
�O��A,+ D

�+����WwWAv +,5NwA5 : wW�WA AO,�+,�5

D�� ��N�#5 �� �+����WwWAW,5 ��5,# �� ���,�A5

Wkhruhp 81414 Li [ lv d udqgrp yduldeoh/ dqg k lv d qrq0qhjdwlyh uhdo ixqfwlrq/ wkhq iru dq|
f A 3/

S ^k+[, � f` � H ��� ^k+[,`
f

Surri1 +frqwlqxrxv fdvh, = Vxssrvh wkdw [ kdv ghqvlw| ixqfwlrq i � zklfk lv srvlwlyh iru { 5 [1
Ohw D @ i{ 5 [ = k+{, � fj � [1 Wkhq/ dv k+{, � f rq D/

H � � ^k+[,` @
]

�
k+{,i � +{,g{ @

]

�
k+{,i � +{,g{.

]

���
k+{,i � +{,g{

� ]

�
k+{,i � +{,g{ � ]

�
fi � +{,g{ @ fS ^[ 5 D` @ fS ^k+[, � f`

Vshfldo Fdvh = Wkh Pdunry Surshuw| = k+{, @ m{m � iru u A 3/ vr

S ^m[m � � f` � H ��� ^m[m � `
f

Wkhruhp 81415 WKH FKHE\FKHY LQHTXDOLW\
Vxssrvh wkdw [ lv d udqgrp yduldeoh zlwk h{shfwdwlrq � dqg yduldqfh � 	 1 Wkhq iru dq| n A 3/

S ^m[ � �m � n�` � 4
n 	

Surri1 Sxw k+{, @ +{� �, 	 dqg f @ n 	 � 	 lq wkh suhylrxv wkhruhp1
Fruroodu| Iru � A 3/

S ^m[ � �m � �` � � 	
� 	 dqg S ^m[ � �m ? �` � 4� � 	

� 	
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D���� � ��N�# �� ,j�,�A,# V�wN,5 �

Gh�qlwlrq 81414 D ixqfwlrq j lv frqyh{ li/ iru doo {/ g 	
gw 	 ij+w,j ����� @ j � � +{, A 3

Wkhruhp 81416 MHQVHQ*V LQHTXDOLW\
Vxssrvh wkdw [ lv d udqgrp yduldeoh/ dqg ixqfwlrq j lv frqyh{1 Wkhq

H ��� ^j+[,` � j+H ��� ^[`,
Surri1 D Wd|oru h{sdqvlrq ri j+{, durxqg { @ � jlyhv

j+{, @ j+�, . +{� �,j � +�, . 4
5+{� �, 	 j � � +{ � ,

iru vrph { � vxfk wkdw { ? { � ? �1 Wkxv/ wdnlqj h{shfwdwlrqv/
H � � ^j+[,` @ j+�, .H � � ^+[ � �,` j � +�, . 4

5H
� � �+[ � �, 	 � j � � +{ � , � j+�, @ j+H � � ^[`,

dv H ��� ^+[ � �,` @ 3/ dqg H ��� �+[ � �, 	 � > j � � +{ � , � 31

D�2 ���V,+B,��, 6�+ �+����WwWAv ��#,w5
D�2�� AO, �,�A+�w wW�WA AO,�+,�

Wkhruhp 81514 Vxssrvh [ � > ===>[ 	 duh l1l1g1 udqgrp yduldeohv zlwk pji P � / zlwk
H � � ^[ 
 ` @ � Ydu � � ^[ 
 ` @ � 	

erwk �qlwh1 Ohw wkh udqgrp yduldeoh ] 	 eh gh�qhg e|

] 	 @

	
[


 � �
[ 
 � q�
sq� 	

dqg ohw ] 	 kdyh pji P �� 1 Wkhq/ dv q �$ 4/

P �� +w, �$ h{s
�w 	
5
�

luuhvshfwlyh ri wkh irup ri P � 1
Surri1 Iluvw/ ohw \ 
 @ +[ 
 � �,@� iru l @ 4> ===> q1 Wkhq \ � > ===> \ 	 duh l1l1g1 zlwk pji P � vd|/ dqg
e| wkh hohphqwdu| surshuwlhv ri h{shfwdwlrq/ H ��� ^\ 
 ` @ 3>Ydu ��� ^\ 
 ` @ 4 iru hdfk l1 Xvlqj wkh
srzhu vhulhv h{sdqvlrq uhvxow iru pjiv/ zh kdyh wkdw

