
�O��A,+ S
5A�AW5AW��w ���wv5W5

S�� 5A�AW5AW��w 5N���+W,5 : 5���wW�B #W5A+W�NAW��5
Gh�qlwlrq 91414 D froohfwlrq ri l1l1g1 udqgrp yduldeohv [ � > ===>[ � hdfk ri zklfk kdv glvwulexwlrq
gh�qhg e| fgi I � +ru pdvv2ghqvlw| ixqfwlrq i � , lv d udqgrp vdpsoh ri vl}h q iurp I � +ru i � ,1
Gh�qlwlrq 91415 D ixqfwlrq/ W / ri d udqgrp vdpsoh/ [ � > ===>[ � / wkdw lv/ W @ w+[ � > ===>[ � , wkdw
ghshqgv rqo| rq [ � > ===>[ � lv d vwdwlvwlf1 D vwdwlvwlf lv d udqgrp yduldeoh1
Iru h{dpsoh/ wkh vdpsoh phdq �[ @ +[ � .[ � . ===.[ � , @q lv d vwdwlvwlf1
Gh�qlwlrq 91416 Li [ � > ===>[ � lv d udqgrp vdpsoh iurp I � / vd|/ dqg W @ w+[ � > ===>[ � , lv d
vwdwlvwlf/ wkhq I � +ru i � ,/ wkh fgi +ru pdvv2ghqvlw| ixqfwlrq, ri udqgrp yduldeoh W / lv wkh
vdpsolqj glvwulexwlrq ri W 1
Wkh remhfwlyh lv wr ghulyh wkh glvwulexwlrq ri W iurp wkh glvwulexwlrq ri [ � > ===>[ � 1
H[DPSOH= Li [ � > ===>[ � duh lqghshqghqw udqgrp yduldeohv/ zlwk [ � � Q+� � > � �

� , iru l @ 4> ===> q/
dqg d � > ===> d � duh frqvwdqwv/ frqvlghu wkh glvwulexwlrq ri udqgrp yduldeoh \ gh�qhg e|

\ @
�[

��� �
d � [ �

Xvlqj vwdqgdug pji uhvxowv/ wkh glvwulexwlrq ri \ lv ghulyhg wr eh qrupdo zlwk sdudphwhuv

� � @
�[

��� �
d � � � � �

� @
�[

��� �
d �
� � �

� =

Qrz frqvlghu wkh vshfldo fdvh ri wklv uhvxow zkhq [ � > ===>[ � duh l1l1g1 zlwk � � @ � dqg � �
� @ � � /

dqg zkhuh d � @ 4@q iru l @ 4> ===> q1 Wkhq

\ @
�[

��� �

4
q[ � @ �[ � Q

�
�> �

�

q
�

Gh�qlwlrq 91417 Iru d udqgrp vdpsoh [ � > ===>[ � iurp d suredelolw| glvwulexwlrq/ wkhq wkh
vdpsoh yduldqfhv/ v � dqg V � / duh vwdwlvwlfv gh�qhg e|

v � @ 4
q� 4

�[
��� �

�[ � � �[� � V � @ 4
q

�[
��� �

�[ � � �[� �

:4
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Wkhruhp 91414 Vxssrvh wkdw [ � > ===>[ � lv d udqgrp vdpsoh iurp d qrupdo glvwulexwlrq/ vd|
[ � � Q+�> � � ,1 Wkhq
+4, �[ lv lqghshqghqw ri �[ � �[> l @ 4> ===> q�
+5, �[ dqg v � duh lqghshqghqw udqgrp yduldeohv
+6, Wkh udqgrp yduldeoh

+q� 4,v �

� � @

�[
��� �

�[ � � �[� �

� �

kdv d fkl0vtxduhg glvwulexwlrq zlwk q� 4 ghjuhhv ri iuhhgrp1
Surri1 +4, Vnhwfk= Frqvlghu wkh pxowlyduldwh wudqvirupdwlrq wr \ � > ===> \ � zkhuh

\ � @ �[ \ � @ [ � � �[> l @ 5> ===> q +, [ � @ \ � � �S
��� � \ � [ � @ \ � . \ � =

Wkhq i ����� � � � ��� +| � > ==> | � , @ i ����� � � � �	� +| � > ==> | � ,i ��� +| � ,/ dqg wkhuhiruh \ � lv lqghshqghqw ri \ � > ===> \ � 1
Khqfh �[ lv lqghshqghqw ri wkh udqgrp yduldeohv whupv �\ � @ [ � � �[> l @ 5> ===> q� = Ilqdoo|/ dv
[ � � �[ @ � �S

��� �

�[ � � �[�/ �[ lv dovr lqghshqghqw ri [ � � �[

+5, v � lv d ixqfwlrq rqo| ri �[ � � �[> l @ 4> ===> q�1 Dv �[ lv lqghshqghqw ri wkhvh yduldeohv/ �[ dqg
v � duh dovr lqghshqghqw1
+6, Fdq ghfrpsrvh wkh vxpv ri vtxduhv whupv wkdw dsshdu lq wkh olnholkrrg dv

