
�O��A,+ �

#W5�+,A, �+����WwWAv #W5A+W�NAW��5

��� #W5�+,A, N�W6�+� #W5A+W�NAW��
QRWDWLRQ [ � Xqlirup+q, UDQJH [ @ i4> 5> ===> qj
PDVV IXQFWLRQ

i � +{, @ 4
q { 5 i4> 5> ===> qj

FGI

I � +{, @ {
q { 5 i4> 5> ===> qj

PJI

P � +w, @
�
[

�����
h � � 4q @ h �

q
k

4 . h � . ===. h � �
	��� �
l

@ h �
q
�4� h � � �
^4� h � `

uwk PRPHQW

P
� � �� +w, @

�
[

�����
{ � h � � 4q @, P

� � �� +3, @ 4
q

�
[

�����
{ �

@, H �� ^[` @ P
� ���� +3, @ 4

q
�
[

�����
{ @ +q. 4,

5

H � � ^[ � ` @ P
�
� �� +3, @ 4

q
�
[

�����
{ � @ +q. 4,+5q. 4,

9

@, Y du �� ^[` @ H �� ^[ � `� iH �� ^[`j � @ +q. 4,+q� 4,
45

QRWH
Zh fdq gh�qh d glvfuhwh xqlirup glvwulexwlrq ryhu dq| �qlwh vhw ri ydoxhv udwkhu wkdw phuho| wkh
lqwhjhuv i4> 5> ===> qj> lq wklv fdvh/ wkh prphqwv ri wkh glvwulexwlrq zloo ghshqg rq wkh qdwxuh ri wkh
udqjh [/ exw lq wkh vdph whfkqltxhv iru fdofxodwlrq ri prphqwv/ pji hwf1 fdq eh xvhg1

7:
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��2 �,+��NwwW #W5A+W�NAW��
QRWDWLRQ [ � Ehuqrxool+�, UDQJH [ @ i3> 4j
PDVV IXQFWLRQ

i � +{, @ � � +4� �, � 	 � { 5 i3> 4j 3 � � � 4=
PJI

P � +w, @
�

[

��� �
h � � � � +4� �, � 	 � @ 4� � . �h �

uwk PRPHQW
P

� � �� +w, @ �h � @, P
� � �� +3, @ �u @, H �� ^[` @ �>H �� ^[ � ` @ � , Y du �� ^[` @ � � � � @ �+4� �,

QRWH Wkh Ehuqrxool glvwulexwlrq lv xvhg iru prghoolqj zkhq wkh rxwfrph ri dq h{shulphqw lv
hlwkhu d _vxffhvv% ru d cidloxuh%/ zkhuh wkh suredelolw| ri jhwwlqj d vxffhvv lv htxdo wr �1

��� �W���W�w #W5A+W�NAW��
QRWDWLRQ [ � Elq+q> �, UDQJH [ @ i3> 4> 5> ===> qj
PDVV IXQFWLRQ

i � +{, @
�q
{
�

� � +4� �, � 	 � { 5 i3> 4> 5> ===> qj q � 3> 3 � � � 4=

PJI

P � +w, @
�
[

��� �
h � �

�q
{
�

� � +4� �, � 	 � @
�
[

� � �

�q
{
�

��h � � � +4� �, � 	 � @ �4� � . �h � � �

uwk PRPHQW
Qr vlpsoh jhqhudo h{suhvvlrq iru P

� � �� +w,/ exw
P

� ���� +w, @ q�h � �4� � . �h � � � 	�� P
�
� �� +w, @ q+q� 4,��h � � � �4� � . �h � � �
	 � . q�h � �4� � . �h � � � 	��

vr wkdw P
� ���� +3, @ q� dqg P

�
� �� +3, @ q+q� 4,� � . q�/ dqg wkxv

H �� ^[` @ q�Y du �� ^[` @ q+q� 4,� � . q� � q � � � @ q�+4� �,
QRWHV
+4, Li [ � > ===>[ � duh lqghshqghqw dqg lghqwlfdoo| glvwulexwhg +l1l1g1, Ehuqrxool+�, udqgrp yduldeohv/
dqg \ @ [ � . ===>[ � / wkhq e| wkh vwdqgdug uhvxow iru pjiv/

P � +w, @ iP � +w,j � @ �4� � . �h � � �



6171 SRLVVRQ GLVWULEXWLRQ 7<

vr wkhuhiruh \ � Elq+n> �, ehfdxvh ri wkh xqltxhqhvv ri pjiv1 Wkxv wkh elqrpldo glvwulexwlrq lv
xvhg wr prgho wkh wrwdo qxpehu ri vxffhvvhv lq d vhulhv ri lqghshqghqw dqg lghqwlfdo h{shulphqwv1
+5, Dowhuqdwlyho|/ frqvlghu vdpsolqj zlwkrxw uhsodfhphqw iurp lq�qlwh froohfwlrq/ ru vdpsolqj zlwk
uhsodfhphqw iurp d �qlwh froohfwlrq ri remhfwv/ d sursruwlrq � ri zklfk duh ri W|sh L/ dqg wkh
uhpdlqghu duh ri W|sh LL1 Li [ lv wkh qxpehu ri W|sh L remhfwv lq d vdpsoh ri q/ [ � Elq+q> �,1