P � +w, @ 4 . wH ��� ^\ ` . w 	
5$H

��� ^\ 	 ` . w �
6$H

��� ^\ � ` . === @ 4 . w 	
5$ .H ��� ^\ � ` . =

Qrz/ wkh udqgrp yduldeoh ] 	 fdq eh uhzulwwhq

] 	 @ 4sq
	

[


 � �

�[ 
 � �
�

�
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dqg wkxv/ djdlq e| d vwdqgdug pji uhvxow/ dv \ � > ===> \ 	 duh lqghshqghqw/ zh kdyh wkdw

P � � +w, @
	
\


 � �

�

P �
� wsq

��

@
�

4 . w 	
5q . w �

9q ��� 	 H
��� ^\ � ` . ===

� 	

Wdnlqj orjv/ dqg xvlqj wkh h{sdqvlrq orj+4 . v, @ v� v 	 @5 . v � @6� === zh kdyh wkdw

orjP � � +w, @ q
%

� w 	
5q . w �

9q ��� 	 H
��� ^\ � ` . ===

�� 4
5
� w 	
5q . w �

9q ��� 	 H
��� ^\ � ` . ===

�

	
. =====

&

Wkxv/ dv q �$ 4/ rqo| wkh yhu| �uvw whup lv qrq0}hur/ dqg

orjP �� +w, �$ w 	
5 vr wkdw P � � +w, �$ h{s

�w 	
5
�

LQWHUSUHWDWLRQ= Vxpv ri lqghshqghqw dqg lghqwlfdo glvwulexwlrqv kdyh d olplwlqj glvwul0
exwlrq wkdw lv Qrupdo/ luuhvshfwlyh ri wkh glvwulexwlrq ri wkh yduldeohv1

D�2�2 ���V,+B,��, W� #W5A+W�NAW��
Gh�qlwlrq 81514 Frqvlghu d vhtxhqfh ri udqgrp yduldeohv [ � >[ 	 > === dqg d fruuhvsrqglqj
vhtxhqfh ri fgiv/ I ��� > I ��� > === vr wkdw iru q @ 4> 5> == I � � +{, @S^[ 	 � {` = Vxssrvh wkdw wkhuh
h{lvwv d fgi/ I � / vxfk wkdw iru doo { dw zklfk I � lv frqwlqxrxv/

olp	��	��
 I � � +{, @ I � +{,=
Wkhq [ � > ===>[ 	 frqyhujhv lq glvwulexwlrq wr udqgrp yduldeoh [ zlwk fgi I � / ghqrwhg

[ 	
��$ [

dqg I � lv wkh olplwlqj glvwulexwlrq1
Frqyhujhqfh ri d vhtxhqfh ri pjiv dovr lqglfdwhv frqyhujhqfh lq glvwulexwlrq/ wkdw lv/ li iru doo w dw
zklfk P � +w, lv gh�qhg/ li dv q �$ 4/ zh kdyh

P �� +w, �$ P � +w,

wkhq [ 	
��$ [

Gh�qlwlrq 81515 Wkh vhtxhqfh ri udqgrp yduldeohv [ � > ===>[ 	 frqyhujhv lq glvwulexwlrq wr
frqvwdqw f li wkh olplwlqj glvwulexwlrq ri [ � > ===>[ 	 lv ghjhqhudwh dw f/ wkdw lv/