�[
��� �

+[ � � �, � @
�[

��� �

�[ � � �[� � . q � �[ � �� � ru � � Y � @ � � Y � . � � Y 


vd|/ zkhuh wkh pjiv ri Y � / Y � dqg Y 
 duh
P � � +w, @

� 4@5
4@5� w

� �
� �
P � � +w, @

� 4@5
4@5� w

� � ��� ��� � �
P �	� +w, @

� 4@5
4@5� w

� � � �

vr wkdw
Y � � " �

� Y � � " �
��� � Y 
 � " � �

Wkhruhp 91415 Vxssrvh wkdw [ � > ===>[ � lv d udqgrp vdpsoh iurp d qrupdo glvwulexwlrq/ vd|
[ � � Q+�> � � ,1 Wkhq wkh udqgrp yduldeoh

W @ �[ � �
v@sq

kdv d Vwxghqw0w glvwulexwlrq zlwk q� 4 ghjuhhv ri iuhhgrp1
Surri1 Frqvlghu wkh udqgrp yduldeohv

] @
sq+ �[ � �,

� � Q+3> 4, Y @ +q� 4,v �

� � � " �
��� � dqg ]u Y

q� 4
dqg xvh wkh surshuwlhv ri wkh qrupdo glvwulexwlrq dqg uhodwhg udqgrp yduldeohv +QRWH +9,/ s1
93/ vhfwlrq 718,
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S�2 Ov��AO,5W5 A,5AW�B�
Jlyhq d vdpsoh { � > ===> { � iurp d suredelolw| prgho i � +{> �, ghshqglqj rq sdudphwhu �/ zh pljkw
zdqw wr whvw/ vd|/ zkhwkhu ru qrw wkhuh lv hylghqfh iurp wkh vdpsoh wkdw wuxh +exw xqrevhuyhg, ydoxh
ri � lv qrw htxdo wr d vshfl�hg ydoxh1 Zh xvh vdpsolqj glvwulexwlrqv wr txdqwli| wklv hylghqfh1
Zh zloo orrn dw wzr vlwxdwlrqv/ qdpho| rqh vdpsoh dqg wzr vdpsoh h{shulphqwv1

Udqgrp Yduldeohv Gdwd Prghov B
RQH VDPSOH = [ � > ===>[ � � Q+�> � � , { � > ==={ � � @ f � > � @ f �
WZR VDPSOH = [ � > ===>[ � � Q+� � > � �

� , { � > ==={ � � � @ � � > � � @ � �

\ � > ===> \ � � Q+� � > � �
� , | � > ===| �

S�2�� A,5A5 6�+ ��+��w #�A� W � AO, ~�A,5A Ej k��`��
Uhfdoo wkdw/ li [ � > ===>[ � � Q+�> � � , duh wkh l1l1g1 rxwfrph udqgrp yduldeohv ri q h{shulphqwdo
wuldov/ wkhq

�[ � Q
�
�> �

�

q
�

dqg qV �

� � � " �
��� �

zlwk �[ dqg V � vwdwlvwlfdoo| lqghshqghqw1 Vxssrvh zh zdqw wr whvw wkh k|srwkhvlv wkdw � @ f/ iru
vrph vshfl�hg frqvwdqw f/ +zkhuh/ iru h{dpsoh/ f @ 53=3, lv d sodxvleoh prgho> pruh vshfl�fdoo|/ zh
zdqw wr whvw

K � = � @ f wkh QXOO k|srwkhvlv
K � = � 9@ f wkh DOWHUQDWLYH k|srwkhvlv

Vshfl�fdoo|/ zh zdqw wr whvw zkhwkhu K � lv wuxh/ ru zkhwkhu K � lv wuxh1 Qrz/ zh nqrz wkdw/ lq wkh
fdvh ri d Qrupdo vdpsoh/ wkh glvwulexwlrq ri wkh hvwlpdwru �[ lv Qrupdo/ dqg

�[ � Q
�
�> �

�

q
�

@, ] @ �[ � �
�@sq � Q +3> 4,

zkhuh ] lv d udqgrp yduldeoh1 Qrz/ zkhq zh kdyh revhuyhg wkh gdwd vdpsoh/ zh fdq fdofxodwh
�{/ dqg wkhuhiruh zh kdyh d zd| ri whvwlqj zkhwkhu � @ f lv d sodxvleoh prgho> zh fdofxodwh

} @ �{� f
�@sq

Li K � lv wuxh/ dqg � @ f/ wkhq wkh revhuyhg } vkrxog eh dq revhuydwlrq iurp dq Q+3> 4, glvwulexwlrq
+dv ] � Q+3> 4,,/ wkdw lv/ lw vkrxog eh qhdu }hur zlwk kljk suredelolw|1 Lq idfw/ } vkrxog olh ehwzhhq
041<9 dqg 41<9 zlwk suredelolw| 4� � @ 3=<8/ vd|/ dv

S^�4=<9 � ] ? 4=<9` @ �+4=<9,��+�4=<9, @ 3=<:8� 3=358 @ 3=<8
=Li zh revhuyh } wr eh rxwvlgh ri wklv udqjh/ wkhq wkhuh lv hylghqfh wkdw K � lv qrw wuxh1

