ß OΣ ¸ A, + D

¸ + ȷ ` Σ ` WwWAv + , 5NwA5 : wẄ WA AO, ȷ + , ¨ 5

D˘� ` ȷ NΠ # 5 ȷ Π ¸ + ȷ ` Σ ` WwWAW, 5 ` Σ 5, # ȷ Π ¨ ȷ ¨ , Π A5

Wkhr uhp 81414 Li ♭ lv d udqgrp yduldeoh/ dqg k lv d qrq0qhjdwlyh uhdoixqfwlrq/ wkhq iru dq— f A 3/ S k̂+♭ , ∼ f‘ ⪰ H_{sf} k̂+♭ ,‘ f Surr i1 +frqwlqxrxv fdvh, =Vxssrvh wkdw♭ kdv ghqvlw— ixqfwlrq i_f zklfk lv srvlwlyh iru ı ▽ ♭ 1 OhwD @⟩ı ▽ ^ =k+ı, ∼ f| ≥ ♭ 1 Wkhq/ dv k+ı, ∼ f rq D/

H_{sf} k̂+♭ ,‘ @ ⊎ ^ k+ı,i_f +ı,gı @ ⊎ ⋄ k+ı,i_f +ı,gı . ⊎ ⋄^≺ k+ı,i_f +ı,gı

∼ ⊎ ⋄ k+ı,i_f +ı,gı ∼ ⊎ ⋄ fi_f +ı,gı @fS ^♭ ▽ D‘@fS k̂+♭ , ∼ f‘

VshfldoFdvh =Wkh P dunry Sur s huw— =k+ı, @⇕ı⇕^o iruu A 3/ vr S ^⇕♭ ⇕^o ∼ f‘ ⪰ H_{sf} ^⇕♭ ⇕^o‘ f

Wkhr uhp 81415 WKH F KHE“ F KHY LQHT XDOLW“

Vxssrvh wkdw♭ lv d udqgrp yduldeoh zlwk h–shfwdwlrq π dqg yduldqfh ϕ^21 Wkhq iru dq— n A 3/ S ^⇕♭ ∗ π⇕∼ nϕ‘ ⪰ 4 n^2

Sur r i1 Sxwk+ı, @+ı ∗ π,^2 dqg f @n^2ϕ^2 lq wkh suhylrxvwkhruhp 1

Fruroodu— I ruθA 3/ S ^⇕♭ ∗ π⇕∼ θ‘⪰ ϕ^2 θ^2 dqg S ^⇕♭ ∗ π⇕⋆ θ‘ ∼ 4∗ ϕ^2 θ^2

99 FKDSWHU 81 SUREDELOLW“ UHVXOWV) OLP LWWKHRUHP V

D˘�˘� Σ ` ȷ NΠ # ȷ Π , j ¸ , ß A, # VΣ wN, 5_W

Ghfflqlwlr q 81414 D ixqfwlrq j lvfrqyh– li/ irudooı/ g_2 gw_2 ⟩j +w,|^{ȷ’ ϱ}@j_{≺≺}+ı, A 3 Wkhr uhp 81416 MHQVHQ*V LQHTXDOLW“

Vxssrvh wkdw♭ lv d udqgrp yduldeoh/ dqg ixqfwlrq j lv frqyh–1 Wkhq H^{sf} ĵ +♭ ,‘ ∼ j +H^{sf} ^♭ ‘, Sur r i1 D Wd— oruh–sdqvlrq ri j +ı, durxqg ı @π j lyhv j +ı, @j +π, . +ı ∗ π,j_≺+π, . 4 5 +ı ∗ π,_2j_{≺≺}+ı^f , iruvrp h ı^f vxfk wkdwı ⋆ ı^f ⋆ π1Wkxv/ wdnlqj h–shfwdwlrqv/

