ß OΣ ¸ A, + fi

# W5ß + , A, ¸ + ȷ ` Σ ` WwWAv # W5A+ Ẁ NAWȷ Π 5

fi˘� # W5ß + , A, NΠ W6ȷ + ¨ # W5A+ Ẁ NAWȷ Π QRWDWLRQ ♭ ⊃ Xqli rup +q, UDQJ H ^ @⟩4>5>///>q| P DVV I XQF WLRQ

i_f +ı, @ 4 q ı ▽ ⟩ 4>5>///>q| F GI

I_f +ı, @ ı q ı ▽ ⟩ 4>5>///>q| P J I

P_f +w, @ ⋆⋃ ϱ’ � h^{ȷϱ} 4 q @ h^ȷ q ⌋ 4. h^ȷ . ///. h^{E⋆∋ �øȷ} ⌈ @ h^ȷ q ⌋ 4∗ h^{⋆ȷ} ⌈ ^4∗ h^ȷ ‘

uwk P RP HQW

P^{Eoø}_f +w, @ ⋆⋃ ϱ’ � ı^oh^{ȷϱ} 4 q @⇔ P^{Eoø}_f +3, @ 4 q ⋆⋃ ϱ’ � ı^o

@⇔ H_{sf} ^♭ ‘ @P^{E�ø}_f +3, @ 4 q ⋆⋃ ϱ’ � ı @ +q . 4, 5

H_{sf} ^♭^2‘ @P^{E2ø}_f +3, @ 4 q ⋆⋃ ϱ’ �

ı^2 @

+q . 4,+5q . 4, 9

@⇔ Ydu_{sf} ^♭ ‘ @H_{sf} ^♭^2‘∗ ⟩H_{sf} ^♭ ‘|^2 @

+q . 4,+q ∗ 4, 45 QRWH Z h fdq ghfflqh d glvfuhwh xqlirup glvwulexwlrq ryhu dq— fflqlwh vhwri ydoxhv udwkhu wkdwp huho— wkh lqwhjhuv⟩4>5>///>q|¿lq wklvfdvh/ wkh p rp hqwvri wkh glvwulexwlrq z looghshqg rq wkh qdwxuh ri wkh udqjh ♭ / exwlq wkh vdp h whfkqlt xhvirufdofxodwlrq ri p rp hqwv/ p ji hwf1fdq eh xvhg1

7:

7; FKDSWHU 61 GLVFUHWH SUREDELOLW“ GLVWULEXWLRQV

fi˘2 ` , + Π ȷ NwwW# W5A+ Ẁ NAWȷ Π QRWDWLRQ ♭ ⊃ Ehuqrxool+λ, UDQJ H ^ @⟩3>4| P DVV I XQF WLRQ i^f +ı, @λ_ϱ+4∗ λ,_{�∋ ϱ} ı ▽ ⟩3>4| 3 ⪰ λ ⪰ 4/ P J I

P^f +w, @ �⋃ ϱ’ f h_{ȷϱ}λ_ϱ+4∗ λ,_{�∋ ϱ}@4∗ λ. λh_ȷ uwk P RP HQW

P_{Eoø}^f +w, @λh_ȷ @⇔ P_{Eoø}^f +3, @λu @⇔ H^{sf} ^♭ ‘@λ>H^{sf} ^♭_2‘@λ ≜ Ydu^{sf} ^♭ ‘@λ∗ λ_2 @λ+4∗ λ,

QRWH Wkh Ehuqrxool glvwulexwlrq lv xvhg iru p rghoolqj z khq wkh rxwfrp h ri dq h–shulp hqwlv hlwkhud ˙vxffhvv%rud cidloxuh%/ z khuh wkh suredelolw— ri jhwwlqj d vxffhvvlvht xdowr λ1

fi˘fi ` WΠ ȷ ¨ WΣ w # W5A+ Ẁ NAWȷ Π QRWDWLRQ ♭ ⊃ Elq+q>λ, UDQJ H ^ @⟩3>4>5>///>q| P DVV I XQF WLRQ i^f +ı, @ ] q ı ⌊ λ_ϱ+4∗ λ,_{⋆∋ ϱ} ı ▽ ⟩ 3>4>5>///>q| q ∼ 3>3 ⪰ λ ⪰ 4/ P J I

P^f +w, @ ⋆⋃ ϱ’ f h_{ȷϱ} ] q ı ⌊ λ_ϱ+4∗ λ,_{⋆∋ ϱ}@ ⋆⋃ ϱ’ f ] q ı ⌊ ] λh_ȷ ⌊^ϱ +4∗ λ,_{⋆∋ ϱ}@ ] 4∗ λ. λh_ȷ ⌊^⋆ uwk P RP HQW

Qr vlp soh j hqhudoh–suhvvlrq iruP_{Eoø}^f +w,/ exw

P_{E�ø}^f +w, @qλh_ȷ ] 4∗ λ. λh_ȷ ⌊^{⋆∋ �} P_{E2ø}^f +w, @q+q ∗ 4, ⟩ λh_ȷ |^2 ] 4∗ λ. λh_ȷ ⌊^{⋆∋ 2} . qλh_ȷ ] 4∗ λ. λh_ȷ ⌊^{⋆∋ �} vr wkdwP_{E�ø}^f +3, @qλ dqg P_{E2ø}^f +3, @q+q ∗ 4,λ_2 . qλ/ dqg wkxv H^{sf} ^♭ ‘ @qλYdu^{sf} ^♭ ‘@q+q ∗ 4,λ_2 . qλ∗ q_2λ_2 @qλ+4∗ λ, QRWHV

+4, Li ♭^�>///>♭^ς duh lqghshqghqwdqg lghqwlfdoo— glvwulexwhg +l1l1g1, Ehuqrxool+λ, udqgrp yduldeohv/ dqg ♮ @♭^� . ///>♭^ς/ wkhq e— wkh vwdqgdug uhvxowirup j iv/

P^t +w, @⟩ P^f +w,|_ς@ ] 4∗ λ. λh_ȷ ⌊^ς

6171 SRLVVRQ GLVWULEXWLRQ 7¡

vr wkhuhiruh ♮ ⊃ Elq+n>λ, ehfdxvh ri wkh xqlt xhqhvv ri p j iv1 Wkxv wkh elqrp ldoglvwulexwlrq lv xvhg wr p rghowkh wrwdoqxp ehuri vxffhvvhvlq d vhulhv ri lqghshqghqwdqg lghqwlfdoh–shulp hqwv1

