¡9 ϕ ∫ q Z h fdq ghulyh rwkhufrqfflghqfh lqwhuydov+fruuhvsrqglqj wr glffihuhqwvlj qlfflfdqfh ohyhovlq wkh ht xly0 dohqwwhvwv, e— orrnlqj xs wkh dssursuldwh ydoxhv ri wkh fulwlfdoydoxhv1 Wkh jhqhudodssurdfk iru frqvwuxfwlrq ri frqfflghqfhlqwhuydoirujhqhulf sdudp hwhuλ surfhhgvdviroorz v1 I urp wkhp rghoolqj dvvxp swlrqv/ z h ghulyh d s lyr wdot xdqwlw— / wkdwlv/ d vwdwlvwlf/ W_{σ φ} / vd— / +xvxdoo— wkh whvwvwdwlvwlf udqgrp yduldeoh, wkdwghshqgvrq λ/ exwz krvh vdp solqj glvwulexwlrq lv˙sdudp hwhu0iuhh%+wkdwlv/ grhvqrwghshqg rq λ,1 Z h wkhq orrn xs wkh fulwlfdoydoxhv F_� dqg F_2 / vxfk wkdw

S F̂_� ⪰ W_{σ φ} ⪰ F_2 ‘@4∗ δ

z khuh δ lv wkh vlj qlfflfdqfh ohyhori wkh fruuhvsrqglqj whvw1 Z h wkhq uhduudqjh wklv h–suhvvlrq wr wkh irup

S f̂_� ⪰ λ ⪰ f_2‘@4∗ δ

z khuh f_� dqg f_2 duh ixqfwlrqvri F_� dqg F_2 uhvshfwlyho— 1Wkhq d 4∗ δ ( Frqfflghqfh Lqwhuydoiru λ lvf̂_�>f_2‘1

K“ SRWKHVLV WHVWLQJ VXP P DU“

Lq j hqhudo/ wr whvwd k— srwkhvlv/ frqvlghu d vwdwlvwlf fdofxodwhg iurp wkh vdp soh gdwd1 Ghulyh wkh suredelolw— glvwulexwlrq ri wkh vwdwlvwlf z khq wkh k— srwkhvlv lv wuxh/ dqg frp sduh wkh dfwxdo ydoxh ri wkh vwdwlvwlf z lwk wkh k— srwkhwlfdosuredelolw— glvwulexwlrq1 Dvvhvvz khwkhuwkh ydoxh lvd olnho— revhuydwlrq iurp wklvsuredelolw— glvwulexwlrq1 Li lwlv qrw/ wkhq uhmhfwwkh k— srwkhvlv1

:; FKDSWHU 91 VWDWLVWLFDODQDO“ VLV

S˘fi , 5AẄ Σ AWȷ Π

Ghfflqlwlr q 91614 Ohw♭^�>///>♭^⋆ eh d udqgrp vdp soh iurp d glvwulexwlrq z lwk p dvv2ghqvlw— ixqfwlrq i^f wkdwghshqgvrq +srvvleo— yhfwru, sdudp hwhuλ/ wkdwlv/ i^{f �} +ı^�, @i^f +ı^�¿λ,/ vr wkdw i^{f �cνννcf ς}+ı^�>///>ı^ς, @ ς⋂ ζ’ �

i^f +ı^ζ¿λ, wkhq d vwdwlvwlf W@w+♭^�>///>♭^⋆ , wkdwlvxvhg wr uhsuhvhqwd ixqfwlrq χ+λ, ri λ edvhg rq wkh vdp soh ı^�>///>ı^⋆ lvdq hvwlp dwr u/ dqg w@w+ı^�>///>ı^⋆ , lvdq hvwlp dwh/ aχ+λ,/ ri χ+λ,1

S˘fi˘� , 5AẄ Σ AWȷ Π A, ß OΠ W” N, 5 WG¨ , AOȷ # ȷ 6 ¨ ȷ ¨ , Π A5

Vxssrvh wkdw♭^�>///>♭^⋆ lv d udqgrp vdp soh iurp d suredelolw— glvwulexwlrq z lwk p dvv2ghqvlw— ixqfwlrq i^f wkdwghshqgvrq yhfwrusdudp hwhuλ ri glp hqvlrq n/ dqg vxssrvhwkdwd vdp sohı^�>///>ı^⋆ kdv ehhq revhuyhg1 Ohwwkh mwk p rp hqwri i^f eh ghqrwhg π^ρ/ dqg ohwwkh mwk vdp soh p rp hqweh ghqrwhg p^ρ irum@4>///>n1 Wkhq p^ρ @ 4 q ⋆⋃ ζ’ �

ı_ρ^ζ lvdq hvwlp dwh ri π^ρ P^ρ @ 4 q ⋆⋃ ζ’ �

♭_ρ^ζ lvdq hvwlp dwr u ri π_≺^ρ

Lqwhus uhwdwlr q = Wklv p hwkrg ri hvwlp dwlrq lqyroyhv p dwfklqj wkh wkhruhwlfdop rp hqwv wr wkh vdp soh p rp hqwv/ j lylqj +lq p rvwfdvhv, n ht xdwlrqv lq wkh n hohp hqwv ri yhfwru λ z klfk p d— eh vroyhg vlp xowdqhrxvo— wr fflqg wkh sdudp hwhu hvwlp dwhv1 Lqwxlwlyho— / dqg uhfdoolqj wkh Z hdn Odz ri

OdujhQxp ehuv/ lwlvuhdvrqdeohwr vxssrvhwkdwwkhuhlvd forvhuhodwlrqvkls ehwz hhq wkhwkhruhwlfdo surshuwlhvri d suredelolw— glvwulexwlrq/ dqg odujh vdp soh ghulyhg hvwlp dwhv¿iruh–dp soh/ z h nqrz wkdw/ iruodujh q/ wkh vdp soh p hdq frqyhujhvlq suredelolw— wr wkh wkhruhwlfdoh–shfwdwlrq1

S˘fi˘2 , 5AẄ Σ AWȷ Π A, ß OΠ W” N, 5 WWG¨ Σ j Ẅ N¨ wWk , wWOȷ ȷ #

Ghfflqlwlr q 91615 Ohwudqgrp yduldeohv♭^�>///>♭^⋆ kdyh mrlqwp dvvrughqvlw— ixqfwlrq/ ghqrwhg i^{f �cνννcf ς}/ wkdwghshqgvrq yhfwrusdudp hwhuλ @+λ^�>///>λ^ς,1Wkhq wkh mrlqw2p dvvghqvlw— ixqfwlrq hydoxdwhg dwffl–hg +srvvleo— revhuyhg, ydoxhvri wkh yduldeohv/ ı^�>///>ı^⋆ / dqg ylhz hg dvd ixqfwlrq ri λ lvwkh olnholkr r g ixqfwlr q/ O+λ,/ O+λ, @i^{f �cνννcf ⋆} +ı^�>///>ı^⋆ ¿λ, Li ♭^�>///>♭^⋆ uhsuhvhqwvd udqgrp vdp soh iurp mrlqw2p dvvghqvlw— ixqfwlrq i^f O+λ, @ ⋆⋂ ζ’ �

i^f +ı^ζ¿λ,

Ghfflqlwlr q 91616 OhwO+λ, eh wkh olnholkrrg ixqfwlrq ghulyhg iurp wkh mrlqw2p dvvghqvlw— ixqfwlrq ri udqgrp yduldeohv♭^�>///>♭^⋆ / z khuh λ ▽ Π ≥ U_ς/ vd— / dqg Π lvwhup hg wkh sdudp hwhu vsdfh1Wkhq irud ffl–hg vhwri revhuyhg ydoxhvı^�>///>ı^⋆ ri wkh yduldeohv/ wkh hvwlp dwh ri λ whup hg wkh p d–lp xp olnholkrrg hvwlp dwh ri λ/ aλ/ lv ghfflqhg e— aλ @duj p d–^{wMX} O+λ, wkdwlv/ wkh ydoxh ri λ iruz klfk O+λ, lvp d–lp l˝hg lq wkh sdudp hwhuvsdfh Π 1

;3 FKDSWHU 91 VWDWLVWLFDODQDO“ VLV

Wkxvwkh p d–lp xp olnholkrrg hvwlp dwh ri ξ lv aξ @ßı

VWHS 7 Fkhfn wkdwwkh vhfrqg ghulydwlyh ri orj O+ξ, z lwk uhvshfwwr ξ lvqhj dwlyh dwξ @aξ1 g_2 gξ_2 ⟩orj O+ξ,| @∗ ⋆⋃ ζ’ � ı^ζ ξ_2 ⋆ 3 dwξ @aξ