Dowhuqdwlyho|/ zh frxog fdofxodwh wkh suredelolw| s ri revhuylqj d } ydoxh wkdw lv pruh h{wuhph
wkdq wkh } zh glg revhuyh> wklv suredelolw| lv jlyhq e|

s @ 5�+�m}m,
Li s lv yhu| vpdoo/ vd| s � � @ 3=38/ wkhq wkhuh lv hylghqfh wkdw K � lv qrw wuxh1 Lq vxppdu|/ li }
lv d vxusulvlqj revhuydwlrq iurp dq Q+3> 4, glvwulexwlrq wkhq zh fdq uhmhfw K � 1
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S�2�2 Ov��AO,5W5 A,5AW�B A,+�W��w�Bv
Wkhuh duh �yh fuxfldo frpsrqhqwv wr d k|srwkhvlv whvw/ qdpho|

� WHVW VWDWLVWLF
� QXOO GLVWULEXWLRQ
� VLJQLILFDQFH OHYHO/ ghqrwhg �
� S0YDOXH/ ghqrwhg s1
� FULWLFDO YDOXH+V,

Lq wkh Qrupdo h{dpsoh jlyhq deryh/ zh kdyh wkdw
} lv wkh whvw vwdwlvwlf
Wkh glvwulexwlrq ri udqgrp yduldeoh ] li K � lv wuxh lv wkh qxoo glvwulexwlrq
� @ 3=38 lv wkh vljql�fdqfh ohyho ri wkh whvw +zh frxog xvh � @ 3=34 li zh uhtxluh d _vwurqjhu%
whvw,1
s lv wkh s0ydoxh ri wkh whvw vwdwlvwlf xqghu wkh qxoo glvwulexwlrq
Wkh vroxwlrq F � ri �+F � , @ 4��@5 +F � @ 4=<9 deryh, jlyhv wkh fulwlfdo ydoxhv ri wkh whvw 	F � 1

S�2�� A,5A5 6�+ ��+��w #�A� WW � AO, A�A,5A E j N�k��`��
Li wkh yduldqfh � � lv xqnqrzq/ zh surfhhg dv iroorzv> wkh vdpsolqj glvwulexwlrqv ri �[ dqg v � duh
nqrzq iurp Wkhruhp 91414/ dqg wkdw wkh wzr hvwlpdwruv duh vwdwlvwlfdoo| lqghshqghqw1 Qrz/ iurp
wkh surshuwlhv ri wkh Qrupdo glvwulexwlrq/ li zh kdyh lqghshqghqw udqgrp yduldeohv ] � Q+3> 4,
dqg \ � " �� / wkhq zh nqrz wkdw udqgrp yduldeoh W gh�qhg e|

W @ ]s\@�
kdv d Vwxghqw0w glvwulexwlrq zlwk � ghjuhhv ri iuhhgrp1 Xvlqj wklv uhvxow/ dqg uhfdoolqj wkh vdpsolqj
glvwulexwlrqv ri �[ dqg v � / zh vhh wkdw

W @ �[ � �
�@sq

/v
+q� 4,v � @� �

+q� 4, @ + �[ � �,
v@sq � w ��� �

dqg W kdv d Vwxghqw0w glvwulexwlrq zlwk q� 4 ghjuhhv ri iuhhgrp/ ghqrwhg Vw+q� 4,1 Wkxv zh fdq
uhshdw wkh surfhgxuh xvhg lq wkh � nqrzq fdvh/ exw xvh wkh vdpsolqj glvwulexwlrq ri W udwkhu wkdq
wkdw ri ] wr dvvhvv zkhwkhu wkh whvw vwdwlvwlf lv _vxusulvlqj% ru qrw1 Vshfl�fdoo|/ zh fdofxodwh

w @ +�{� �,
v@sq

dqg �qg wkh fulwlfdo ydoxhv iru d � @ 3=38 vljql�fdqfh whvw e| �qglqj wkh ruglqdwhv fruuhvsrqglqj
wr wkh 3=358 dqg 3=<:8 shufhqwlohv ri d Vwxghqw0w glvwulexwlrq/ Vw+q � 4, +udwkhu wkdq d Q+3> 4,,
glvwulexwlrq1 Ilqdoo|/ zh fdq fdofxodwh wkh suredelolw| s ri revhuylqj d W wkdw lv pruh h{wuhph
wkdq wkh w zh glg revhuyh> wklv suredelolw| lv jlyhq e|

s @ 5I ��� � ��� ��� +�mwm,
Li s lv yhu| vpdoo/ vd| s � � @ 3=38/ wkhq/ djdlq/ wkhuh lv hylghqfh wkdw K � lv qrw wuxh1
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S�2�e A,5A5 6�+ ��+��w #�A� WWW � A,5AW�B j

Wkh ]0whvw dqg W0whvw duh erwk whvwv iru wkh sdudphwhu �1 Vxssrvh wkdw zh zlvk wr whvw d k|srwkhvlv
derxw �/ iru h{dpsoh

K � = � � @ f
K � = � � 9@ f

Zh frqvwuxfw d whvw edvhg rq wkh hvwlpdwh ri yduldqfh/ v � 1 Lq sduwlfxodu/ zh vdz iurp Wkhruhp
91414 wkdw wkh udqgrp yduldeoh T/ gh�qhg e|