+5, Dowhuqdwlyho— / frqvlghuvdp solqj z lwkrxwuhsodfhp hqwiurp lqfflqlwh froohfwlrq/ ruvdp solqj z lwk uhsodfhp hqwiurp d fflqlwh froohfwlrq ri remhfwv/ d sursruwlrq λ ri z klfk duh ri W— sh L/ dqg wkh uhp dlqghuduh ri W— sh LL1Li ♭ lvwkh qxp ehuri W— sh Lremhfwvlq d vdp soh ri q/ ♭ ⊃ Elq+q>λ,1

fi˘e ¸ ȷ W55ȷ Π # W5A+ Ẁ NAWȷ Π QRWDWLRQ ♭ ⊃ Srlvvrq+ξ, UDQJ H ^ @⟩3>4>5>//| P DVV I XQF WLRQ

i_f +ı, @ h^{∋ b}ξ^ϱ ı$ ı ▽ ⟩3>4>5>///| ξ A 3/ P J I

P_f +w, @ ↑⋃ ϱ’ f h^{ȷϱ} h^{∋ b}ξ^ϱ ı$ @h^{∋ b} ↑⋃ ϱ’ f ] ξh^ȷ ⌊_ϱ ı$ @h^{∋ b}h^{beȷ} @h–s ⟩ ξ ] h^ȷ ∗ 4 ⌊|

uwk P RP HQW

Qr vlp soh j hqhudoh–suhvvlrq iruP^{Eoø}_f +w,/ exw

P^{E�ø}_f +w, @ξh^ȷ h–s ⟩ ξ ] h^ȷ ∗ 4 ⌊| P^{E2ø}_f +w, @ ] ξh^ȷ ⌊_2 h–s ⟩ ξ ] h^ȷ ∗ 4 ⌊| . ξh^ȷ h–s ⟩ ξ ] h^ȷ ∗ 4 ⌊| vr wkdwP^{E�ø}_f +3, @ξ dqg P^{E2ø}_f +3, @ξ^2 . ξ/ dqg wkxv

H_{sf} ^♭ ‘ @ξ_{sf} ^♭ ‘ @ξ^2 . ξ ∗ ξ^2 @ξ

QRWHV +4, Li ♭ ⊃ Elq+q>λ,/ ohwξ @qλ1Wkhq

P_f +w, @ ] 4∗ λ. λh^ȷ ⌊_⋆ @ ] 4. ξ+h^ȷ ∗ 4,, q ⌊_⋆ ∗↔ h–s ⟩ ξ ] h^ȷ ∗ 4 ⌊|

dv q ∗↔ △ / z klfk lv wkh p ji ri d Srlvvrq udqgrp yduldeoh1 Wkhuhiruh/ wkh Srlvvrq glvwulexwlrq dulvhvdvwkholp lwlqj fdvhri wkhelqrp ldoglvwulexwlrq/ z khq q ∗↔ △ /λ ∗↔ 3 z lwk qλ @ξ frqvwdqw +wkdwlv/ iru˙odujh%q dqg ˙vp doo%λ,1

+5, Vxssrvh wkdw♭_� dqg ♭_2 duh lqghshqghqw/ z lwk ♭_� ⊃ Srlvvrq+ξ_�,/ ♭_2 ⊃ Srlvvrq+ξ_2,/ wkhq li ♮ @♭_� . ♭_2/ xvlqj wkh jhqhudop ji uhvxowirulqghshqghqwudqgrp yduldeohv/

P_t +w, @P_{f �} +w,P_{f 2} +w, @h–s ⟩ ξ_� ] h^ȷ ∗ 4 ⌊| h–s ⟩ ξ_2 ] h^ȷ ∗ 4 ⌊| @h–s ⟩ +ξ_� . ξ_2, ] h^ȷ ∗ 4 ⌊| vr wkdw♮ ⊃ Srlvvrq+ξ_� . ξ_2,1 Wkhuhiruh/ wkh vxp ri wz r lqghshqghqwSrlvvrq udqgrp yduldeohv dovr kdv d Srlvvrq glvwulexwlrq1 Wklv uhvxowfdq eh h–whqghg hdvlo— ¿li ♭_�>///>♭_ς duh lqghshqghqw udqgrp yduldeohv z lwk ♭_ζ ⊃ Srlvvrq+ξ_ζ, irul @4>///>n/ wkhq ♮ @ ς⋃ ζ’ � ♭_ζ @⇔ ♮ ⊃ Srlvvrq ]_ς ⋃ ζ’ � ξ_ζ ⌊

fi˘e˘� AO, ¸ ȷ W55ȷ Π ¸ + ȷ ß , 55_W

Frqvlghu dq h–shulp hqwlqyroylqj hyhqwv wkdwrffxu uhshdwhgo— lq wlp h1 Ohw♭ +w, eh wkh udqgrp yduldeohuhsuhvhqwlqj wkhqxp ehuri hyhqwvwkdwrffxulq wkhlqwhuydo+3>w‘/ vr wkdw♭ +w, wdnhvydoxhv

3>4>5>///1Vxssrvh wkdw

41♭ +3, @3

51I rudoo3 ⋆ v ⪰ w/ k A 3/ dqg qrq0qhj dwlyh lqwhj huvq dqg p / S^♭ +w. k, ∗ ♭ +w, @q⇕♭ +v, @p ‘ @S^♭ +w. k, ∗ ♭ +w, @q‘ wkdwlv/ wkh qxp ehuvri hyhqwv rffxuulqj lq glvmrlqwlqwhuydovduh suredelolvwlfdoo— lqghshqghqw1

61I ruηwA 3 vp doo/

S^♭ +w. ηw, ∗ ♭ +w, @4‘@ξηw. R+ηw, iruvrp h ξ A 3/ z khuh olp^{Bȷ∋ℜ f} R+ηw, ηw @3 wkdwlv/ wkh suredelolw— ri h–dfwo— rqh hyhqwrffxuulqj lq wkh vp doolqwhuydo+w>w. ηw‘ lv/ iru vp doo ηw/ sursruwlrqdowr wkh ohqj wk ri wkh lqwhuydo/ ηw1

71I ruηwA 3 vp doo/

S^♭ +w. ηw, ∗ ♭ +w, ∼ 5‘ @R+ηw, ruvrp hξ A 3/ wkdwlv/ wkhsuredelolw— ri p ruhwkdq rqhhyhqwrffxuulqj lq d vp doolqwhuydo+w>w. ηw‘ lvhvvhqwldoo— ˝hur1

Wkhq/ li

S^⋆ +w, @Sq̂ hyhqwv rffxulq +3>w‘‘ lwfdq eh vkrz q wkdw

S^⋆ +w, @S^♭ +w, @q‘ @ h_{∋ bȷ} +ξw,_⋆ q$ +wkdwlv/ wkh udqgrp yduldeoh fruuhvsrqglqj wr wkh qxp ehu ri hyhqwv wkdwrffxuv lq wkh lqwhuydo

+3>w‘ kdvd Srlvvrq glvwulexwlrq z lwk sdudp hwhuξw1,

H–dp sohv = I dloxuhv2euhdngrz qv ri p hfkdqlfdofrp srqhqwv/ rffxuuhqfh ri dfflghqwv/ hp lvvlrq ri sduwlfohviurp udglrdfwlyh vrxufhv hwf1

6181 J HRP HWULF GLVWULEXWLRQ 84

fi˘D B, ȷ ¨ , A+ Wß # W5A+ Ẁ NAWȷ Π QRWDWLRQ ♭ ⊃ J hrp hwulf+λ, UDQJ H ^ @⟩ 4>5>///| P DVV I XQF WLRQ i_f +ı, @+4∗ λ,^{ϱ∋ �}λ iruı ▽ ⟩ 4>5>///| 3 ⪰ λ ⪰ 4/ F GI I_f +ı, @4∗ +4∗ λ,^ϱ ı @4>5>/// P J I