��e ��W55�� #W5A+W�NAW��
QRWDWLRQ [ � Srlvvrq+�, UDQJH [ @ i3> 4> 5> ==j
PDVV IXQFWLRQ

i � +{, @ h 	�� � �
{$ { 5 i3> 4> 5> ===j � A 3=

PJI

P � +w, @
�
[

��� �
h � � h

	�� � �
{$ @ h 	��

�
[

� � �

��h � � �
{$ @ h 	�� h ����� @ h{s�� �h � � 4��

uwk PRPHQW
Qr vlpsoh jhqhudo h{suhvvlrq iru P

� � �� +w,/ exw
P

� ��� +w, @ �h � h{s�� �h � � 4��P
�
� �� +w, @ ��h � � � h{s�� �h � � 4��. �h � h{s�� �h � � 4��

vr wkdw P
� ���� +3, @ � dqg P

�
� �� +3, @ � � . �/ dqg wkxv

H �� ^[` @ � �� ^[` @ � � . �� � � @ �
QRWHV
+4, Li [ � Elq+q> �,/ ohw � @ q�1 Wkhq

P � +w, @ �4� � . �h � � � @
�

4 . �+h � � 4,,
q

�
� �$ h{s�� �h � � 4��

dv q �$ 4/ zklfk lv wkh pji ri d Srlvvrq udqgrp yduldeoh1 Wkhuhiruh/ wkh Srlvvrq glvwulexwlrq
dulvhv dv wkh olplwlqj fdvh ri wkh elqrpldo glvwulexwlrq/ zkhq q �$ 4/� �$ 3 zlwk q� @ � frqvwdqw
+wkdw lv/ iru _odujh% q dqg _vpdoo% �,1
+5, Vxssrvh wkdw [ � dqg [ � duh lqghshqghqw/ zlwk [ � � Srlvvrq+� � ,/ [ � � Srlvvrq+� � ,/ wkhq li
\ @ [ � .[ � / xvlqj wkh jhqhudo pji uhvxow iru lqghshqghqw udqgrp yduldeohv/
P � +w, @ P ��� +w,P �
	 +w, @ h{s�� � �h � � 4�� h{s�� �

�h � � 4�� @ h{s�+� � . � � ,
�h � � 4��

vr wkdw \ � Srlvvrq+� � . � � ,1 Wkhuhiruh/ wkh vxp ri wzr lqghshqghqw Srlvvrq udqgrp yduldeohv
dovr kdv d Srlvvrq glvwulexwlrq1 Wklv uhvxow fdq eh h{whqghg hdvlo|> li [ � > ===>[ � duh lqghshqghqw
udqgrp yduldeohv zlwk [ � � Srlvvrq+� � , iru l @ 4> ===> n/ wkhq

\ @
�

[

� ���
[ � @, \ � Srlvvrq

# �
[

� ���
� �
$
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��e�� AO, ��W55�� �+��,55 �

Frqvlghu dq h{shulphqw lqyroylqj hyhqwv wkdw rffxu uhshdwhgo| lq wlph1 Ohw [+w, eh wkh udqgrp
yduldeoh uhsuhvhqwlqj wkh qxpehu ri hyhqwv wkdw rffxu lq wkh lqwhuydo +3> w`/ vr wkdw [+w, wdnhv ydoxhv
3> 4> 5> ===1 Vxssrvh wkdw

41 [+3, @ 3
51 Iru doo 3 ? v � w/ k A 3/ dqg qrq0qhjdwlyh lqwhjhuv q dqg p/

S ^[+w. k,�[+w, @ qm[+v, @ p` @ S ^[+w. k,�[+w, @ q`
wkdw lv/ wkh qxpehuv ri hyhqwv rffxuulqj lq glvmrlqw lqwhuydov duh suredelolvwlfdoo| lqghshqghqw1

61 Iru �w A 3 vpdoo/

S ^[+w. �w,�[+w, @ 4` @ ��w.R+�w,
iru vrph � A 3/ zkhuh

olp� � 	�� �
R+�w,
�w @ 3

wkdw lv/ wkh suredelolw| ri h{dfwo| rqh hyhqw rffxuulqj lq wkh vpdoo lqwhuydo +w> w . �w` lv/ iru vpdoo
�w/ sursruwlrqdo wr wkh ohqjwk ri wkh lqwhuydo/ �w1
71 Iru �w A 3 vpdoo/

S ^[+w. �w,�[+w, � 5` @ R+�w,
ru vrph � A 3/ wkdw lv/ wkh suredelolw| ri pruh wkdq rqh hyhqw rffxuulqj lq d vpdoo lqwhuydo +w> w.�w`
lv hvvhqwldoo| }hur1
Wkhq/ li