H^{sf} ĵ +♭ ,‘ @j +π, . H^{sf} ^+♭ ∗ π,‘j_≺+π, . 4 5 H^{sf} ⌋ +♭ ∗ π,_2 ⌈ j_{≺≺}+ı^f , ∼ j +π, @j +H^{sf} ^♭ ‘, dv H^{sf} ^+♭ ∗ π,‘@3/ dqg H^{sf} ⌋ +♭ ∗ π,_2 ⌈ >j_{≺≺}+ı^f , ∼ 31

D˘2 ß ȷ Π V, + B, Π ß , 6ȷ + ¸ + ȷ ` Σ ` WwWAv ¨ ȷ # , w5

D˘2˘� AO, ß , Π A+ Σ w wẄ WA AO, ȷ + ,¨

Wkhr uhp 81514 Vxssrvh ♭^�>///>♭^⋆ duh l1l1g1 udqgrp yduldeohv zlwk p ji P^f / zlwk

H^{sf} ^♭^ζ‘ @π Ydu^{sf} ^♭^ζ‘ @ϕ_2 erwk fflqlwh1 Ohwwkh udqgrp yduldeoh ♯^⋆ eh ghfflqhg e—

♯^⋆ @ ⋆⋃ ζ’ � ♭^ζ∗ qπ ∫ qϕ_2 dqg ohw♯^⋆ kdyh p ji P^{⃗⋆} 1 Wkhq/ dv q ∗↔ △ /

P^{⃗⋆} +w, ∗↔ h–s ⟩ w_2 5 / luuhvshfwlyh ri wkh irup ri P^f 1

Sur r i1 I luvw/ ohw♮^ζ @+♭^ζ ∗ π,∂ϕ irul @4>///>q1Wkhq ♮^�>///>♮^⋆ duh l1l1g1z lwk p ji P^t vd— / dqg e— wkh hohp hqwdu— surshuwlhv ri h–shfwdwlrq/ H^{st} ^♮^ζ‘@3>Ydu^{st} ^♮^ζ‘@4 iruhdfk l1Xvlqj wkh srz huvhulhvh–sdqvlrq uhvxowirup j iv/ z h kdyh wkdw

P^t +w, @4. wH^{st} ^♮ ‘. w_2 5$ H^{st} ^♮_2‘.

w_fi 6$ H^{st} ^♮_fi‘. ///@4. w_2 5$ . H^{st} ^♮_fi‘. /

Qrz / wkh udqgrp yduldeoh ♯^⋆ fdq eh uhz ulwwhq

♯^⋆ @ 4 ∫ q ⋆⋃ ζ’ � ] ♭^ζ∗ π ϕ ⌊

8151 FRQYHUJ HQFH I RU SUREDELOLW“ P RGHOV 9:

dqg wkxv/ dj dlq e— d vwdqgdug p ji uhvxow/ dv♮_�>///>♮_⋆ duh lqghshqghqw/ z h kdyh wkdw

P_{⃗⋆} +w, @ ⋆⋂ ζ’ � ⟩ P_t ] w ∫ q ⌊ / @ ⟩ 4. w^2 5q . w^fi 9q^{fi⇀2} H_{st} ^♮^fi‘. /// /_⋆

Wdnlqj orjv/ dqg xvlqj wkh h–sdqvlrq orj +4. v, @v∗ v^2∂5. v^fi∂6∗ ///z h kdyh wkdw

orj P_{⃗⋆} +w, @q ⌋] w^2 5q . w^fi 9q^{fi⇀2} H_{st} ^♮^fi‘. /// ⌊ ∗ 4 5 ] w^2 5q . w^fi 9q^{fi⇀2} H_{st} ^♮^fi‘. /// ⌊_2 . ///// ⌈

Wkxv/ dvq ∗↔ △ / rqo— wkh yhu— ffluvwwhup lvqrq0˝hur/ dqg

orj P_{⃗⋆} +w, ∗↔ w^2 5 vr wkdw P_{⃗⋆} +w, ∗↔ h–s ⟩ w^2 5 /

LQWHUSUHWDWLRQ= Vxp v ri lqghshqghqwdqg lghqwlfdoglvwulexwlrqv kdyh d olp lwlqj glvwul0 exwlrq wkdwlvQrup do/ luuhvshfwlyh ri wkh glvwulexwlrq ri wkh yduldeohv1