P_f +w, @ ↑⋃ ϱ’ � h^{ȷϱ}+4∗ λ,^{ϱ∋ �}λ @λh^ȷ ↑⋃ ϱ’ � h^{ȷEϱ∋ �ø}+4∗ λ,^{ϱ∋ �} @λh^ȷ ↑⋃ ϱ’ f ] h^ȷ +4∗ λ, ⌊_ϱ @ λh^ȷ 4∗ h^ȷ +4∗ λ,

uwk P RP HQW

Qr vlp soh j hqhudoh–suhvvlrq iruP^{Eoø}_f +w,/ exw

P^{E�ø}_f +w, @ λh^ȷ ^4∗ h^ȷ +4∗ λ,‘^2

P^{E2ø}_f +w, @ λh^ȷ ⌋ 4∗ h^ȷ +4∗ λ, ⌈⌋ 4. h^ȷ +4∗ λ, ⌈ ^4∗ h^ȷ +4∗ λ,‘^e

vr wkdwP^{E�ø}_f +3, @^�_w dqg P^{E2ø}_f +3, @^{2∋ w}_{w2} / dqg wkxv h_{sf} ^♭ ‘@ 4 λ Ydu_{sf} ^♭ ‘ @ 5∗ λ λ^2 ∗ 4 λ^2 @ 4∗ λ λ^2

QRWHV +4, Li ♭ ⊃ J hrp hwulf+λ,/ wkhq iruı>m∼ 4/ S^♭ @ı . m⇕♭ A m‘ @ S^♭ @ı . m>♭ A m‘ S^♭ A m‘ @ S^♭ @ı . m‘ S^♭ A m‘ @ +4∗ λ,^{ϱn ρ∋ �}λ +4∗ λ,^ρ @+4∗ λ,^{ϱ∋ �}λ @S^♭ @ı‘

Vr S^♭ @ı . m⇕♭ A m‘ @S^♭ @ı‘1 Wklv surshuw— lv xqlt xh +dp rqj glvfuhwh glvwulexwlrqv, wr wkh jhrp hwulf glvwulexwlrq/ dqg lv fdoohg wkh odfn ri p hp ru— surshuw— 1

+5, Dowhuqdwlyh uhsuhvhqwdwlrqv= i_f +ı, @ω^{ϱ∋ �} +4∗ ω , ı @4>5>6/// +wkdwlv/ ω @4∗ λ,

i_f +ı, @ω^ϱ+4∗ ω , ı @3>4>5>/

+6, Wkh j hrp hwulf glvwulexwlrq lvxvhg wr p rghowkh qxp ehu/ ♭ / ri lqghshqghqw/ lghqwlfdoEhuqrxool wuldovxqwlowkh ffluvwvxffhvv lvrewdlqhg1Lwlvd glvfuhwh z dlwlqj wlp h glvwulexwlrq1

fi˘S Π , BΣ AWV, ` WΠ ȷ ¨ WΣ w # W5A+ Ẁ NAWȷ Π QRWDWLRQ ♭ ⊃ QhEl+q>λ, UDQJ H ^ @⟩q>q . 4>q . 5>///| P DVV I XQF WLRQ i^f +ı, @ ] ı ∗ 4 q ∗ 4 ⌊ λ_⋆ +4∗ λ,_{ϱ∋ ⋆} q ▽ ⟩ 4>5>6>///| >3 ⪰ λ ⪰ 4/ P J I

P^f +w, @ ↑⋃ ϱ’ ⋆ h_{ȷϱ} ] ı ∗ 4 q ∗ 4 ⌊ λ_⋆ +4∗ λ,_{ϱ∋ ⋆} @ ] λh_ȷ ⌊^⋆_↑⋃ ϱ’ ⋆ ] ı ∗ 4 q ∗ 4 ⌊ ] h_ȷ +4∗ λ, ⌊^{ϱ∋ ⋆} @ ⟩ λh_ȷ 4∗ h_ȷ +4∗ λ, /^⋆ uwk P RP HQW

Qr vlp soh j hqhudoh–suhvvlrq iruP_{Eoø}^f +w,/ exw

P_{E�ø}^f +w, @ q+λh_ȷ ,_⋆ ^4∗ h_ȷ +4∗ λ,‘_{⋆n �} P_{E2ø}^f +w, @ q+λh_ȷ ,_⋆ ⌋ q . h_ȷ +4∗ λ, ⌈ ^4∗ h_ȷ +4∗ λ,‘_{⋆n 2} vr wkdw

P_{E�ø}^f +3, @ q λ dqg P_{E2ø}^f +3, @ q+q . +4∗ λ,, λ_2 dqg wkxv H^{sf} ^♭ ‘@ q λ Ydu^{sf} ^♭ ‘ @ q+q . +4∗ λ,, λ_2 ∗ q_2 λ_2 @ q+4∗ λ, λ_2

QRWHV +4, Li ♭ ⊃ Elq+q>λ,/ ♮ ⊃ QhEl+u>λ,/ wkhq iruu ⪰ q/ S^♭ ∼ u‘@S^♮ ⪰ q‘1 +5, Wkh Qhj dwlyh Elqrp ldoglvwulexwlrq lvxvhg wr p rghowkh qxp ehu/ ♭ / ri lqghshqghqw/ lghqwlfdo

Ehuqrxool wuldovqhhghg wr rewdlq h–dfwo— q vxffhvvhv1

+6, Dowhuqdwlyh uhsuhvhqwdwlrq= ohw♮ eh wkh qxp ehu ri idloxuhv lq d vht xhqfh ri lqghshqghqw/ lghqwlfdoEhuqrxool wuldovwkdwfrqwdlqvh–dfwo— q vxffhvvhv1Wkhq ♮ @♭ ∗ q/ dqg khqfh i^t +ȷ , @ ] q . ȷ ∗ 4 q ∗ 4 ⌊ λ_⋆ +4∗ λ,_⇁ ȷ ▽ ⟩ 3>4>///| +7, Li ♭^ζ ⊃ J hrp hwulf+λ,/ iru l @4>///q/ duh l1l1g1 udqgrp yduldeohv/ dqg ♮ @♭^� . ///. ♭^⋆ / wkhq

♮ ⊃ QhEl+q>λ, +uhvxowlp p hgldwho— iroorz vxvlqj p jiv,1

+8, Li ♭ ⊃ QhEl+q>λ,/ ohwq+4∗ λ, @ξ dqg ♮ @♭ ∗ q1Wkhq

P^t +w, @h_{∋ ⋆ȷ} P^f +w, @ ⟩ λ 4∗ h_ȷ +4∗ λ, /^⋆ @ ⟩ 4. ξ

+h_ȷ ∗ 4, q ∗ ξh_ȷ /^⋆ ∗↔ h–s ⟩ ξ+h_ȷ ∗ 4, | dv q ∗↔ △ / khqfh wkh dowhuqdwh irup ri wkh qhj dwlyh elqrp ldoglvwulexwlrq whqgv wr wkh Srlvvrq glvwulexwlrq dvq ∗↔ △ z lwk q+4∗ λ, @ξ frqvwdqw1