T @ +q� 4,v �

� � � " �
��� �

li wkh gdwd kdyh dq Q+�> � � , glvwulexwlrq1 Khqfh li zh gh�qh whvw vwdwlvwlf t e|

t @ +q� 4,v �

f
wkhq zh fdq frpsduh t zlwk wkh fulwlfdo ydoxhv ghulyhg iurp d " �

� � � glvwulexwlrq> zh orrn iru wkh
31358 dqg 31<:8 txdqwlohv 0 qrwh wkdw wkh Fkl0vtxduhg glvwulexwlrq lv qrw v|pphwulf/ vr zh qhhg
wzr glvwlqfw fulwlfdo ydoxhv

F � � @ I � ���� � +3=358, F � � @ I � ���� � +3=<:8,
Li t lv d vxusulvlqj revhuydwlrq iurp d " �

� � � glvwulexwlrq/ dqg zh fdqqrw uhmhfw K � 1

S�2�D A`� 5���w, A,5A5
Lw lv vwudljkwiruzdug wr h{whqg wkh lghdv iurp wkh suhylrxv vhfwlrqv wr wzr vdpsoh vlwxdwlrqv zkhuh
zh zlvk wr frpsduh wkh glvwulexwlrqv xqghuo|lqj wzr gdwd vdpsohv1 W|slfdoo|/ zh frqvlghu vdpsoh
rqh/ { � > ===> { ��� / iurp d Q+� � > � �

� , glvwulexwlrq/ dqg vdpsoh wzr/ | � > ===> | ��� / lqghshqghqwo| iurp d
Q+� � > � �

� , glvwulexwlrq/ dqg whvw wkh htxdolw| ri wkh sdudphwhuv lq wkh wzr prghov1 Vxssrvh wkdw
wkh vdpsoh phdq dqg vdpsoh yduldqfh iru vdpsohv rqh dqg wzr duh ghqrwhg +�{> v �

� , dqg +�|> v �
� ,

uhvshfwlyho|1
Iluvw/ frqvlghu whvwlqj wkh k|srwkhvlv

K � = � � @ � �

K � = � � 9@ � �

zkhq � � @ � � @ � lv nqrzq1 Qrz/ zh kdyh iurp wkh vdpsolqj glvwulexwlrqv wkhruhp zh kdyh
�[ � Q

�
� � > �

�

q �

�
�\ � Q

�
� � > �

�

q �

�
@, �[ � �\ � Q

�
3> �

�

q �
. � �

q �

�

dqg khqfh

] @ �[ � �\
�
u 4

q �
. 4

q �

� Q+3> 4,
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jlylqj xv d whvw vwdwlvwlf } gh�qhg e|
} @ �{� �|

�
u 4

q �
. 4

q �

zklfk zh fdq frpsduh zlwk wkh vwdqgdug qrupdo glvwulexwlrq> li } lv d vxusulvlqj revhuydwlrq iurp
Q+3> 4,/ dqg olhv rxwvlgh ri wkh fulwlfdo uhjlrq/ wkhq zh fdq uhmhfw K � 1 Wklv surfhgxuh lv wkh Wzr
Vdpsoh ]0Whvw1

Li � � @ � � @ � lv xqnqrzq/ zh sdudooho wkh rqh vdpsoh W0whvw e| uhsodflqj � e| dq hvwlpdwh
lq wkh wzr vdpsoh ]0whvw1 Iluvw/ zh rewdlq dq hvwlpdwh ri � e| _srrolqj% wkh wzr vdpsohv> rxu
hvwlpdwh lv wkh srrohg hvwlpdwh/ v �

� / gh�qhg e|
v �

� @ +q � � 4,v �
� . +q � � 4,v �

�

q � . q � � 5
zklfk zh wkhq xvh wr irup wkh whvw vwdwlvwlf w gh�qhg e|

w @ �{� �|
v �

u 4
q �

. 4
q �

Lw fdq eh vkrzq wkdw/ li K � lv wuxh wkhq w vkrxog eh dq revhuydwlrq iurp d Vwxghqw0w glvwulexwlrq
zlwk q � . q � � 5 ghjuhhv ri iuhhgrp1 Khqfh zh fdq ghulyh wkh fulwlfdo ydoxhv iurp wkh wdeohv ri
wkh Vwxghqw0w glvwulexwlrq1

Li � � 9@ � � / exw erwk sdudphwhuv duh nqrzq/ zh fdq xvh d vlplodu dssurdfk wr wkh rqh deryh wr
ghulyh whvw vwdwlvwlf } gh�qhg e|

} @ �{� �|v
� �

�

q �
. � �

�

q �

zklfk kdv dq Q+3> 4, glvwulexwlrq li K � lv wuxh1

Fohduo|/ wkh fkrlfh ri whvw ghshqgv rq zkhwkhu � � @ � � ru rwkhuzlvh> zh pd| whvw wklv k|srwkhvlv
irupdoo|> wr whvw