D˘2˘2 ß ȷ Π V, + B, Π ß , WΠ # W5A+ Ẁ NAWȷ Π Ghfflqlwlr q 81514 Frqvlghud vht xhqfh ri udqgrp yduldeohv♭_�>♭_2>///dqg d fruuhvsrqglqj vht xhqfh ri fgiv/ I_{f �} >I_{f 2} >///vr wkdwiruq @4>5>//I_{f ⋆} +ı, @S^♭_⋆ ⪰ ı‘/Vxssrvh wkdwwkhuh h–lvwvd fgi/ I_f / vxfk wkdwir u dooı dwz klfk I_f lv fr qwlqxr xv/

olp_{⋆∋ℜ ↑} I_{f ⋆} +ı, @I_f +ı,/

Wkhq ♭_�>///>♭_⋆ frqyhujhv lq glvwulexwlrq wr udqgrp yduldeoh ♭ z lwk fgi I_f / ghqrwhg ♭_⋆^⌢∗↔ ♭ dqg I_f lvwkh olp lwlqj glvwulexwlrq1

Frqyhujhqfh ri d vht xhqfh ri p j iv dovr lqglfdwhvfrqyhuj hqfh lq glvwulexwlrq/ wkdwlv/ li irudoowdw z klfk P_f +w, lvghfflqhg/ li dvq ∗↔ △ / z h kdyh P_{f ζ}+w, ∗↔ P_f +w, wkhq ♭_⋆^⌢∗↔ ♭

Ghfflqlwlr q 81515 Wkh vht xhqfh ri udqgrp yduldeohv♭_�>///>♭_⋆ frqyhujhv lq glvwulexwlrq wr frqvwdqwf li wkh olp lwlqj glvwulexwlrq ri ♭_�>///>♭_⋆ lvghj hqhudwh dwf/ wkdwlv/ ♭_⋆^⌢∗↔ ♭ dqg S^♭ @f‘@4/ vr wkdw

I_f +ı, @ ⟩ 3 ı ⋆ f 4 ı ∼ f

9; FKDSWHU 81 SUREDELOLW“ UHVXOWV) OLP LWWKHRUHP V

Lqwhusuhwdwlrq=D vshfldofdvh ri frqyhujhqfh lq glvwulexwlrq rffxuvz khq wkh olp lwlqj glvwulexwlrq lv glvfuhwh/ z lwk wkh suredelolw— p dvvixqfwlrq rqo— ehlqj qrq0˝hur dwd vlqjoh ydoxh/ wkdwlv/ li wkh olp lwlqj udqgrp yduldeoh lv ♭ / wkhq i^f +ı, @4 ı @f dqg ˝hur rwkhuz lvh/ rulq rwkhuz rugv S^♭ @f‘@4 Z khq wkh olp lwlqj irup ri wkh fgi lv qr wfr qwlqxr xv/ dv lq wkh ghjhqhudwh fdvh deryh/ z h xvh d glffihuhqwlqwhusuhwdwlrq ri frqyhuj hqfh lq glvwulexwlrq1

Ghfflqlwlr q 81516 Wkh vht xhqfh ri udqgrp yduldeohv♭^�>///>♭^⋆ fr qyhuj hv lq glvwulexwlr q wr f li dqg rqo— li/ irudooθA 3/ olp^{⋆∋ℜ ↑} S ^⇕♭^⋆ ∗ f⇕⋆ θ‘@4 wkdwlv/ frqyhujhqfh lq glvwulexwlrq wr d frqvwdqwf rffxuvli dqg rqo— li wkh suredelolw— ehfrp hv lqfuhdvlqj o— frqfhqwudwhg durxqg f dvq ∗↔ △ 1