61:1 K“ SHUJ HRP HWULF GLVWULEXWLRQ 86

fi˘. Ov ¸ , + B, ȷ ¨ , A+ Wß # W5A+ Ẁ NAWȷ Π

QRWDWLRQ ♭ ⊃ K— sJ hrp +Q>U>q, iruQ ∼ U ∼ q UDQJ H ^ @⟩ p d–+3>q ∗ Q . U,>///>p lq+q>U,| P DVV I XQF WLRQ

i_f +ı, @ ] Q ∗ q U ∗ ı ⌊ ] q ı ⌊ ] Q U ⌊ @ ] Q ∗ U q ∗ ı ⌊ ] U ı ⌊ ] Q q ⌊

iruı ▽ ♭ / dqg ˝hur rwkhuz lvh1

QRWH +4, Wkh k— shuj hrp hwulf glvwulexwlrq lvxvhg dvd p rghoiruh–shulp hqwvlqyroylqj vdp solqj z lwkrxw uhsodfhp hqwiurp d fflqlwh srsxodwlrq1 Wkh p dvv ixqfwlrq iru wkh k— shuj hrp hwulf glvwulexwlrq fdq eh rewdlqhg e— xvlqj frp elqdwrulfv2frxqwlqj whfkqlt xhv1 Krz hyhu wkh irup ri wkh p dvv ixqfwlrq grhvqrwohqg lwvhoi uhdglo— wr fdofxodwlrq ri p rp hqwvhwf11

Frqvlghu rewdlqlqj wkh vdp soh ri vl˝h q e— gudz lqj vht xhqwldoo— / dqg ohw♭_ζ iru l @ 4>///>q uhsuhvhqwwkh qxp ehu ri W— sh Lremhfwv rewdlqhg rq wkh lwk gudz +vr wkdw♭_ζ @ 3 ru 4,1 Wkhq ♭_�>///>♭_⋆ duh ghshqghqwEhuqrxool udqgrp yduldeohv/ dqg

♭_� ⊃ Ehuqrxool+U∂Q,>♭_2⇕♭_� @ı_� ⊃ Ehuqrxool++U ∗ ı_�,∂+Q ∗ 4,,>///

Xvlqj wkh vxffhvvlyh frqglwlrqlqj / dqg j hqhudouhvxowv iru wkh h–shfwdwlrq dqg yduldqfh/ lwfdq eh vkrz q wkdw H_{sf} ^♭ ‘@q_Υ Ydu_{sf} ^♭ ‘ @q_Υ ] 4∗_Υ ⌊)_{Υ ∋ ⋆} Υ ∋ � [

z klfk duh wkh h–shfwdwlrq dqg yduldqfh irud k— shuj hrp hwulf glvwulexwlrq1

+5, DvQ>U ∗↔ △ z lwk U∂Q @λ+frqvwdqw,/ wkhq S^♭ @ı‘∗↔ ] q ı ⌊ λ^ϱ+4∗ λ,^{⋆∋ ϱ}> vr wkh glvwulexwlrq whqgvwr d Elqrp ldoglvwulexwlrq1

87 FKDSWHU 61 GLVFUHWH SUREDELOLW“ GLVWULEXWLRQV

P J I

P^f +w, @ ⊎^↑ f h_{ȷϱ}ξh_{∋ bϱ}gı @ξ ⊎^↑ f h_{∋ Eb∋ ȷøϱ}gı @ ξ ξ ∗ w iruw⋆ ξ uwk P RP HQW

P_{Eoø}^f +w, @ u$ξ +ξ ∗ w,_{on �} @⇔ P_{Eoø}^f +3, @ u$ ξ_o ≜ H^{sf} ^♭ ‘ @ 4 ξ >H^{sf} ^♭_2‘ @ 5 ξ_2 @⇔ Ydu^{sf} ^♭ ‘ @ 5 ξ_2 ∗ 4 ξ_2 @ 4 ξ_2

QRWHV

+4, Dowhuqdwlyh uhsuhvhqwdwlrq xvhvλ @4∂ξ dv wkh sdudp hwhuri wkh glvwulexwlrq1

+5, Li ♭ ⊃ Hıs+ξ,/ wkhq/ irudooı>wA 3/ S^♭ A ı . w⇕♭ A w‘ @ S^♭ A ı . w>♭ A w‘ S^♭ A w‘ @ S^♭ A ı . w‘ S^♭ A w‘ @ h_{∋ bEϱn ȷø} h_{∋ bȷ} @h_{∋ bϱ}@S^♭ A ı‘

Wkxv/ iru dooı>wA 3/ S^♭ A ı . w⇕♭ A w‘ @S^♭ A ı‘ 0 wklv lv nqrz q dv wkh Odfn ri P hp ru—

Surshuw— / dqg lvxqlt xh wr wkh h–srqhqwldoglvwulexwlrq dp rqj vwfrqwlqxrxvglvwulexwlrqv1

+6, Vxssrvh wkdw♭ +w, lvd Srlvvrq surfhvvz lwk udwh sdudp hwhuξ A 3/ vr wkdw

S^♭ +w, @q‘ @ h_{∋ bȷ} +ξw,_⋆ q$ 1 Ohw♭^�>///>♭^⋆ eh udqgrp yduldeohv ghfflqhg e— ♭^� @˙wlp h wkdwffluvwhyhqwrffxuv%/ dqg/ iru l @

5>///>q/ ♭^ζ @˙wlp h lqwhuydoehwz hhq rffxuuhqfh ri +l ∗ 4,vwdqg lwk hyhqwv%1 Wkhq ♭^�>///>♭^⋆ duh l1l1g1Hıs+ξ,1

Surri = ♭^�>///>♭^⋆ duh l1l1g1 ehfdxvh ri wkh dvvxp swlrq 51 xqghuo— lqj wkh Srlvvrq surfhvv1 Vr frqvlghu wkh glvwulexwlrq ri ♭^�¿ lq sduwlfxodu/ frqvlghu wkh suredelolw— S^♭^� A ı‘ iru ı A 31

Wkh hyhqw^♭^� A ı‘ lv ht xlydohqwwr wkh hyhqw˙Qr hyhqwv rffxu lq wkh lqwhuydo+3/ı‘%/ z klfk kdv suredelolw— h_{∋ bϱ}1Exw

I^{f �} +ı, @S^♭^� ⪰ ı‘ @4∗ S^♭^� A ı‘ @4∗ h_{∋ bϱ}@⇔ ♭^� ⊃ Hıs+ξ, 1 +7, Wkhh–srqhqwldoglvwulexwlrq lvxvhg wr p rghoidloxuhwlp hvlq frqwlqxrxvwlp h1Lwlvd frqwlqxrxv z dlwlqj wlp h glvwulexwlrq/ wkh frqwlqxrxvdqdorj xh ri wkh j hrp hwulf glvwulexwlrq1