S � +w, @ S ^q hyhqwv rffxu lq +3> w``
lw fdq eh vkrzq wkdw

S � +w, @ S ^[+w, @ q` @ h 	�� � +�w, �
q$

+wkdw lv/ wkh udqgrp yduldeoh fruuhvsrqglqj wr wkh qxpehu ri hyhqwv wkdw rffxuv lq wkh lqwhuydo
+3> w` kdv d Srlvvrq glvwulexwlrq zlwk sdudphwhu �w1,
H{dpsohv = Idloxuhv2euhdngrzqv ri phfkdqlfdo frpsrqhqwv/ rffxuuhqfh ri dfflghqwv/ hplvvlrq ri
sduwlfohv iurp udglrdfwlyh vrxufhv hwf1
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��D B,��,A+W� #W5A+W�NAW��
QRWDWLRQ [ � Jhrphwulf+�, UDQJH [ @ i4> 5> ===j
PDVV IXQFWLRQ

i � +{, @ +4� �, � 	�� � iru { 5 i4> 5> ===j 3 � � � 4=

FGI

I � +{, @ 4� +4� �, � { @ 4> 5> ===

PJI

P � +w, @
�
[

�����
h � � +4� �, � 	�� � @ �h �

�
[

�����
h � � � 	 �� +4� �, � 	 � @ �h �

�
[

��� �

�h � +4� �,� � @ �h �
4� h � +4� �,

uwk PRPHQW
Qr vlpsoh jhqhudo h{suhvvlrq iru P

� � �� +w,/ exw

P
� ���� +w, @ �h �

^4� h � +4� �,` � P
�
� �� +w, @ �h � �4� h � +4� �,� �4 . h � +4� �,�

^4� h � +4� �,` �

vr wkdw P
� ���� +3, @ �

� dqg P
�
� �� +3, @ � 	

�
� 	 / dqg wkxv

h �� ^[` @ 4
� Y du �� ^[` @ 5� �

� � � 4
� � @ 4� �

� �

QRWHV
+4, Li [ � Jhrphwulf+�,/ wkhq iru {> m � 4/
S ^[ @ {. mm[ A m` @ S ^[ @ {. m>[ A m`

S ^[ A m` @ S ^[ @ {. m`
S ^[ A m` @ +4� �, ����� 	�� �

+4� �, � @ +4� �, � 	 � � @ S ^[ @ {`

Vr S^[ @ {. mm[ A m` @S^[ @ {`1 Wklv surshuw| lv xqltxh +dprqj glvfuhwh glvwulexwlrqv, wr wkh
jhrphwulf glvwulexwlrq/ dqg lv fdoohg wkh odfn ri phpru| surshuw|1
+5, Dowhuqdwlyh uhsuhvhqwdwlrqv=

i � +{, @ ! � 	�� +4� !, { @ 4> 5> 6=== +wkdw lv/ ! @ 4� �,
i � +{, @ ! � +4� !, { @ 3> 4> 5> =

+6, Wkh jhrphwulf glvwulexwlrq lv xvhg wr prgho wkh qxpehu/ [/ ri lqghshqghqw/ lghqwlfdo Ehuqrxool
wuldov xqwlo wkh �uvw vxffhvv lv rewdlqhg1 Lw lv d glvfuhwh zdlwlqj wlph glvwulexwlrq1



85 FKDSWHU 61 GLVFUHWH SUREDELOLW\ GLVWULEXWLRQV

��S �,B�AWV, �W���W�w #W5A+W�NAW��
QRWDWLRQ [ � QhEl+q> �, UDQJH [ @ iq>q. 4> q. 5> ===j
PDVV IXQFWLRQ

i � +{, @
�{� 4
q� 4

�

� � +4� �, � 	 � q 5 i4> 5> 6> ===j > 3 � � � 4=

PJI

P � +w, @
�
[

��� �
h � �

�{� 4
q� 4

�

� � +4� �, � 	 � @ ��h � � �
�
[

��� �

�{� 4
q� 4

�

�h � +4� �,� � 	 � @
� �h �
4� h � +4� �,

�
�

uwk PRPHQW
Qr vlpsoh jhqhudo h{suhvvlrq iru P

� � �� +w,/ exw

P
� ���� +w, @ q+�h � , �

^4� h � +4� �,` � ��� P
�
� �� +w, @ q+�h � , � �q. h � +4� �,�

^4� h � +4� �,` � � �
vr wkdw

P
� ���� +3, @ q

� dqg P
�
� �� +3, @ q+q. +4� �,,

� �
dqg wkxv

H �� ^[` @ q
� Y du ��� ^[` @ q+q. +4� �,,

� � � q �
� � @ q+4� �,

� �
QRWHV
+4, Li [ � Elq+q> �,/ \ � QhEl+u> �,/ wkhq iru u � q/ S^[ � u` @S^\ � q`1
+5, Wkh Qhjdwlyh Elqrpldo glvwulexwlrq lv xvhg wr prgho wkh qxpehu/ [/ ri lqghshqghqw/ lghqwlfdo
Ehuqrxool wuldov qhhghg wr rewdlq h{dfwo| q vxffhvvhv1
+6, Dowhuqdwlyh uhsuhvhqwdwlrq= ohw \ eh wkh qxpehu ri idloxuhv lq d vhtxhqfh ri lqghshqghqw/
lghqwlfdo Ehuqrxool wuldov wkdw frqwdlqv h{dfwo| q vxffhvvhv1 Wkhq \ @ [ � q/ dqg khqfh

i � +|, @
�q. | � 4

q� 4
�

� � +4� �, � | 5 i3> 4> ===j
+7, Li [ � � Jhrphwulf+�,/ iru l @ 4> ===q/ duh l1l1g1 udqgrp yduldeohv/ dqg \ @ [ � . ===.[ � / wkhq
\ � QhEl+q> �, +uhvxow lpphgldwho| iroorzv xvlqj pjiv,1
+8, Li [ � QhEl+q> �,/ ohw q+4� �, @ � dqg \ @ [ � q1 Wkhq