D˘2˘fi ß ȷ Π V, + B, Π ß , WΠ ¸ + ȷ ` Σ ` WwWAv

Ghfflqlwlr q 81517 FRQYHUJ HQFH LQ SUREDELOLW“ WR D FRQVWDQW

Wkh vht xhqfh ri udqgrp yduldeohv♭^�>///>♭^⋆ frqyhujhvlq suredelolw— wr frqvwdqwf/ ghqrwhg ♭^⋆_R∗↔ f li olp^{⋆∋ℜ ↑} S ^⇕♭^⋆ ∗ f⇕⋆ θ‘ @4 ru/ ht xlydohqwo— olp^{⋆∋ℜ ↑} S ^⇕♭^⋆ ∗ f⇕∼ θ‘@3 wkdwlv/ li wkh olp lwlqj glvwulexwlrq ri ♭^�>///>♭^⋆ lvghj hqhudwh dwf1

Lqwhusuhwdwlrq Frqyhuj hqfh lq suredelolw— wr d frqvwdqwlv suhflvho— ht xlydohqwwr frqyhuj hqfh lq glvwulexwlrq wr d frqvwdqw1

Wkhr uhp 81515 +Z HDN ODZ RI ODUJ H QXP EHUV,

Vxssrvh wkdw♭^�>///>♭^⋆ lv d vhtxhqfh ri l1l1g1 udqgrp yduldeohv zlwk h–shfwdwlrq π dqg yduldqfh ϕ_21 Ohw♮^⋆ eh ghfflqhg e—

♮^⋆ @ 4 q ⋆⋃ ζ’ � ♭^ζ wkhq/ iru dooθA 3/ olp^{⋆∋ℜ ↑} S ^⇕♮^⋆ ∗ π⇕⋆ θ‘@4> wkdwlv/ ♮^⋆_σ∗↔ π/ dqg wkxv wkh p hdq ri ♭^�>///>♭^⋆ frqyhujhv lq suredelolw— wr π1

8151 FRQYHUJ HQFH I RU SUREDELOLW“ P RGHOV 9¡ Sur r i1 Xvlqj wkh surshuwlhvri h–shfwdwlrq/ lwfdq eh vkrz q wkdw♮_⋆ kdvh–shfwdwlrq π dqg yduldqfh ϕ^2∂q/ dqg khqfh e— wkh Fkhe— fkhy Lqht xdolw— / S ^⇕♮_⋆ ∗ π⇕∼ θ‘ ⪰ ϕ^2 qθ^2 ∗↔ 3 dvq ∗↔ △ irudooθA 31Khqfh S ^⇕♮_⋆ ∗ π⇕⋆ θ‘ ∗↔ 4 dvq ∗↔ △ dqg ♮_⋆^σ∗↔ π1

Ghfflqlwlr q 81518 +FRQYHUJ HQFH WR D UDQGRP YDULDEOH, Wkh vht xhqfh ri udqgrp yduldeohv♭_�>///>♭_⋆ frqyhujhvlq suredelolw— wr udqgrp yduldeoh ♭ / ghqrwhg ♭_⋆^σ∗↔ ♭ / li/ irudooθA 3/