+8, Li ♭ ⊃ Xqli rup +3>4,/ dqg ♮ @∗ orj +4∗ ♭ ,∂ξ/ wkhq ♮ ⊃ Hıs+ξ,1

+9, Li ♭ ⊃ Hıs+ξ,/ wkhq ♮ @♭_{�⇀k} iruδ A 3 kdvd +wz r0sdudp hwhu, Z hlexooglvwulexwlrq/ dqg i^t +ȷ , @δξȷ_{k∋ �}h_{∋ b⇁k} ȷ A 3

7161 J DP P D GLVWULEXWLRQ 8:

e˘fi BΣ ¨ ¨ Σ # W5A+ Ẁ NAWȷ Π

QRWDWLRQ ♭ ⊃ J d+δ>ϵ, UDQJ H ^ @U^n SGI i_f +ı, @ ϵ^k Λ+δ, ı^{k∋ �}h^{∋ qϱ}ı A 3 δ>ϵ A 3/ dqg z khuh/ irudq— uhdoqxp ehuδ A 3/ wkh J dp p d ixqfwlr q/ Λ+/, lvghfflqhg e—

Λ+δ, @ ⊎_↑ f w^{k∋ �}h^{∋ ȷ} gw P J I

P_f +w, @ ⊎_↑ f h^{ȷϱ} ϵ^k Λ+δ, ı^{k∋ �}h^{∋ qϱ}gı @ ϵ^k Λ+δ, ⊎_↑ f ı^{k∋ �}h^{∋ Eq∋ ȷøϱ}gı @ ϵ^k Λ+δ,

Λ+δ, +ϵ ∗ w,^k @ ] ϵ ϵ ∗ w ⌊_k

uwk P RP HQW

Qr vlp soh j hqhudoh–suhvvlrq iruP^{Eoø}_f +w,/ exw

P^{E�ø}_f +w, @ δϵ^k +ϵ ∗ w,^{kn �}

P^{E2ø}_f +w, @ δ+δ . 4,ϵ^k +ϵ ∗ w,^{kn 2}

vr wkdwP^{E�ø}_f +3, @^k_q dqg P^{E2ø}_f +3, @ δ+δ . 4, ϵ^2

/ dqg wkxv

H_{sf} ^♭ ‘@ δ ϵ Ydu_{sf} ^♭ ‘ @ δ+δ . 4, ϵ^2 ∗ δ^2 ϵ^2 @ δ ϵ^2

QRWHV +4, Li ♭_� ⊃ J d+δ_�>ϵ,>♭_2 ⊃ J d+δ_2>ϵ, duh lqghshqghqwudqgrp yduldeohv/ dqg ♮ @♭_� . ♭_2/ wkhq ♮ ⊃ J d+δ_� . δ_2>ϵ, +gluhfwo— iurp surshuwlhvri p jiv,1 +5, J d+4>ϵ, ≤ Hıs+ϵ,1 +6, Li ♭_�>///>♭_⋆ ⊃ Hıs+ξ, duh lqghshqghqwudqgrp yduldeohv/ dqg ♮ @ ♭_� . ///. ♭_⋆ / wkhq ♮ ⊃ J d+q>ξ, +gluhfwo— iurp +4, dqg +5,,1 +7, I ruδ A 3/

Λ+δ, @ ⊎_↑ f w^{k∋ �}h^{∋ ȷ} gw@ ⌋ ∗ w^{k∋ �}h^{∋ ȷ} ⌈_↑ f . ⊎_↑ f +δ ∗ 4,w^{k∋ 2}h^{∋ ȷ} gw@+δ ∗ 4, ⊎_↑ f w^{k∋ 2}h^{∋ ȷ} gw@+δ ∗ 4,Λ+δ ∗ 4,

vr Λ+δ, @+δ ∗ 4,Λ+δ ∗ 4,1Wkxvli δ @4>5>//// wkhq Λ+δ, @+δ ∗ 4,$1 +8, VshfldoFdvh = Li δ @4>5>///wkh J d+δ∂5>4∂5, glvwulexwlrq lv dovr nqrz q dv wkh Fkl0vt xduhg glvwulexwlrq z lwk δ ghj uhhv ri iuhhgrp

8; FKDSWHU 71 FRQWLQXRXVSUREDELOLW“ GLVWULEXWLRQV

+9, Li ♭^� ⊃ ε_2^{⋆ �} dqg ♭^2 ⊃ ε_2^{⋆ 2} duh lqghshqghqwFkl0vt xduhg udqgrp yduldeohv z lwk q^� dqg q^2 ghjuhhvri iuhhgrp uhvshfwlyho— / wkhq udqgrp yduldeoh I ghfflqhg dvwkh udwlr I @ +♭^�∂q^�,

+♭^2∂q^2, kdvdq I 0glvwulexwlr q z lwk +q^�>q^2, ghjuhhvri iuhhgrp 1

+: , I ru hyhqwv lq d Srlvvrq surfhvv z lwk udwh ξ/ wkhq li ♭ +w, lv wkh udqgrp yduldeoh frxqwlqj wkh qxp ehuri hyhqwvwkdwrffxulq wkh lqwhuydo^3>w,/ wkhq ♭ +w, ⊃ Srlvvrq+ξw, S ^♭ +w, @q‘ @ h_{∋ bȷ} +ξw,_⋆ q$ q @3>4>5>/// Qrz frqvlghuwkh udqgrp yduldeoh ♮^⋆ wkdwfruuhvsrqgvwr wkh wlp h dwz klfk wkh qwk hyhqwrffxuv1

Wr frp sxwh wkh glvwulexwlrq ri ♮^⋆ frqvlghuffluvwwkh fgi

I^{t ⋆} +w, @S ^♮^⋆ ⪰ w‘@4∗ S ^♮^⋆ A w‘ Exw ♮^⋆ A w ⇓ ⇔ ♭ +w, ⋆ q ⇓ ⇔ ♭ +w, ⪰ q ∗ 4 dqg vr

I^{t ⋆} +w, @4∗ S ^♮^⋆ A w‘@4∗ S ^♭ +w, ⪰ q ∗ 4‘ @4∗ ⋆∋ �⋃ ς’ f

S ^♭ +w, @n‘ @4∗ ⋆∋ �⋃ ς’ f h_{∋ bȷ} +ξw,_ς n$ +4, Wkxv/ e— glffihuhqwldwlrq/ iruwA 3 i^{t ⋆} +w, @ g gv ⟩ 4∗ ⋆∋ �⋃ ς’ f h_{∋ br} +ξv,_ς n$ / r’ ȷ @∗ ⋆∋ �⋃ ς’ f ξ_ς n$ ⌋ ∗ ξh_{∋ br}v_ς. nh_{∋ br} v_{ς∋ �} ⌈ r’ ȷ