K � = � � @ � �

K � = � � 9@ � �

zh frpsxwh wkh whvw vwdwlvwlf
t @ v �

�

v �
�

zklfk kdv d qxoo glvwulexwlrq nqrzq dv wkh Ilvkhu ru I glvwulexwlrq zlwk +q � � 4> q � � 4, ghjuhhv
ri iuhhgrp> wklv glvwulexwlrq fdq eh ghqrwhg I +q � � 4> q � � 4,/ dqg lwv txdqwlohv duh wdexodwhg1
Khqfh zh fdq orrn xs wkh 31358 dqg 31<:8 txdqwlohv ri wklv glvwulexwlrq +wkh I glvwulexwlrq lv qrw
v|pphwulf,/ dqg khqfh gh�qh wkh fulwlfdo uhjlrq> lqirupdoo|/ li wkh whvw vwdwlvwlf t lv yhu| vpdoo
ru yhu| odujh/ wkhq lw lv d vxusulvlqj revhuydwlrq iurp wkh I glvwulexwlrq dqg khqfh zh uhmhfw wkh
k|srwkhvlv ri htxdo yduldqfhv1
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S�2�S ���6W#,��, W�A,+V�w5
Wkh surfhgxuhv deryh doorz xv wr whvw vshfl�f k|srwkhvlv derxw wkh sdudphwhuv ri suredelolw|
prghov1 Zh pd| frpsohphqw vxfk whvwv e| uhsruwlqj d frq�ghqfh lqwhuydo/ zklfk lv dq lqwhuydo
lq zklfk zh eholhyh wkh _wuxh% sdudphwhu olhv zlwk kljk suredelolw|1 Hvvhqwldoo|/ zh xvh wkh vdpsolqj
glvwulexwlrq wr ghulyh vxfk lqwhuydov1
Iru h{dpsoh/ lq d rqh vdpsoh ]0whvw/ zh vdz wkdw

] @ [ � �
�@sq � Q+3> 4,

wkdw lv/ wkdw/ iru fulwlfdo ydoxhv 	F � lq wkh whvw dw wkh 8( Vljql�fdqfh ohyho

S ^ �F � � ] � F � ` @ S
��F � � �[ � �

�@sq � F �
�
@ 3=<8

Qrz/ iurp wdeohv zh kdyh F � @ 4=<9/ vr uh0duudqjlqj wklv h{suhvvlrq zh rewdlq

S
�
�[ � 4=<9 �sq � � � �[ . 4=<9 �sq

�
@ 3=<8

iurp zklfk zh ghgxfh d <8 ( Frq�ghqfh Lqwhuydo iru � edvhg rq wkh vdpsoh phdq �{ ri
�{	 4=<9 �sq

Zh fdq ghulyh rwkhu frq�ghqfh lqwhuydov +fruuhvsrqglqj wr gl�huhqw vljql�fdqfh ohyhov lq wkh htxly0
dohqw whvwv, e| orrnlqj xs wkh dssursuldwh ydoxhv ri wkh fulwlfdo ydoxhv1 Wkh jhqhudo dssurdfk iru
frqvwuxfwlrq ri frq�ghqfh lqwhuydo iru jhqhulf sdudphwhu � surfhhgv dv iroorzv1 Iurp wkh prghoolqj
dvvxpswlrqv/ zh ghulyh d slyrwdo txdqwlw|/ wkdw lv/ d vwdwlvwlf/ W ��� / vd|/ +xvxdoo| wkh whvw vwdwlvwlf
udqgrp yduldeoh, wkdw ghshqgv rq �/ exw zkrvh vdpsolqj glvwulexwlrq lv _sdudphwhu0iuhh% +wkdw lv/
grhv qrw ghshqg rq �,1 Zh wkhq orrn xs wkh fulwlfdo ydoxhv F � � dqg F � � / vxfk wkdw

S ^F � � � W ��� � F � � ` @ 4� �
zkhuh � lv wkh vljql�fdqfh ohyho ri wkh fruuhvsrqglqj whvw1 Zh wkhq uhduudqjh wklv h{suhvvlrq wr
wkh irup

S ^f � � � � f � ` @ 4� �
zkhuh f � dqg f � duh ixqfwlrqv ri F � � dqg F � � uhvshfwlyho|1 Wkhq d 4�� ( Frq�ghqfh Lqwhuydo iru
� lv ^f � > f � `1

K\SRWKHVLV WHVWLQJ VXPPDU\
Lq jhqhudo/ wr whvw d k|srwkhvlv/ frqvlghu d vwdwlvwlf fdofxodwhg iurp wkh vdpsoh gdwd1 Ghulyh

wkh suredelolw| glvwulexwlrq ri wkh vwdwlvwlf zkhq wkh k|srwkhvlv lv wuxh/ dqg frpsduh wkh dfwxdo
ydoxh ri wkh vwdwlvwlf zlwk wkh k|srwkhwlfdo suredelolw| glvwulexwlrq1 Dvvhvv zkhwkhu wkh ydoxh lv d
olnho| revhuydwlrq iurp wklv suredelolw| glvwulexwlrq1 Li lw lv qrw/ wkhq uhmhfw wkh k|srwkhvlv1
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S�� ,5AW��AW��
Gh�qlwlrq 91614 Ohw [ � > ===>[ � eh d udqgrp vdpsoh iurp d glvwulexwlrq zlwk pdvv2ghqvlw|
ixqfwlrq i � wkdw ghshqgv rq +srvvleo| yhfwru, sdudphwhu �/ wkdw lv/ i � � +{ � , @ i � +{ � > �,/ vr wkdw

i � � � � � � � ��� +{ � > ===> { � , @
�\

��� �
i � +{ � > �,

wkhq d vwdwlvwlf W @ w+[ � > ===>[ � , wkdw lv xvhg wr uhsuhvhqw d ixqfwlrq �+�, ri � edvhg rq wkh
vdpsoh { � > ===> { � lv dq hvwlpdwru/ dqg w @ w+{ � > ===> { � , lv dq hvwlpdwh/ a�+�,/ ri �+�,1