olp_{⋆∋ℜ ↑} S ^⇕♭_⋆ ∗ ♭ ⇕⋆ θ‘ @4 ruht xlydohqwo— olp_{⋆∋ℜ ↑} S ^⇕♭_⋆ ∗ ♭ ⇕∼ θ‘@3

Wkhr uhp 81516 I ru vhtxhqfh ri udqgrp yduldeohv ♭_�>///>♭_⋆ li

♭_⋆^R∗↔ ♭ @⇔ ♭_⋆^⌢∗↔ ♭ vr frqyhujhqfh lq suredelolw— wr d udqgrp yduldeoh lp solhv frqyhujhqfh lq glvwulexwlrq1 D˘2˘e Σ w¨ ȷ 5A 5N+ , ß ȷ Π V, + B, Π ß ,^W Ghfflqlwlr q 81519 Wkh vht xhqfh ri udqgrp yduldeohv♭_�>///>♭_⋆ frqyhujhv dop rvwvxuho— wr frqvwdqwf/ ghqrwhg ♭_⋆^{∂νrν}∗↔ f li S ⌋ olp_{⋆∋ℜ ↑} ⇕♭_⋆ ∗ f⇕⋆ θ ⌈ @4 Lqwhus uhwdwlr q =Uhfdoowkh ixqgdp hqwdoghfflqlwlrq ri d udqgrp yduldeoh dvd uhdo0ydoxhg ixqfwlrq iurp vdp soh vsdfh fl wr U 1Wkh vht xhqfh ri udqgrp yduldeohv♭_�>///♭_⋆ fruuhvsrqgvwr d vht xhqfh ri ixqfwlrqv ghfflqhg rq hohp hqwv ri fl1 Dop rvwvxuh frqyhuj hqfh uht xluhv wkdwwkh vht xhqfh ri uhdo qxp ehuv♭_⋆ +ϖ, frqyhujhvwr f +dvd uhdovht xhqfh, irudooϖ ▽ fl/ dvq ∗↔ △ / h–fhswshukdsvz khq ϖ lv lq d vhwkdylqj suredelolw— ˝hur1

:3 FKDSWHU 81 SUREDELOLW“ UHVXOWV) OLP LWWKHRUHP V

Wkhr uhp 81517 +VWURQJ ODZ RI ODUJ H QXP EHUV,

Vxssrvh wkdw♭^�>///>♭^⋆ lv d vhtxhqfh ri l1l1g1 udqgrp yduldeohv zlwk h–shfwdwlrq π dqg +fflqlwh, yduldqfh ϕ_21 Ohw♮^⋆ eh ghfflqhg e—

♮^⋆ @ 4 q ⋆⋃ ζ’ � ♭^ζ wkhq/ iru dooθA 3/ S ⌋ olp^{⋆∋ℜ ↑} ⇕♮^⋆ ∗ π⇕⋆ θ ⌈ @4> wkdwlv/ ♮^⋆_{∂νrν}∗↔ π/ dqg wkxv wkh p hdq ri ♭^�>///>♭^⋆ frqyhujhv dop rvwvxuho— wr π1

Ghfflqlwlr q 8151: Wkh vht xhqfh ri udqgrp yduldeohv♭^�>///>♭^⋆ frqyhujhv dop rvwvxuho— wr udqgrp yduldeoh ♭ / ghqrwhg ♭^⋆_{∂νrν}∗↔ ♭ / li/ irudooθA 3/ S ⌋ olp^{⋆∋ℜ ↑} ⇕♭^⋆ ∗ ♭ ⇕⋆ θ ⌈ @4

Lqwhus uhwdwlr q= Dv deryh/ uhfdoowkdwudqgrp yduldeoh lv d uhdo0ydoxhg ixqfwlrq iurp vdp soh vsdfh fl wr U / dop rvwvxuh frqyhuj hqfh wr udqgrp yduldeoh ♭ uht xluhv wkdwwkh vht xhqfh ri uhdo qxp ehuv♭^⋆ +ϖ, frqyhuj hv wr ♭ +ϖ, +dv d uhdovht xhqfh, irudooϖ ▽ fl/ dv q ∗↔ △ / h–fhswshukdsv z khq ϖ lvlq d vhwkdylqj suredelolw— ˝hur1

Wkhr uhp 81518 I ru vhtxhqfh ri udqgrp yduldeohv ♭^�>///>♭^⋆ ♭^⋆_{∂νrν}∗↔ ♭ @⇔ ♭^⋆_R∗↔ ♭ @⇔ ♭^⋆_⌢∗↔ ♭ vr dop rvwvxuh frqyhujhqfh lp solhv frqyhujhqfh lq suredelolw— / zklfk lp solhv frqyhujhqfh lq glvwulexwlrq wr udqgrp yduldeoh ♭ 1