P � +w, @ h 	 � � P � +w, @
� �
4� h � +4� �,

� �
@

�

4 . �+h
� � 4,

q� �h �
�
� �$ h{s��+h � � 4,�

dv q �$ 4/ khqfh wkh dowhuqdwh irup ri wkh qhjdwlyh elqrpldo glvwulexwlrq whqgv wr wkh Srlvvrq
glvwulexwlrq dv q �$ 4 zlwk q+4� �, @ � frqvwdqw1
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��. Ov�,+B,��,A+W� #W5A+W�NAW��

QRWDWLRQ [ � K|sJhrp+Q>U> q, iru Q � U � q
UDQJH [ @ ipd{+3> q�Q .U,> ===>plq+q>U,j
PDVV IXQFWLRQ

i � +{, @

�Q � q
U� {

��q
{
�

�Q
U
� @

�Q �U
q� {

��U
{
�

�Q
q
�

iru { 5 [/ dqg }hur rwkhuzlvh1
QRWH
+4, Wkh k|shujhrphwulf glvwulexwlrq lv xvhg dv d prgho iru h{shulphqwv lqyroylqj vdpsolqj zlwkrxw
uhsodfhphqw iurp d �qlwh srsxodwlrq1 Wkh pdvv ixqfwlrq iru wkh k|shujhrphwulf glvwulexwlrq fdq
eh rewdlqhg e| xvlqj frpelqdwrulfv2frxqwlqj whfkqltxhv1 Krzhyhu wkh irup ri wkh pdvv ixqfwlrq
grhv qrw ohqg lwvhoi uhdglo| wr fdofxodwlrq ri prphqwv hwf11

Frqvlghu rewdlqlqj wkh vdpsoh ri vl}h q e| gudzlqj vhtxhqwldoo|/ dqg ohw [ � iru l @ 4> ===> q
uhsuhvhqw wkh qxpehu ri W|sh L remhfwv rewdlqhg rq wkh lwk gudz +vr wkdw [ � @ 3 ru 4,1 Wkhq
[ � > ===>[ � duh ghshqghqw Ehuqrxool udqgrp yduldeohv/ dqg

[ � � Ehuqrxool+U@Q,>[ � m[ � @ { � � Ehuqrxool++U� { � ,@+Q � 4,,> ===

Xvlqj wkh vxffhvvlyh frqglwlrqlqj/ dqg jhqhudo uhvxowv iru wkh h{shfwdwlrq dqg yduldqfh/ lw fdq eh
vkrzq wkdw

H �� ^[` @ q �

�

Ydu �� ^[` @ q �

�

�4� �

�

�

� � 	 �
� 	��

�

zklfk duh wkh h{shfwdwlrq dqg yduldqfh iru d k|shujhrphwulf glvwulexwlrq1
+5, Dv Q>U �$ 4 zlwk U@Q @ �+frqvwdqw,/ wkhq

S ^[ @ {` �$ �q
{
�

� � +4� �, � 	 � >

vr wkh glvwulexwlrq whqgv wr d Elqrpldo glvwulexwlrq1
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�O��A,+ e

���AW�N�N5 �+����WwWAv #W5A+W�NAW��5

e�� ���AW�N�N5 N�W6�+� #W5A+W�NAW��
QRWDWLRQ [ � Xqlirup+d> e, UDQJH [ @ ^d> e` ru +d> e,/ iru d � e
SGI

i � +{, @ 4
e� d d � { � e

FGI

I � +{, @ {� d
e� d d � { � e

PJI

P � +w, @
] �

�
h � � 4

e� dg{ @ +h � � � h � � ,
w+e� d,

uwk PRPHQW

H �� ^[ � ` @
] �

�
{ � 4

e� dg{ @ 4
e� d

� e � ���
u . 4� d � ���

u . 4
�

vr wkhuhiruh
H �� ^[` @ 4

e� d
�e � � d �

5
�

@ +d. e,
5

H �� ^[ � ` @ 4
e� d

�e � � d �

6
�

@ +d � . de. e � ,
6

<

A

A

A

@

A

A

A

>

@, Y du �� ^[` @ +e� d, �
45

e�2 ,j���,�AW�w #W5A+W�NAW��
QRWDWLRQ [ � H{s+�, UDQJH [ @ U �

SGI
i � +{, @ �h 	�� � { A 3 � A 3=

FGI
I � +{, @ 4� h 	�� � { A 3

88
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PJI

P � +w, @
] �

� h � � �h 	�� � g{ @ �
] �

� h 	 � � 	 � � � g{ @ �
�� w iru w ? �

uwk PRPHQW

P
� � �� +w, @ u$�

+�� w, � ��� @, P
� � �� +3, @ u$

� � , H �� ^[` @ 4
�>H �� ^[ � ` @ 5

� � @, Y du �� ^[` @ 5
� � � 4

� � @ 4
� �

QRWHV
+4, Dowhuqdwlyh uhsuhvhqwdwlrq xvhv � @ 4@� dv wkh sdudphwhu ri wkh glvwulexwlrq1
+5, Li [ � H{s+�,/ wkhq/ iru doo {> w A 3/