H[ DP SOH= Wkh iroorz lqj gdwd uhfrug wkh qxp ehuv ri grp hvwlfv dfflghqwv revhuyhg wr rffxu shukrxvhkrog lq rqh — hdu1 I ruwklvh–shulp hqw/ wkh wrwdoqxp ehuri krxvhkrog vwxglhg lvq @97:

Qxp ehuri dfflghqwv I uht xhqf—

3 77:

4 465

5 75

6 54 7 6 8 5 Xvlqj wkh p d–lp xp olnholkrrg surfhgxuh/ wkh hvwlp dwh ri ξ li d Srlvvrq p rgholvdvvxp hg lv aξ^{⁀ u} @ßı @ 4 q ⋆⋃ ζ’ �

ı^ζ @ +77: ⋄ 3, . +465⋄ 4, . +75⋄ 5, . +54⋄ 6, . +6⋄ 7, . +5⋄ 8, 97: @3/798

Lambda

Lo g- Li ke lih o d

0.0 0.5 1.0 1.5 2.0 -2 0 0 -1 80 0 -1 60 0 -1 40 0 -1 20 0 -1 0 0 -8 0 -6 0 Log-Likelihood Plot for Accident Data

Qrwh wkdw/ khuh/ wkh p d–lp xp olnholkrrg hvwlp dwrulvri wkh vdp h irup dvwkh p hwkrg ri p rp hqwv hvwlp dwru/ wkdwlv/ ~ξ^{⁀ ⁀} @~ξ^{⁀ u} @♭

9171 SURSHUWLHVRI HVWLP DWRUV^W ; 4

S˘e ¸ + ȷ ¸ , +AW, 5 ȷ 6 , 5AẄ Σ Aȷ + 5^±

Kdylqj frqvwuxfwhg dq hvwlp dwru xvlqj wkh p hwkrgv ghvfulehg deryh/ z h wkhq vhhn wr dvvhvv wkh surshuwlhvri wkh hvwlp dwruwkdwp ljkwohdg xvwr xvh lwlq suhihuhqfh wr rwkhuhvwlp dwruv1 ⊆ LQYDULDQF H =Dq hvwlp dwru/ W/ lvdq lqyduldqwhvwlp dwruri sdudp hwhuλli/ irud ixqfwlrq χ+λ, ri λ/ χ+W, lvdq hvwlp dwruri χ+λ,1 ⊆ XQELDVHGQHVV=Dq hvwlp dwru/ W/ lvdq xqeldvhg hvwlp dwruri ixqfwlrq χ+λ, ri sdudp 0 hwhuλ li H_{sA} Ŵ‘@χ+λ, z khuh i_A lv wkh vdp solqj glvwulexwlrq ri W1 Wkh eldv/ e+W,/ ri dq hvwlp dwru Wri χ+λ, lv ghfflqhg e— e+W, @H_{sA} Ŵ‘∗ χ+λ, dqg wkh P hdq Vt xduhg Huur u/ ruP VH/ ri Wlvghfflqhg e— P VH+W, @H_{sA} ^+W∗ χ+λ,,^2‘ ⊆ DV“ P SWRWLF XQELDVHGQHVV D vht xhqfh W_�>///>W_⋆ >///ri hvwlp dwruv ri ixqfwlrq χ+λ, ri sdudp hwhuλ duh dv— p s wr wlfdoo— xqeldvhg li/ olp_{⋆∋ℜ ↑} H_{sA⋆} Ŵ_⋆ ‘ @χ+λ, iruhyhu— λ ▽ Π 1 ⊆ VLP SOH F RQVLVWHQF “ =D vht xhqfh W_�>///>W_⋆ >///ri hvwlp dwruv ri ixqfwlrq χ+λ, ri sdudp hwhuλ1Wkh vht xhqfh ri hvwlp dwruvduh fr qvlvwhqwhvwlp dwruvri χ+λ, li/ irudooθA 3/ olp_{⋆∋ℜ ↑} S^⇕W_⋆ ∗ χ+λ,⇕⋆ θ‘@4 iruhyhu— λ ▽ Π / wkdwlv/ li W_⋆^R∗↔ χ+λ, dqg W_⋆ frqyhujhvlq suredelolw— wr χ+λ,1 ⊆ P VH F RQVLVWHQF “ =D vht xhqfh W_�>///>W_⋆ >///ri hvwlp dwruvri ixqfwlrq χ+λ, ri sdudp 0 hwhuλ duh p hdq vt xduhg huur u fr qvlvwhqwli/ olp_{⋆∋ℜ ↑} H_{sA⋆} ^+W_⋆ ∗ χ+λ,,^2‘ @3 iruhyhu— λ ▽ Π 1 ⊆ HI I LF LHQF “ =Lwlvghvludeohwkdwwkhvdp solqj glvwulexwlrq ri dq hvwlp dwrulvfrqfhqwudwhg durxqg wkhwuxhydoxhri wkhsdudp hwhu1I ruh–dp soh/ li W_� dqg W_2 duhwz r srvvleohhvwlp dwruv ri d ixqfwlrq χ+λ, ri sdudp hwhu λ/ wkhq z h z rxog suhihu W_� wr W_2 li W_� lv p ruh frqfhqwudwhg derxwχ+λ, wkdq lvW_2/ wkdwlv/ li/ irudooθA 3/ Sχ̂+λ, ∗ θ⋆ W_� ⋆ χ+λ, . θ‘∼ Sχ̂+λ, ∗ θ⋆ W_2 ⋆ χ+λ, . θ‘