[ 	
��$ [

dqg S^[ @ f` @ 4/ vr wkdw

I � +{, @
� 3 { ? f

4 { � f
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Lqwhusuhwdwlrq= D vshfldo fdvh ri frqyhujhqfh lq glvwulexwlrq rffxuv zkhq wkh olplwlqj glvwulexwlrq
lv glvfuhwh/ zlwk wkh suredelolw| pdvv ixqfwlrq rqo| ehlqj qrq0}hur dw d vlqjoh ydoxh/ wkdw lv/ li wkh
olplwlqj udqgrp yduldeoh lv [/ wkhq

i � +{, @ 4 { @ f
dqg }hur rwkhuzlvh/ ru lq rwkhu zrugv

S ^[ @ f` @ 4
Zkhq wkh olplwlqj irup ri wkh fgi lv qrw frqwlqxrxv/ dv lq wkh ghjhqhudwh fdvh deryh/ zh xvh d
gl�huhqw lqwhusuhwdwlrq ri frqyhujhqfh lq glvwulexwlrq1

Gh�qlwlrq 81516 Wkh vhtxhqfh ri udqgrp yduldeohv [ � > ===>[ 	 frqyhujhv lq glvwulexwlrq wr f
li dqg rqo| li/ iru doo � A 3/

olp	 �	��
 S ^m[ 	 � fm ? �` @ 4
wkdw lv/ frqyhujhqfh lq glvwulexwlrq wr d frqvwdqw f rffxuv li dqg rqo| li wkh suredelolw| ehfrphv
lqfuhdvlqjo| frqfhqwudwhg durxqg f dv q �$ 41

D�2�� ���V,+B,��, W� �+����WwWAv
Gh�qlwlrq 81517 FRQYHUJHQFH LQ SUREDELOLW\ WR D FRQVWDQW
Wkh vhtxhqfh ri udqgrp yduldeohv [ � > ===>[ 	 frqyhujhv lq suredelolw| wr frqvwdqw f/ ghqrwhg

[ 	
��$ f

li
olp	��	��
 S ^m[ 	 � fm ? �` @ 4 ru/ htxlydohqwo| olp	��	� 
 S ^m[ 	 � fm � �` @ 3

wkdw lv/ li wkh olplwlqj glvwulexwlrq ri [ � > ===>[ 	 lv ghjhqhudwh dw f1
Lqwhusuhwdwlrq Frqyhujhqfh lq suredelolw| wr d frqvwdqw lv suhflvho| htxlydohqw wr frqyhujhqfh lq
glvwulexwlrq wr d frqvwdqw1

Wkhruhp 81515 +ZHDN ODZ RI ODUJH QXPEHUV,
Vxssrvh wkdw [ � > ===>[ 	 lv d vhtxhqfh ri l1l1g1 udqgrp yduldeohv zlwk h{shfwdwlrq � dqg yduldqfh
� 	 1 Ohw \ 	 eh gh�qhg e|

\ 	 @ 4
q

	
[


 � �
[ 


wkhq/ iru doo � A 3/
olp	��	� 
 S ^m\ 	 � �m ? �` @ 4>

wkdw lv/ \ 	
��$ �/ dqg wkxv wkh phdq ri [ � > ===>[ 	 frqyhujhv lq suredelolw| wr �1
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Surri1 Xvlqj wkh surshuwlhv ri h{shfwdwlrq/ lw fdq eh vkrzq wkdw \ 	 kdv h{shfwdwlrq � dqg
yduldqfh � 	 @q/ dqg khqfh e| wkh Fkhe|fkhy Lqhtxdolw|/

S ^m\ 	 � �m � �` � � 	
q� 	 �$ 3 dv q �$ 4

iru doo � A 31 Khqfh
S ^m\ 	 � �m ? �` �$ 4 dv q �$ 4

dqg \ 	
��$ �1

Gh�qlwlrq 81518 +FRQYHUJHQFH WR D UDQGRP YDULDEOH,
Wkh vhtxhqfh ri udqgrp yduldeohv [ � > ===>[ 	 frqyhujhv lq suredelolw| wr udqgrp yduldeoh [/
ghqrwhg [ 	