S ^[ A {. wm[ A w` @ S ^[ A {. w>[ A w`
S ^[ A w` @ S ^[ A {. w`

S ^[ A w` @ h 	�� � � � � �
h 	�� � @ h 	�� � @ S ^[ A {`

Wkxv/ iru doo {> w A 3/ S^[ A { . wm[ A w` @S^[ A {` 0 wklv lv nqrzq dv wkh Odfn ri Phpru|
Surshuw|/ dqg lv xqltxh wr wkh h{srqhqwldo glvwulexwlrq dprqjvw frqwlqxrxv glvwulexwlrqv1
+6, Vxssrvh wkdw [+w, lv d Srlvvrq surfhvv zlwk udwh sdudphwhu � A 3/ vr wkdw

S ^[+w, @ q` @ h 	�� � +�w, �
q$

1
Ohw [ � > ===>[ � eh udqgrp yduldeohv gh�qhg e| [ � @ _wlph wkdw �uvw hyhqw rffxuv%/ dqg/ iru l @
5> ===> q/ [ � @ _wlph lqwhuydo ehwzhhq rffxuuhqfh ri +l� 4,vw dqg lwk hyhqwv%1 Wkhq [ � > ===>[ � duh
l1l1g1 H{s+�,1
Surri = [ � > ===>[ � duh l1l1g1 ehfdxvh ri wkh dvvxpswlrq 51 xqghuo|lqj wkh Srlvvrq surfhvv1 Vr
frqvlghu wkh glvwulexwlrq ri [ � > lq sduwlfxodu/ frqvlghu wkh suredelolw| S^[ � A {` iru { A 31
Wkh hyhqw ^[ � A {` lv htxlydohqw wr wkh hyhqw _Qr hyhqwv rffxu lq wkh lqwhuydo +3/{`%/ zklfk kdv
suredelolw| h 	�� � 1 Exw

I � � +{, @ S ^[ � � {` @ 4� S ^[ � A {` @ 4� h 	 � � @, [ � � H{s+�,
1
+7, Wkh h{srqhqwldo glvwulexwlrq lv xvhg wr prgho idloxuh wlphv lq frqwlqxrxv wlph1 Lw lv d frqwlqxrxv
zdlwlqj wlph glvwulexwlrq/ wkh frqwlqxrxv dqdorjxh ri wkh jhrphwulf glvwulexwlrq1
+8, Li [ � Xqlirup+3> 4,/ dqg \ @ � orj+4�[,@�/ wkhq \ � H{s+�,1
+9, Li [ � H{s+�,/ wkhq \ @ [ ����� iru � A 3 kdv d +wzr0sdudphwhu, Zhlexoo glvwulexwlrq/ dqg

i � +|, @ ��| � 	 � h 	�� ��� | A 3



7161 JDPPD GLVWULEXWLRQ 8:

e�� B���� #W5A+W�NAW��
QRWDWLRQ [ � Jd+�>�, UDQJH [ @ U �

SGI

i � +{, @ � �

�+�,{
� 	 � h 	�� � { A 3 �>� A 3=

dqg zkhuh/ iru dq| uhdo qxpehu � A 3/ wkh Jdppd ixqfwlrq/ �+=, lv gh�qhg e|

�+�, @
] �

� w � 	�� h 	 � gw

PJI

P � +w, @
] �

� h � � � �

�+�,{
� 	�� h 	�� � g{ @ � �

�+�,
] �

� { � 	�� h 	 � � 	 � � � g{ @ � �

�+�,
�+�,

+� � w, � @
� �
� � w

�
�

uwk PRPHQW
Qr vlpsoh jhqhudo h{suhvvlrq iru P

� � �� +w,/ exw

P
� ��� +w, @ �� �

+� � w, � ��� P
�
� �� +w, @ �+�. 4,� �

+� � w, � � �

vr wkdw P
� ���� +3, @ �

� dqg P
�
� �� +3, @ �+�. 4,

� � / dqg wkxv

H �� ^[` @ �
� Y du �� ^[` @ �+�. 4,

� � � � �
� � @ �

� �
QRWHV
+4, Li [ � � Jd+� � > �,>[ � � Jd+� � > �, duh lqghshqghqw udqgrp yduldeohv/ dqg \ @ [ � .[ � / wkhq\ � Jd+� � . � � > �, +gluhfwo| iurp surshuwlhv ri pjiv,1
+5, Jd+4> �, � H{s+�,1
+6, Li [ � > ===>[ � � H{s+�, duh lqghshqghqw udqgrp yduldeohv/ dqg \ @ [ � . === . [ � / wkhq
\ � Jd+q>�, +gluhfwo| iurp +4, dqg +5,,1
+7, Iru � A 3/

�+�, @
] �

� w � 	�� h 	 � gw @ ��w � 	�� h 	 � � �� .
] �

� +�� 4,w � 	 � h 	 � gw @ +�� 4,
] �

� w � 	 � h 	 � gw @ +�� 4,�+�� 4,

vr �+�, @ +�� 4,�+�� 4,1 Wkxv li � @ 4> 5> ===/ wkhq �+�, @ +�� 4,$1
+8, Vshfldo Fdvh = Li � @ 4> 5> === wkh Jd+�@5> 4@5, glvwulexwlrq lv dovr nqrzq dv wkh Fkl0vtxduhg
glvwulexwlrq zlwk � ghjuhhv ri iuhhgrp
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+9, Li [ � � " �� � dqg [ � � " �� 	 duh lqghshqghqw Fkl0vtxduhg udqgrp yduldeohv zlwk q � dqg q �ghjuhhv ri iuhhgrp uhvshfwlyho|/ wkhq udqgrp yduldeoh I gh�qhg dv wkh udwlr