@ ⋆∋ �⋃ ς’ f

ξ_{ςn �} n$ h_{∋ bȷ} w_ς∗ ⋆∋ �⋃ ς’ � ξ_ς +n ∗ 4,$ h_{∋ bȷ} w_{ς∋ �} @ξh_{∋ bȷ} ⌋^{⋆∋ �} ⋃ ς’ f +ξw,_ς n$ ∗ ⋆∋ �⋃ ς’ � +ξw,_{ς∋ �} +n ∗ 4,$ ⌈ @ξh_{∋ bȷ} +ξw,_{⋆∋ �} +q ∗ 4,$ dv doorwkhuwhup vfdqfho1 Khqfh/ dv+q ∗ 4,$@Λ+q, i^{t ⋆} +w, @ ξ_⋆ Λ+q, w_{⋆∋ �}h_{∋ bȷ} wA 3 dqg khqfh ♮^⋆ ⊃ J dp p d+q>ξ, Qrwh wkdw+4, j lyhvd z d— ri frp sxwlqj wkh J dp p d fgi1

7171 EHWD GLVWULEXWLRQ 8¡

e˘e ` , AΣ # W5A+ Ẁ NAWȷ Π

QRWDWLRQ ♭ ⊃ Eh+δ>ϵ, UDQJ H ^ @+3>4, SGI i_f +ı, @

Λ+δ . ϵ, Λ+δ,Λ+ϵ, ı^{k∋ �}+4∗ ı,^{q∋ �} 3 ⋆ ı ⋆ 4 δ>ϵ A 3/ uwk P RP HQW I ruu @4>5>//// H_{sf} ^♭^o‘ @

⊎_� f ı^o Λ+δ . ϵ, Λ+δ,Λ+ϵ, ı^{k∋ �}+4∗ ı,^{q∋ �} @

Λ+δ . ϵ, Λ+δ,Λ+ϵ,

⊎_� f ı^{on k∋ �}+4∗ ı,^{q∋ �}gı

@ Λ+δ . ϵ, Λ+δ,Λ+ϵ,

Λ+u. δ,Λ+ϵ, Λ+u. δ . ϵ,

@⇔ H_{sf} ^♭ ‘ @ δ δ . ϵ H_{sf} ^♭^2‘@ δ+δ . 4, +δ . ϵ,+δ . ϵ . 4, @⇔ Ydu_{sf} ^♭ ‘ @ δ+δ . 4, +δ . ϵ,+δ . ϵ . 4, ∗ δ^2 +δ . ϵ,^2 @ δϵ +δ . ϵ,^2+δ . ϵ . 4,

QRWHV +4, Wkh ehwd glvwulexwlrq dulvhv qdwxudoo— lq wkh frqwh–wri rughu vwdwlvwlfv¿li ♭_�>///>♭_ς duh l1l1g1 udqgrp yduldeohv z lwk fgi I_f / vd— / frqvlghu ffluvwwkh udqgrp yduldeohv X_�>///>X_ς ghfflqhg e— X_ζ @ I_f +♭_ζ, irul @4>///>n1 Lwfdq eh vkrz q wkdwX_�>///>X_ς duh l1l1g1 Xqli rup +3>4, udqgrp yduldeohv1 Qrz / frqvlghuwkh rughuvwdwlvwlfv♮_�>///>♮_ς ghulyhg iurp X_�>///>X_ς¿xvlqj suhylrxvuhvxowv/ lwfdq eh vkrz q wkdwwkh p duj lqdoglvwulexwlrq ri wkh mwk rughuvwdwlvwlf lvEh+m>n ∗ m. 4,/ irum@4>///>n1

+5, Li ♭_� ⊃ J d+δ_�>ϵ,/ ♭_2 ⊃ J d+δ_2>ϵ, duh lqghshqghqwudqgrp yduldeohv/ dqg ♮ @♭_�∂+♭_� . ♭_2,/ wkhq ♮ ⊃ Eh+δ_�>δ_2, +xvlqj vwdqgdug p xowlyduldwh wudqvirup dwlrq whfkqlt xhv,1

+6, Vxssrvh wkdwudqgrp yduldeohv ♭ dqg ♮ kdyh d mrlqwsuredelolw— glvwulexwlrq vxfk wkdwwkh frqglwlrqdoglvwulexwlrq ri ♭ / j lyhq ♮ @ȷ iru 3 ⋆ ȷ ⋆ 4/ lvelqrp ldo/ Elq+q>ȷ ,/ dqg wkh p duj lqdo glvwulexwlrq ri ♮ lvehwd/ Eh+δ>ϵ,/ vr wkdw

i_{f �t} +ı⇕ȷ , @ ] q ı ⌊ ȷ^ϱ+4∗ ȷ ,^{⋆∋ ϱ}ı @3>4>///>qi_t +ȷ , @ Λ+δ . ϵ, Λ+δ,Λ+ϵ, ȷ^{k∋ �}+4∗ ȷ ,^{q∋ �}3 ⋆ ȷ ⋆ 4/

Wkhq wkh p dujlqdoglvwulexwlrq ri ♭ lvj lyhq e—

i_f +ı, @

⊎_� f i_{f �t} +ı⇕ȷ ,i_t +ȷ ,gȷ @ ] q ı ⌊ Λ+δ . ϵ, Λ+δ,Λ+ϵ,

Λ+ı . δ,Λ+q ∗ ı . ϵ, Λ+q . δ . ϵ, ı @3>4>5///q +6, Li δ @ϵ @4/ Eh+δ>ϵ, ≤ Xqli rup +3>4,1

e˘D Π ȷ + ¨ Σ w # W5A+ Ẁ NAWȷ Π

QRWDWLRQ ♭ ⊃ Q+π>ϕ_2, UDQJ H ^ @U SGI i^f +ı, @ 4 ∫ 5τϕ_2 h–s ⟩ ∗ 4 5ϕ_2

+ı ∗ π,_2 / ı ▽ U π ▽ U>ϕ A 3/ P J I

P^f +w, @ ↑⊎ ∋ ↑ h_{ȷϱ} 4 ∫ 5τϕ_2 h–s ⟩ ∗ 4 5ϕ_2

+ı ∗ π,_2 / gı

@ 4 ∫ 5τϕ_2 ↑⊎ ∋ ↑ h–s ⟩ ∗ 4 5ϕ_2

+ı ∗ π,_2 . wı / gı

@ h–s ⟩ πw. w_2ϕ_2 5 /_↑⊎ ∋ ↑ 4 ∫ 5τϕ_2 h–s ⟩ ∗ 4 5ϕ_2 ] ı ∗ +π . wϕ_2, ⌊^2/ gı

@ h–s ⟩ πw. w_2ϕ_2 5 / ehfdxvh wkh lqwhjudqg lvd sgi/ dqg wkxv wkh lqwhj udolv ht xdowr rqh1 uwk P RP HQW

Qr vlp soh j hqhudoh–suhvvlrq iruP_{Eoø}^f +w,/ exw

P_{E�ø}^f +w, @ +π . wϕ_2, h–s ⟩ πw. w_2ϕ_2 5 /

P_{E2ø}^f +w, @ +π_2 . 5wϕ_2π . w_2ϕ_e . ϕ_2, h–s ⟩ πw. w_2ϕ_2 5 / vr wkdwP_{E�ø}^f +3, @π dqg P_{E2ø}^f +3, @π_2 . ϕ_2/ dqg wkxv