��$ [/ li/ iru doo � A 3/
olp	��	��
 S ^m[ 	 �[m ? �` @ 4 ru htxlydohqwo| olp	��	��
 S ^m[ 	 �[m � �` @ 3

Wkhruhp 81516 Iru vhtxhqfh ri udqgrp yduldeohv [ � > ===>[ 	 li

[ 	
��$ [ @, [ 	

��$ [
vr frqyhujhqfh lq suredelolw| wr d udqgrp yduldeoh lpsolhv frqyhujhqfh lq glvwulexwlrq1

D�2�e �w��5A 5N+, ���V,+B,��, �

Gh�qlwlrq 81519 Wkh vhtxhqfh ri udqgrp yduldeohv [ � > ===>[ 	 frqyhujhv doprvw vxuho| wr
frqvwdqw f/ ghqrwhg

[ 	
��� ����$ f

li
S
k

olp	��	� 
 m[ 	 � fm ? �
l

@ 4

Lqwhusuhwdwlrq = Uhfdoo wkh ixqgdphqwdo gh�qlwlrq ri d udqgrp yduldeoh dv d uhdo0ydoxhg ixqfwlrq
iurp vdpsoh vsdfh  wr U 1 Wkh vhtxhqfh ri udqgrp yduldeohv [ � > ===[ 	 fruuhvsrqgv wr d vhtxhqfh
ri ixqfwlrqv gh�qhg rq hohphqwv ri 1 Doprvw vxuh frqyhujhqfh uhtxluhv wkdw wkh vhtxhqfh ri uhdo
qxpehuv [ 	 +$, frqyhujhv wr f +dv d uhdo vhtxhqfh, iru doo $ 5 / dv q �$ 4/ h{fhsw shukdsv zkhq
$ lv lq d vhw kdylqj suredelolw| }hur1
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Wkhruhp 81517 +VWURQJ ODZ RI ODUJH QXPEHUV,
Vxssrvh wkdw [ � > ===>[ 	 lv d vhtxhqfh ri l1l1g1 udqgrp yduldeohv zlwk h{shfwdwlrq � dqg +�qlwh,
yduldqfh � 	 1 Ohw \ 	 eh gh�qhg e|

\ 	 @ 4
q

	
[


 � �
[ 


wkhq/ iru doo � A 3/
S
k

olp	��	��
 m\ 	 � �m ? �
l

@ 4>

wkdw lv/ \ 	 ��� ����$ �/ dqg wkxv wkh phdq ri [ � > ===>[ 	 frqyhujhv doprvw vxuho| wr �1

Gh�qlwlrq 8151: Wkh vhtxhqfh ri udqgrp yduldeohv [ � > ===>[ 	 frqyhujhv doprvw vxuho| wr
udqgrp yduldeoh [/ ghqrwhg [ 	

� � ����$ [/ li/ iru doo � A 3/
S
k

olp	��	��
 m[ 	 �[m ? �
l

@ 4

Lqwhusuhwdwlrq= Dv deryh/ uhfdoo wkdw udqgrp yduldeoh lv d uhdo0ydoxhg ixqfwlrq iurp vdpsoh
vsdfh  wr U / doprvw vxuh frqyhujhqfh wr udqgrp yduldeoh [ uhtxluhv wkdw wkh vhtxhqfh ri uhdo
qxpehuv [ 	 +$, frqyhujhv wr [+$, +dv d uhdo vhtxhqfh, iru doo $ 5 / dv q �$ 4/ h{fhsw shukdsv
zkhq $ lv lq d vhw kdylqj suredelolw| }hur1

Wkhruhp 81518 Iru vhtxhqfh ri udqgrp yduldeohv [ � > ===>[ 	

[ 	
��� � ��$ [ @, [ 	

��$ [ @, [ 	
��$ [

vr doprvw vxuh frqyhujhqfh lpsolhv frqyhujhqfh lq suredelolw|/ zklfk lpsolhv frqyhujhqfh lq
glvwulexwlrq wr udqgrp yduldeoh [1