I @ +[ � @q � ,
+[ � @q � ,

kdv dq I0glvwulexwlrq zlwk +q � > q � , ghjuhhv ri iuhhgrp1
+:, Iru hyhqwv lq d Srlvvrq surfhvv zlwk udwh �/ wkhq li [+w, lv wkh udqgrp yduldeoh frxqwlqj wkh
qxpehu ri hyhqwv wkdw rffxu lq wkh lqwhuydo ^3> w,/ wkhq

[+w, � Srlvvrq+�w, S ^[+w, @ q` @ h 	�� � +�w, �
q$ q @ 3> 4> 5> ===

Qrz frqvlghu wkh udqgrp yduldeoh \ � wkdw fruuhvsrqgv wr wkh wlph dw zklfk wkh qwk hyhqw rffxuv1
Wr frpsxwh wkh glvwulexwlrq ri \ � frqvlghu �uvw wkh fgi

I ��� +w, @ S ^\ � � w` @ 4� S ^\ � A w`
Exw

\ � A w +, [ +w, ? q +, [ +w, � q� 4
dqg vr

I ��� +w, @ 4� S ^\ � A w` @ 4� S ^[ +w, � q� 4` @ 4�
� 	��
[

� � �
S ^[+w, @ n` @ 4�

� 	��
[

� � �

h 	�� � +�w, �

n$
+4,

Wkxv/ e| gl�huhqwldwlrq/ iru w A 3

i ��� +w, @ g
gv

+

4�
� 	��
[

� � �

h 	���� +�v, �

n$
,

��� �
@ �

�
	��
[

� � �

� �

n$
���h 	���� v � . nh 	���� v � 	�� �

��� �

@
� 	��
[

� � �

� � ���

n$ h 	�� � w � �
�
	��
[

� ���
� �

+n � 4,$h
	�� � w � 	�� @ �h 	�� �

% �
	��
[

� � �

+�w, �

n$ �
� 	��
[

� ���
+�w, � 	��

+n � 4,$
&

@ �h 	�� � +�w,
� 	��

+q� 4,$

dv doo rwkhu whupv fdqfho1 Khqfh/ dv +q� 4,$ @ �+q,

i ��� +w, @ � �
�+q, w

�
	�� h 	�� � w A 3

dqg khqfh
\ � � Jdppd+q>�,

Qrwh wkdw +4, jlyhv d zd| ri frpsxwlqj wkh Jdppd fgi1
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e�e �,A� #W5A+W�NAW��
QRWDWLRQ [ � Eh+�>�, UDQJH [ @ +3> 4,
SGI

i � +{, @ �+�. �,
�+�,�+�,{

� 	�� +4� {, � 	 � 3 ? { ? 4 �> � A 3=

uwk PRPHQW
Iru u @ 4> 5> ===/

H � � ^[ � ` @
] �

� {
� �+�. �,
�+�,�+�,{

� 	 � +4� {,� 	�� @ �+�. �,
�+�,�+�,

U �
� { � � � 	 � +4� {,� 	�� g{

@ �+�. �,
�+�,�+�,

�+u . �,�+�,
�+u . �. �,

@, H �� ^[` @ �
�. � H �� ^[ � ` @ �+�. 4,

+�. �,+�. � . 4,

@, Y du �� ^[` @ �+�. 4,
+�. �,+�. � . 4, � � �

+�. �, � @ ��
+�. �, � +�. � . 4,

QRWHV
+4, Wkh ehwd glvwulexwlrq dulvhv qdwxudoo| lq wkh frqwh{w ri rughu vwdwlvwlfv> li [ � > ===>[ � duh l1l1g1
udqgrp yduldeohv zlwk fgi I � / vd|/ frqvlghu �uvw wkh udqgrp yduldeohv X � > ===> X � gh�qhg e| X � @
I � +[ � , iru l @ 4> ===> n1 Lw fdq eh vkrzq wkdw X � > ===> X � duh l1l1g1 Xqlirup+3> 4, udqgrp yduldeohv1
Qrz/ frqvlghu wkh rughu vwdwlvwlfv \ � > ===> \ � ghulyhg iurp X � > ===> X � > xvlqj suhylrxv uhvxowv/ lw fdq eh
vkrzq wkdw wkh pdujlqdo glvwulexwlrq ri wkh mwk rughu vwdwlvwlf lv Eh+m> n � m . 4,/ iru m @ 4> ===> n1
+5, Li [ � � Jd+� � > �,/ [ � � Jd+� � > �, duh lqghshqghqw udqgrp yduldeohv/ dqg \ @ [ � @+[ � .[ � ,/wkhq \ � Eh+� � > � � , +xvlqj vwdqgdug pxowlyduldwh wudqvirupdwlrq whfkqltxhv,1
+6, Vxssrvh wkdw udqgrp yduldeohv [ dqg \ kdyh d mrlqw suredelolw| glvwulexwlrq vxfk wkdw wkh
frqglwlrqdo glvwulexwlrq ri [/ jlyhq \ @ | iru 3 ? | ? 4/ lv elqrpldo/ Elq+q> |,/ dqg wkh pdujlqdo
glvwulexwlrq ri \ lv ehwd/ Eh+�> �,/ vr wkdw

i ��� � +{m|, @ �q
{
�

| � +4� |, �
	 � { @ 3> 4> ===> qi � +|, @ �+�. �,
�+�,�+�,|

� 	�� +4� |,� 	�� 3 ? | ? 4=

Wkhq wkh pdujlqdo glvwulexwlrq ri [ lv jlyhq e|

i � +{, @
] �

� i ��� � +{m|,i � +|,g| @
�q
{
��+�. �,
�+�,�+�,

�+{. �,�+q� {. �,
�+q. �. �, { @ 3> 4> 5===q

+6, Li � @ � @ 4/ Eh+�> �, � Xqlirup+3> 4,1
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e�D ��+��w #W5A+W�NAW��
QRWDWLRQ [ � Q+�> � � , UDQJH [ @ U