S���� ,5AW��AW�� A,�O�W"N,5 WG �,AO�# �6 ���,�A5
Vxssrvh wkdw [ � > ===>[ � lv d udqgrp vdpsoh iurp d suredelolw| glvwulexwlrq zlwk pdvv2ghqvlw|
ixqfwlrq i � wkdw ghshqgv rq yhfwru sdudphwhu � ri glphqvlrq n/ dqg vxssrvh wkdw d vdpsoh { � > ===> { �

kdv ehhq revhuyhg1 Ohw wkh mwk prphqw ri i � eh ghqrwhg � � / dqg ohw wkh mwk vdpsoh prphqw eh
ghqrwhg p� iru m @ 4> ===> n1 Wkhq

p� @ 4
q

�[
��� �

{� � lv dq hvwlpdwh ri � � P� @ 4
q

�[
��� �

[ �
� lv dq hvwlpdwru ri � ��

Lqwhusuhwdwlrq = Wklv phwkrg ri hvwlpdwlrq lqyroyhv pdwfklqj wkh wkhruhwlfdo prphqwv wr wkh
vdpsoh prphqwv/ jlylqj +lq prvw fdvhv, n htxdwlrqv lq wkh n hohphqwv ri yhfwru � zklfk pd| eh
vroyhg vlpxowdqhrxvo| wr �qg wkh sdudphwhu hvwlpdwhv1 Lqwxlwlyho|/ dqg uhfdoolqj wkh Zhdn Odz ri
Odujh Qxpehuv/ lw lv uhdvrqdeoh wr vxssrvh wkdw wkhuh lv d forvh uhodwlrqvkls ehwzhhq wkh wkhruhwlfdo
surshuwlhv ri d suredelolw| glvwulexwlrq/ dqg odujh vdpsoh ghulyhg hvwlpdwhv> iru h{dpsoh/ zh nqrz
wkdw/ iru odujh q/ wkh vdpsoh phdq frqyhujhv lq suredelolw| wr wkh wkhruhwlfdo h{shfwdwlrq1

S���2 ,5AW��AW�� A,�O�W"N,5 WWG ��jW�N� wWk,wWO��#
Gh�qlwlrq 91615 Ohw udqgrp yduldeohv [ � > ===>[ � kdyh mrlqw pdvv ru ghqvlw| ixqfwlrq/ ghqrwhg
i � ��� � � � � � � / wkdw ghshqgv rq yhfwru sdudphwhu � @ +� � > ===> � � ,1 Wkhq wkh mrlqw2pdvv ghqvlw| ixqfwlrq
hydoxdwhg dw �{hg +srvvleo| revhuyhg, ydoxhv ri wkh yduldeohv/ { � > ===> { � / dqg ylhzhg dv d ixqfwlrq
ri � lv wkh olnholkrrg ixqfwlrq/ O+�,/

O+�, @ i � ��� � � � � � � +{ � > ===> { � > �,
Li [ � > ===>[ � uhsuhvhqwv d udqgrp vdpsoh iurp mrlqw2pdvv ghqvlw| ixqfwlrq i �

O+�, @
�\

��� �
i � +{ � > �,

Gh�qlwlrq 91616 Ohw O+�, eh wkh olnholkrrg ixqfwlrq ghulyhg iurp wkh mrlqw2pdvv ghqvlw|
ixqfwlrq ri udqgrp yduldeohv [ � > ===>[ � / zkhuh � 5 � � U � / vd|/ dqg � lv whuphg wkh sdudphwhu
vsdfh1 Wkhq iru d �{hg vhw ri revhuyhg ydoxhv { � > ===> { � ri wkh yduldeohv/ wkh hvwlpdwh ri � whuphg
wkh pd{lpxp olnholkrrg hvwlpdwh ri �/ a�/ lv gh�qhg e|

a� @ dujpd{���	� O+�,
wkdw lv/ wkh ydoxh ri � iru zklfk O+�, lv pd{lpl}hg lq wkh sdudphwhu vsdfh �1
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Lqwhusuhwdwlrq = Wklv phwkrg ri hvwlpdwlrq lqyroyhv �qglqj wkh ydoxh ri � iru zklfk O+�, lv
pd{lpl}hg e| vhwwlqj wkh �uvw sduwldo ghulydwlyhv ri O+�, zlwk uhvshfw wr � � htxdo wr }hur/ iru
m @ 4> ===> n/ dqg vroylqj wkh uhvxowlqj n vlpxowdqhrxv htxdwlrqv1 Vxssrvh d vdpsoh { � > ===> { � kdv
ehhq rewdlqhg iurp d suredelolw| prgho vshfl�hg e| pdvv ru ghqvlw| ixqfwlrq i � +{> �, ghshqglqj rq
sdudphwhu+v, � o|lqj lq sdudphwhu vsdfh �1 Wkh pd{lpxp olnholkrrg hvwlpdwh +p1o1h1, lv surgxfhg
dv iroorzv>
WKH IRXU VWHS SURFHGXUH