H^{sf} ^♭ ‘ @π Ydu^{sf} ^♭ ‘ @π_2 . ϕ_2 ∗ π_2 @ϕ_2

QRWHV

+4, VshfldoFdvh =Li π @3/ ϕ_2 @4/ wkhq ♭ kdv d Vwdqgdug ru Xqlwqrup doglvwulexwlrq1 Xvxdoo— / wkh sgi ri wkh xqlwqrup dolvz ulwwhq ω +ı,/ dqg wkh fgi lv z ulwwhq ff+ı,1

+5, Li ♭ ⊃ Q+3>4,/ dqg ♮ @ϕ♭ . π/ wkhq ♮ ⊃ Q+π>ϕ_2,1Uh0h–suhvvlqj wklvuhvxow/ li ♭ ⊃ Q+π>ϕ_2,/ dqg ♮ @+♭ ∗ π,∂ϕ/ wkhq ♮ ⊃ Q+3>4,1+xvlqj wudqvirup dwlrq rup j i whfkqlt xhv,

+6, Wkh F hqwudoOlp lwWkhr uhp Vxssrvh ♭^�>///>♭^⋆ duh l1l1g1 udqgrp yduldeohv z lwk p ji P^f / z lwk H^{sf} ^♭^ζ‘ @π dqg Ydu^{sf} ^♭^ζ‘ @ϕ_2 wkdwlv/ wkh p ji dqg wkh h–shfwdwlrq dqg yduldqfh ri wkh

♭^ζv duh vshflfflhg/ exwwkh sgi lv qrw1Ohwwkh udqgrp yduldeoh ♯^⋆ eh ghfflqhg e—

♯^⋆ @ ⋆⋃ ζ’ � ♭^ζ∗ qπ ∫ qϕ_2

7181 QRUP DOGLVWULEXWLRQ 94

dqg ohw♯_⋆ kdyh p ji P_{⃗⋆} 1Wkhq/ dvq ∗↔ △ /

P_{⃗⋆} +w, ∗↔ h–s ⟩ w^2∂5 | luuhvs hfwlyh r i wkh glvwulexwlr q r i wkh ♭_ζv/ wkdwlv/ wkh glvwulexwlrq ri ♯_⋆ whqgv wr d xqlw qr up do glvwulexwlr q dv q whqgv wr lqfflqlw— 1 Wklv wkhruhp z loo eh suryhg dqg h–sodlqhg lq Fkdswhu8/ vhfwlrq 8151

Wklvuhvxowvsurylghvd xvhixop hdqvri dssur–lp dwlrq1 I rudq— udqgrp yduldeoh V/ vd— / z khuh V@ ⋆⋃ ζ’ � ♭_ζ iru lqghshqghqwdqg lghqwlfdoo— glvwulexwhg udqgrp yduldeohv ♭_�>///>♭_⋆ / wkh fgi ri V fdq eh ds0 sur–lp dwhg dviroorz v= ghfflqh

♯_⋆ @ ⋆⋃ ζ’ � ♭_ζ ∗ qπ ∫ qϕ^2 @ V∗ qπ ∫ qϕ^2 wkhq e— wkh wkhruhp / dqg xvlqj d xqlyduldwh wudqvirup dwlrq

I_⃗ +℘, ≪ ff +℘, @⇔ I_7 +v, ≪ ff ] v∗ qπ ∫ qϕ^2 ⌊

+7, Li ♭ ⊃ Q+3>4,/ dqg ♮ @♭^2/ wkhq ♮ ⊃ ε^2_�/ vr wkdwwkh vt xduh ri d xqlwqrup doudqgrp yduldeoh kdvd fkl0vt xduhg glvwulexwlrq z lwk 4 ghjuhh ri iuhhgrp 1

+8, Li ♭ ⊃ Q+3>4,/ dqg ♮ ⊃ Q+3>4, duh lqghshqghqwudqgrp yduldeohv/ dqg ♯ lv ghfflqhg e— ♯ @♭ ∂♮ / wkh ♯ kdvd F dxfk— glvwulexwlr q

i_⃗ +℘, @ 4 τ 4 4. ℘^2 ℘ ▽ U +9, Li ♭ ⊃ Q+3>4,/ dqg ♮ ⊃ J d+q∂5>4∂5, iru q @ 4>5>///+vr wkdw♮ ⊃ ε^2_⋆ ,/ duh lqghshqghqw udqgrp yduldeohv/ dqg Wlvghfflqhg e— W@ ♭ √ ♮ ∂q wkhq Wkdvd Vwxghqw0wglvwulexwlr q z lwk q ghj uhhv r i iuhhgr p / W⊃ Vw+q,/

i_A+w, @ Λ ] q . 4 5 ⌊

Λ )q 5 [ ] 4 qτ ⌊_{�⇀2} ⟩ 4. w^2 q /_{∋ E⋆n �ø⇀2} w▽ U

Wdnlqj olp lwlqj fdvhvri wkh Vwxghqw0wglvwulexwlrq q ∗↔ △ =Vw+q, ∗↔ Q+3>4, q ∗↔ 4 =Vw+q, ∗↔ Fdxfkȷ

e˘S ¨ NwAWVΣ + WΣ A, ¸ + ȷ ` Σ ` WwWAv # W5A+ Ẁ NAWȷ Π 5

e˘S˘� AO, ¨ NwAWΠ ȷ ¨ WΣ w # W5A+ Ẁ NAWȷ Π

Wkh p xowlqrp ldoglvwulexwlrq lv d p xowlyduldwh j hqhudol˝dwlrq ri wkh elqrp ldoglvwulexwlrq1 Uhfdoo wkdwwkh elqrp ldoglvwulexwlrq durvh iurp dq lqfflqlwh Xuq p rghoz lwk wz r w— shv ri remhfwv ehlqj vdp sohg z lwkrxwuhsodfhp hqw1Vxssrvh wkdwwkh sursruwlrq ri ˙W— sh 4%remhfwvlq wkh xuq lvλ +vr

3 ⪰ λ ⪰ 4, dqg khqfhwkhsursruwlrq ri ˙W— sh5%remhfwvlq wkhxuq lv4∗ λ1Vxssrvhwkdwq remhfwv duh vdp sohg/ dqg ♭ lv wkh udqgrp yduldeoh fruuhvsrqglqj wr wkh qxp ehu ri ˙W— sh 4%remhfwv lq wkh vdp soh1Wkhq ♭ ⊃ Elq+q>λ,/ dqg i^f +ı, @ ] q ı ⌊ λ_ϱ+4∗ λ,_{⋆∋ ϱ} ı ▽ ⟩3>4>5>///>q| Qrz frqvlghu d j hqhudol˝dwlrq¿vxssrvh wkdwwkh Xuq frqwdlqv n . 4 w— shv ri remhfwv +n @4>5>///,/ z lwk λ^ζ ehlqj wkh sursruwlrq ri W— sh l remhfwv/ irul @4>///>n . 41 Ohw♭^ζ eh wkh udqgrp yduldeoh fruuhvsrqglqj wr wkh qxp ehuri w— sh l remhfwvlq d vdp soh ri vl˝h q/ irul @4>///>n1Wkhq wkh mrlqw glvwulexwlrq ri yhfwru♭ @+♭^�>///>♭^ς, lv jlyhq e— i^{f �cνννcf ς}+ı^�>///>ı^ς, @ q$ ı^�$///ı^ς$ı^{ςn �}$ λ_{ϱ�}^� ////λ_{ϱς}^ς λ_{ϱςn �}^{ςn �} @ q$ ı^�$///ı^ς$ı^{ςn �}$ ςn �⋂ ζ’ � λ_{ϱζ}^ζ z khuh 3 ⪰ λ^ζ ⪰ 4 iru dool/ dqg λ^� . ///. λ^ς. λ^{ςn �} @ 4/ dqg z khuh ı^{ςn �} lv ghfflqhg e— ı^{ςn �} @ q ∗ +ı^� . ///. ı^ς,1Wklvlvwkh p dvvixqfwlrq iruwkh p xowlqrp ldoglvwulexwlrq z klfk uhgxfhvwr wkh elqrp ldoli n @41Lwfdq dovr eh vkrz q wkdwwkh p dujlqdoglvwulexwlrq ri ♭^ζ lv Elq+q>λ^ζ,1