SGI

i � +{, @ 4s5�� � h{s
�� 4

5� � +{� �, �
�

{ 5 U � 5 U> � A 3=
PJI

P � +w, @
�
]

	��
h � � 4s5�� � h{s

�� 4
5� � +{� �, �

�

g{

@ 4s5�� �

�
]

	��
h{s

�� 4
5� � +{� �, � . w{

�

g{

@ h{s
�

�w. w � � �
5

�

�
]

	��
4s5�� � h{s

�� 4
5� �

�{� +�. w� � ,� �
�

g{

@ h{s
�

�w. w � � �
5

�

ehfdxvh wkh lqwhjudqg lv d sgi/ dqg wkxv wkh lqwhjudo lv htxdo wr rqh1
uwk PRPHQW

Qr vlpsoh jhqhudo h{suhvvlrq iru P
� � �� +w,/ exw

P
� ���� +w, @ +�. w� � , h{s

�

�w. w � � �
5

�

P
�
� �� +w, @ +� � . 5w� � �. w � � � . � � , h{s

�

�w. w � � �
5

�

vr wkdw P
� ���� +3, @ � dqg P

�
� �� +3, @ � � . � � / dqg wkxv

H �� ^[` @ � Y du �� ^[` @ � � . � � � � � @ � �
QRWHV
+4, Vshfldo Fdvh = Li � @ 3/ � � @ 4/ wkhq [ kdv d Vwdqgdug ru Xqlw qrupdo glvwulexwlrq1 Xvxdoo|/
wkh sgi ri wkh xqlw qrupdo lv zulwwhq !+{,/ dqg wkh fgi lv zulwwhq �+{,1
+5, Li[ � Q+3> 4,/ dqg \ @ �[.�/ wkhq \ � Q+�> � � ,1 Uh0h{suhvvlqj wklv uhvxow/ li [ � Q+�> � � ,/
dqg \ @ +[ � �,@�/ wkhq \ � Q+3> 4,1 +xvlqj wudqvirupdwlrq ru pji whfkqltxhv,
+6, Wkh Fhqwudo Olplw Wkhruhp Vxssrvh [ � > ===>[ � duh l1l1g1 udqgrp yduldeohv zlwk pji P � /
zlwk H �� ^[ � ` @ � dqg Y du �� ^[ � ` @ � � wkdw lv/ wkh pji dqg wkh h{shfwdwlrq dqg yduldqfh ri wkh
[ � v duh vshfl�hg/ exw wkh sgi lv qrw1 Ohw wkh udqgrp yduldeoh ] � eh gh�qhg e|

] � @

�
[

� ���
[ � � q�
sq� �
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dqg ohw ] � kdyh pji P � � 1 Wkhq/ dv q �$ 4/
P � � +w, �$ h{s�w � @5�

luuhvshfwlyh ri wkh glvwulexwlrq ri wkh [ � v/ wkdw lv/ wkh glvwulexwlrq ri ] � whqgv wr d xqlw
qrupdo glvwulexwlrq dv q whqgv wr lq�qlw|1 Wklv wkhruhp zloo eh suryhg dqg h{sodlqhg lq
Fkdswhu 8/ vhfwlrq 8151

Wklv uhvxowv surylghv d xvhixo phdqv ri dssur{lpdwlrq1 Iru dq| udqgrp yduldeoh V/ vd|/ zkhuh

V @
�
[

� ���
[ �

iru lqghshqghqw dqg lghqwlfdoo| glvwulexwhg udqgrp yduldeohv [ � > ===>[ � / wkh fgi ri V fdq eh ds0
sur{lpdwhg dv iroorzv= gh�qh

] � @

�
[

� ���
[ � � q�
sq� � @ V � q�sq� �

wkhq e| wkh wkhruhp/ dqg xvlqj d xqlyduldwh wudqvirupdwlrq

I � +}, � �+}, @, I � +v, � �
�v� q�sq� �

�

+7, Li [ � Q+3> 4,/ dqg \ @ [ � / wkhq \ � " � � / vr wkdw wkh vtxduh ri d xqlw qrupdo udqgrp yduldeoh
kdv d fkl0vtxduhg glvwulexwlrq zlwk 4 ghjuhh ri iuhhgrp1
+8, Li [ � Q+3> 4,/ dqg \ � Q+3> 4, duh lqghshqghqw udqgrp yduldeohv/ dqg ] lv gh�qhg e|
] @ [@\ / wkh ] kdv d Fdxfk| glvwulexwlrq

i � +}, @ 4
�

4
4 . } � } 5 U

+9, Li [ � Q+3> 4,/ dqg \ � Jd+q@5> 4@5, iru q @ 4> 5> === +vr wkdw \ � " �� ,/ duh lqghshqghqw
udqgrp yduldeohv/ dqg W lv gh�qhg e|