� Zulwh grzq wkh olnholkrrg ixqfwlrq/ O+�,1
� Wdnh wkh qdwxudo orj ri wkh olnholkrrg/ froohfw whupv lqyroylqj �1
� Ilqg wkh ydoxh ri � 5 �/ a�/ iru zklfk orjO+�, lv pd{lpl}hg/ iru h{dpsoh e| gl�huhqwldwlrq1
Qrwh wkdw/ li sdudphwhu vsdfh � lv d erxqghg lqwhuydo/ wkhq wkh pd{lpxp olnholkrrg hvwlpdwh
pd| olh rq wkh erxqgdu| ri �1 Li wkh sdudphwhu lv d n yhfwru/ wkh pd{lpl}dwlrq lqyroyhv
hydoxdwlrq ri sduwldo ghulydwlyhv1

� Fkhfn wkdw wkh hvwlpdwh a� rewdlqhg lq VWHS 6 wuxo| fruuhvsrqgv wr d pd{lpxp lq wkh +orj
, olnholkrrg ixqfwlrq e| lqvshfwlqj wkh vhfrqg ghulydwlyh ri orjO+�, zlwk uhvshfw wr �1 Lq wkh
vlqjoh sdudphwhu fdvh/ li wkh vhfrqg ghulydwlyh ri wkh orj 0olnholkrrg lv qhjdwlyh dw � @ a�/ wkhqa� lv frq�uphg dv wkh p1o1h1 ri � +rwkhu whfkqltxhv pd| eh xvhg wr yhuli| wkdw wkh olnholkrrg
lv pd{lpl}hg dw a�,1

H[DPSOH Vxssrvh d vdpsoh { � > ===> { � lv prghoohg e| d Srlvvrq glvwulexwlrq zlwk sdudphwhu
ghqrwhg �/ vr wkdw

i � +{> �, � i � +{>�, @ � �
{$ h

��� { @ 3> 4> 5> ===
iru vrph � A 31 Wr hvwlpdwh � e| pd{lpxp olnholkrrg/ surfhhg dv iroorzv1
VWHS 4 Fdofxodwh wkh olnholkrrg ixqfwlrq O+�,1

O+�, @
�\

��� �
i � +{ � >�, @

�\
� � �

�� � �
{ � $ h

���
�

@ � � ��� � � � � � �
{ � $===={ � $ h

� ���

iru � 5 � @ U � 1
VWHS 5 Fdofxodwh wkh orj0olnholkrrg orjO+�,1

orjO+�, @
�[

��� �
{ � orj�� q�� �[

��� �
orj+{� $,

VWHS 6 Gl�huhqwldwh orjO+�, zlwk uhvshfw wr �/ dqg htxdwh wkh ghulydwlyh wr }hur wr �qg wkh
p1o1h11

g
g� iorjO+�,j @

�[
��� �

{ �

� � q @ 3 , a� @ 4
q

�[
��� �

{� @ �{
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Wkxv wkh pd{lpxp olnholkrrg hvwlpdwh ri � lv a� @ �{

VWHS 7 Fkhfn wkdw wkh vhfrqg ghulydwlyh ri orjO+�, zlwk uhvshfw wr � lv qhjdwlyh dw � @ a�1

g �

g� � iorjO+�,j @ �
�[

��� �
{ �

� � ? 3 dw � @ a�

H[DPSOH= Wkh iroorzlqj gdwd uhfrug wkh qxpehuv ri grphvwlfv dfflghqwv revhuyhg wr rffxu
shu krxvhkrog lq rqh |hdu1 Iru wklv h{shulphqw/ wkh wrwdo qxpehu ri krxvhkrog vwxglhg lv q @ 97:

Qxpehu ri dfflghqwv Iuhtxhqf|
3 77:
4 465
5 75
6 54
7 6
8 5

Xvlqj wkh pd{lpxp olnholkrrg surfhgxuh/ wkh hvwlpdwh ri � li d Srlvvrq prgho lv dvvxphg lv

a� ��� @ �{ @ 4
q

�[
��� �

{ � @ +77:� 3, . +465� 4, . +75� 5, . +54� 6, . +6� 7, . +5� 8,
97: @ 3=798
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Log-Likelihood Plot for Accident Data

Qrwh wkdw/ khuh/ wkh pd{lpxp olnholkrrg hvwlpdwru lv ri wkh vdph irup dv wkh phwkrg ri prphqwv
hvwlpdwru/ wkdw lv/ e� ��� @ e� ��� @ [
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S�e �+��,+AW,5 �6 ,5AW��A�+5�
Kdylqj frqvwuxfwhg dq hvwlpdwru xvlqj wkh phwkrgv ghvfulehg deryh/ zh wkhq vhhn wr dvvhvv wkh
surshuwlhv ri wkh hvwlpdwru wkdw pljkw ohdg xv wr xvh lw lq suhihuhqfh wr rwkhu hvwlpdwruv1

� LQYDULDQFH = Dq hvwlpdwru/ W / lv dq lqyduldqw hvwlpdwru ri sdudphwhu � li/ iru d ixqfwlrq
�+�, ri �/ �+W , lv dq hvwlpdwru ri �+�,1