H[ DP SOH D glfh lvuroohg q wlp hv¿ohw♭^ζ @˙wrwdoqxp ehuri l vfruhv%1Wkhq ♭ @+♭^�>///>♭^D, kdvd p xowlqrp ldoglvwulexwlrq z lwk λ^ζ @4∂9 irul @4>///>91 e˘S˘2 AO, # W+ Wß Ow, A # W5A+ Ẁ NAWȷ Π

Wkh Glulfkohwglvwulexwlrq lv d p xowlyduldwh j hqhudol˝dwlrq ri wkh ehwd glvwulexwlrq1 Uhfdoowkdw wkh ehwd glvwulexwlrq durvh dv iroorz v¿vxssrvh wkdwY^� dqg Y^2 duh lqghshqghqwJ dp p d udqgrp yduldeohvz lwk Y^� ⊃ J d+δ^�>ϵ,>Y^2 ⊃ J d+δ^2>ϵ,1Wkhq li ♭ lvghfflqhg e— ♭ @ Y^�

Y^� . Y^2 z h kdyh wkdw♭ ⊃ Eh+δ^�>δ^2,/ dqg i^f +ı, @

Λ+δ^� . δ^2,

Λ+δ^�,Λ+δ^2, ı_{k�∋ �}+4∗ ı,_{k 2∋ �}3 ⋆ ı ⋆ 4

Qrz frqvlghud j hqhudol˝dwlrq¿vxssrvh wkdwY^�>///>Y^{ςn �} duh lqghshqghqwJ dp p d udqgrp yduldeohv z lwk Y^ζ ⊃ J d+δ^ζ>ϵ,/ irul @4>///>n . 41Ghfflqh

♭^ζ @ Y^ζ Y^� . ///. Y^{ςn �} irul @4>///>n1Wkhq wkh mrlqwglvwulexwlrq ri yhfwru♭ @+♭^�>///>♭^ς, lvj lyhq e— i^{f �cνννcf ς}+ı^�>///>ı^ς, @ Λ+δ,

Λ+δ^�,///Λ+δ^ς,Λ+δ^{ςn �}, ı_{k�∋ �}^� ///ı_{kς∋ �}^ς ı^{ςn �}_{kςn �∋ �}

7191 P XOWLYDULDWH SUREDELOLW“ GLVWULEXWLRQV 96

iru 3 ⪰ ı_ζ ⪰ 4 iru dool vxfk wkdwı_� . ///. ı_ς. ı_{ςn �} @4/ z khuh δ @δ_� . ///. δ_{ςn �} dqg z khuh ı_{ςn �} lvghfflqhg e— ı_{ςn �} @4∗ +ı_� . ///. ı_ς,1Wklvlvwkh ghqvlw— ixqfwlrq z klfk uhgxfhvwr wkh ehwd glvwulexwlrq li n @41Lwfdq dovr eh vkrz q wkdwwkh p dujlqdoglvwulexwlrq ri ♭_ζ lv Ehwd+δ_ζ>δ,1

H[ DP SOH Wkh frp srvlwlrq ri d p lqhudovdp soh lvghwhup lqhg lq whup vri shufhqwdj h frp sr0 vlwlrq ri fflyh frp srxqgv1 Ohw♭_ζ eh wkh shufhqwdjh frqwhqwri frp srxqg l/ iru l @4>///71 Wkhq ♭ @+♭_�>///>♭_e, lv d yhfwru udqgrp yduldeoh z krvh mrlqwsuredelolw— vwuxfwxuh frxog eh ghvfulehg xvlqj d Glulfkohwglvwulexwlrq1

e˘S˘fi AO, ¨ NwAWVΣ + WΣ A, Π ȷ + ¨ Σ w # W5A+ Ẁ NAWȷ Π

Wkh p xowlyduldwh qrup doglvwulexwlrq lv d p xowlyduldwh j hqhudol˝dwlrq ri wkh qrup doglvwulexwlrq z klfk fdq eh jhqhudwhg lq wkh iroorz lqj z d— 1 Vxssrvh wkdw♭_�>///>♭_ς duh l1l1g1 Q+3>ϕ^2, udqgrp yduldeohv1Xvlqj yhfwruqrwdwlrq/ z h fdq z ulwh wkh mrlqwghqvlw— ixqfwlrq ri ♭_�>///>♭_ς dv i_{f �cνννcf ς}+ı_�>///>ı_ς, @ ] 4 5τϕ^2 ⌊_{ς⇀2} h–s ⟩ ∗ 4 5ϕ^2 – A – /

z khuhı @+ı_�>///>ı_ς,1Qrz frqvlghuwkhp xowlyduldwhwudqvirup dwlrq iurp +♭_�>///>♭_ς, wr +♮_�>///>♮_ς, +wkdwlv/ iurp ♭ wr ♮ , ghfflqhg e— “ @D^A[ . π/ z khuhD lvd n⋄ n lqyhuwleohp dwul– ri uhdoqxp ehuv/ dqg π lvd n⋄ 4 yhfwru1Wklvlvd 404 wudqvirup dwlrq/ vr xvlqj wkhxvxdop xowlyduldwhwudqvirup dwlrq irup xod/ z h fdq rewdlq wkh mrlqwghqvlw— ixqfwlrq ri +♮_�>///>♮_ς, dv i_{t �cνννct ς}+ȷ_�>///>ȷ_ς, @ ] 4 5τ ⌊_{ς⇀2} 4 ⇕Ψ⇕^{�⇀2} h–s ⟩ ∗ 4 5 +— ∗ π,^AΨ^{∋ �}+— ∗ π, /

z khuh Ψ @ ϕ^2D^AD1 Wklv lv wkh sgi ri wkh p xowlyduldwh qrup do glvwulexwlrq1 Lwfdq eh vkrz q wkdwdq— p dujlqdo/ mrlqwp dujlqdo/ ru frqglwlrqdoglvwulexwlrq ri d vxevhwri ♮_�>///>♮_ς lv qrup doru p xowlyduldwh qrup do1

97 FKDSWHU 71 FRQWLQXRXVSUREDELOLW“ GLVWULEXWLRQV