;5 FKDSWHU 91 VWDWLVWLFDODQDO“ VLV z khuh wkh ohiwdqg ulj kwkdqg vlgh ghshqg rq wkh vdp solqj glvwulexwlrqvri W^� dqg W^2 uhvshf0 wlyho— 1I xuwkhup ruh/ li Wlvdq xqeldvhg hvwlp dwruri χ+λ,/ wkhq wkh F khe— fkhy Lqht xdolw— vxjj hvwvwkdw Sχ̂+λ, ∗ θ⋆ W⋆ χ+λ, . θ‘∼ 4∗ Ydu^{sA} Ŵ‘∂θ_2 irudooθA 3/ dvH^{sA} Ŵ‘@χ+λ,1Khqfh dq xqeldvhg hvwlp dwruz krvh vdp solqj glvwulexwlrq kdv d vp dooyduldqfh z looeh frqfhqwudwhg durxqg χ+λ,/ dqg wkxv z looeh suhihudeoh wr hvwlp dwruv z lwk odujhuyduldqfh1Li wklvlvwuxh irudoosrvvleoh ydoxhvri sdudp hwhuλ/ wkhq wklvhvwlp dwru p lj kweh uhj dughg dvwkh ˙ehvw%hvwlp dwruri χ+λ,1

Dq xqeldvhg W^� hvwlp dwrulvp ruh hȷ flhqwwkdq dqrwkhuhvwlp dwruW^2 li Ydu^{sA�} Ŵ^�‘ ⪰ Ydu^{sA2} Ŵ^2‘

DV“ P SWRWLF SURSHUWLHV RI P OHV

Lwfdq eh vkrz q wkdw/ xqghufhuwdlq uhj xodulw— frqglwlrqv/ p d–lp xp olnholkrrg hvwlp dwruvkdyh ghvludeohsurshuwlhv1Lq sduwlfxoduli aλ^⋆ lvwkhp d–lp xp olnholkrrg hvwlp dwruri sdudp hwhuλ ghulyhg iurp d udqgrp vdp soh ri vl˝h q/ wkhq

+l, aλ^⋆ h–lvwvdqg lvxqlt xh

+ll, aλ^⋆ lvfrqvlvwhqw

+lll, aλ^⋆ lv dv— p swrwlfdoo— qrup doo— glvwulexwhg/ wkdwlv/ aλ^⋆_⌢∗↔ Q λ> 4 qH^{sf} ⌋ ⟩C+♭ ¿λ,|_2 ⌈ ⟨ z khuh C+ı¿λ, @ C Cλ ⟩orj i^f +ı¿λ,| lv wkh vfr uh ixqfwlr q/ wkdwlv/ aλ^⋆ lv dv— p swrwlfdoo— xqeldvhg/ dqg lwfdq eh vkrz q wkdwaλ^⋆ kdv p lqlp xp yduldqfh lq wkh fodvv ri xqeldvhg hvwlp dwruv1