� XQELDVHGQHVV = Dq hvwlpdwru/ W / lv dq xqeldvhg hvwlpdwru ri ixqfwlrq �+�, ri sdudp0
hwhu � li

H ��� ^W ` @ �+�,
zkhuh i � lv wkh vdpsolqj glvwulexwlrq ri W 1 Wkh eldv/ e+W ,/ ri dq hvwlpdwru W ri �+�, lv
gh�qhg e|

e+W , @ H ��� ^W `� �+�,
dqg wkh Phdq Vtxduhg Huuru/ ru PVH/ ri W lv gh�qhg e|

PVH+W , @ H ��� ^+W � �+�,, � `
� DV\PSWRWLF XQELDVHGQHVV D vhtxhqfh W � > ===> W � > === ri hvwlpdwruv ri ixqfwlrq
�+�, ri sdudphwhu � duh dv|pswrwlfdoo| xqeldvhg li/

olp
� ����� H ��� � ^W � ` @ �+�,

iru hyhu| � 5 �1
� VLPSOH FRQVLVWHQF\ = D vhtxhqfh W � > ===> W � > === ri hvwlpdwruv ri ixqfwlrq �+�, ri
sdudphwhu �1 Wkh vhtxhqfh ri hvwlpdwruv duh frqvlvwhqw hvwlpdwruv ri �+�, li/ iru doo � A 3/

olp
� ���	� S ^mW � � � +�,m ? �` @ 4

iru hyhu| � 5 �/ wkdw lv/ li
W �


�$ �+�,
dqg W � frqyhujhv lq suredelolw| wr �+�,1

� PVH FRQVLVWHQF\ = D vhtxhqfh W � > ===> W � > === ri hvwlpdwruv ri ixqfwlrq �+�, ri sdudp0
hwhu � duh phdq vtxduhg huuru frqvlvwhqw li/

olp
������� H ��� � ^+W � � �+�,, � ` @ 3

iru hyhu| � 5 �1
� HIILFLHQF\= Lw lv ghvludeoh wkdw wkh vdpsolqj glvwulexwlrq ri dq hvwlpdwru lv frqfhqwudwhg
durxqg wkh wuxh ydoxh ri wkh sdudphwhu1 Iru h{dpsoh/ li W � dqg W � duh wzr srvvleoh hvwlpdwruv
ri d ixqfwlrq �+�, ri sdudphwhu �/ wkhq zh zrxog suhihu W � wr W � li W � lv pruh frqfhqwudwhg
derxw �+�, wkdq lv W � / wkdw lv/ li/ iru doo � A 3/

S ^�+�,� � ? W � ? �+�, . �` � S ^� +�,� � ? W � ? �+�, . �`
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zkhuh wkh ohiw dqg uljkw kdqg vlgh ghshqg rq wkh vdpsolqj glvwulexwlrqv ri W � dqg W � uhvshf0
wlyho|1 Ixuwkhupruh/ li W lv dq xqeldvhg hvwlpdwru ri �+�,/ wkhq wkh Fkhe|fkhy Lqhtxdolw|
vxjjhvwv wkdw

S ^�+�,� � ? W ? �+�, . �` � 4� Y du ��� ^W `@� �

iru doo � A 3/ dv H ��� ^W ` @ �+�,1 Khqfh dq xqeldvhg hvwlpdwru zkrvh vdpsolqj glvwulexwlrq kdv
d vpdoo yduldqfh zloo eh frqfhqwudwhg durxqg �+�,/ dqg wkxv zloo eh suhihudeoh wr hvwlpdwruv
zlwk odujhu yduldqfh1 Li wklv lv wuxh iru doo srvvleoh ydoxhv ri sdudphwhu �/ wkhq wklv hvwlpdwru
pljkw eh uhjdughg dv wkh _ehvw% hvwlpdwru ri �+�,1
Dq xqeldvhg W � hvwlpdwru lv pruh h�flhqw wkdq dqrwkhu hvwlpdwru W � li

Y du ��� � ^W � ` � Y du ��� � ^W � `

DV\PSWRWLF SURSHUWLHV RI POHV
Lw fdq eh vkrzq wkdw/ xqghu fhuwdlq uhjxodulw| frqglwlrqv/ pd{lpxp olnholkrrg hvwlpdwruv kdyh

ghvludeoh surshuwlhv1 Lq sduwlfxodu li a� � lv wkh pd{lpxp olnholkrrg hvwlpdwru ri sdudphwhu � ghulyhg
iurp d udqgrp vdpsoh ri vl}h q/ wkhq
+l, a� � h{lvwv dqg lv xqltxh
+ll, a� � lv frqvlvwhqw
+lll, a� � lv dv|pswrwlfdoo| qrupdoo| glvwulexwhg/ wkdw lv/

a� �

��$ Q
3
C�> 4

qH � �
kiC+[> �,j �

l
4
D

zkhuh
C+{> �, @ C

C� iorj i � +{> �,j
lv wkh vfruh ixqfwlrq/ wkdw lv/ a� � lv dv|pswrwlfdoo| xqeldvhg/ dqg lw fdq eh vkrzq wkdw a� � kdv
plqlpxp yduldqfh lq wkh fodvv ri xqeldvhg hvwlpdwruv1