W @ [
s\@q

wkhq W kdv d Vwxghqw0w glvwulexwlrq zlwk q ghjuhhv ri iuhhgrp/ W � Vw+q,/

i � +w, @
�
�q. 4

5
�

�
�q
5
�

� 4
q�

� ��� � �4 . w �
q
�
	 � � ����� � � w 5 U

Wdnlqj olplwlqj fdvhv ri wkh Vwxghqw0w glvwulexwlrq
q �$ 4 = Vw+q, �$ Q+3> 4, q �$ 4 = Vw+q, �$ Fdxfk|
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e�S �NwAWV�+W�A, �+����WwWAv #W5A+W�NAW��5
e�S�� AO, �NwAW���W�w #W5A+W�NAW��
Wkh pxowlqrpldo glvwulexwlrq lv d pxowlyduldwh jhqhudol}dwlrq ri wkh elqrpldo glvwulexwlrq1 Uhfdoo
wkdw wkh elqrpldo glvwulexwlrq durvh iurp dq lq�qlwh Xuq prgho zlwk wzr w|shv ri remhfwv ehlqj
vdpsohg zlwkrxw uhsodfhphqw1 Vxssrvh wkdw wkh sursruwlrq ri _W|sh 4% remhfwv lq wkh xuq lv � +vr
3 � � � 4, dqg khqfh wkh sursruwlrq ri _W|sh 5% remhfwv lq wkh xuq lv 4��1 Vxssrvh wkdw q remhfwv
duh vdpsohg/ dqg [ lv wkh udqgrp yduldeoh fruuhvsrqglqj wr wkh qxpehu ri _W|sh 4% remhfwv lq
wkh vdpsoh1 Wkhq [ � Elq+q> �,/ dqg

i � +{, @
�q
{
�

� � +4� �, � 	 � { 5 i3> 4> 5> ===> qj
Qrz frqvlghu d jhqhudol}dwlrq> vxssrvh wkdw wkh Xuq frqwdlqv n . 4 w|shv ri remhfwv +n @ 4> 5> ===,/
zlwk � � ehlqj wkh sursruwlrq ri W|sh l remhfwv/ iru l @ 4> ===> n . 41 Ohw [ � eh wkh udqgrp yduldeoh
fruuhvsrqglqj wr wkh qxpehu ri w|sh l remhfwv lq d vdpsoh ri vl}h q/ iru l @ 4> ===> n1 Wkhq wkh mrlqw
glvwulexwlrq ri yhfwru [ @ +[ � > ===>[ � , lv jlyhq e|

i ����� � � � � ��� +{ � > ===> { � , @ q$
{ � $==={ � ${ � ��� $�

� �� ====� � �� � �
��� �

� ��� @ q$
{ � $==={ � ${ � ��� $

� ���
T

� ��� �
���
�

zkhuh 3 � � � � 4 iru doo l/ dqg � � . === . � � . � � ��� @ 4/ dqg zkhuh { � ��� lv gh�qhg e| { � ��� @
q� +{ � . ===.{ � ,1 Wklv lv wkh pdvv ixqfwlrq iru wkh pxowlqrpldo glvwulexwlrq zklfk uhgxfhv wr wkh
elqrpldo li n @ 41 Lw fdq dovr eh vkrzq wkdw wkh pdujlqdo glvwulexwlrq ri [ � lv Elq+q> � � ,1
H[DPSOH D glfh lv uroohg q wlphv> ohw [ � @_wrwdo qxpehu ri l vfruhv%1 Wkhq [ @ +[ � > ===>[ � ,
kdv d pxowlqrpldo glvwulexwlrq zlwk � � @ 4@9 iru l @ 4> ===> 91

e�S�2 AO, #W+W�Ow,A #W5A+W�NAW��
Wkh Glulfkohw glvwulexwlrq lv d pxowlyduldwh jhqhudol}dwlrq ri wkh ehwd glvwulexwlrq1 Uhfdoo wkdw
wkh ehwd glvwulexwlrq durvh dv iroorzv> vxssrvh wkdw Y � dqg Y � duh lqghshqghqw Jdppd udqgrp
yduldeohv zlwk Y � � Jd+� � > �,> Y � � Jd+� � > �,1 Wkhq li [ lv gh�qhg e|

[ @ Y �
Y � . Y �

zh kdyh wkdw [ � Eh+� � > � � ,/ dqg
i � +{, @ �+� � . � � ,�+� � ,�+� � ,

{ � � 	�� +4� {, � 	 	�� 3 ? { ? 4
Qrz frqvlghu d jhqhudol}dwlrq> vxssrvh wkdw Y � > ===> Y � ��� duh lqghshqghqw Jdppd udqgrp yduldeohv
zlwk Y � � Jd+� � > �,/ iru l @ 4> ===> n . 41 Gh�qh

[ � @ Y �
Y � . ===. Y � ���

iru l @ 4> ===> n1 Wkhq wkh mrlqw glvwulexwlrq ri yhfwru [ @ +[ � > ===>[ � , lv jlyhq e|
i � � � � � � � � � +{ � > ===> { � , @ �+�,

�+� � ,===�+� � ,�+� � ��� ,{
� � 	 �� ==={ � � 	��� { � ��� �

��� � 	 �
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iru 3 � { � � 4 iru doo l vxfk wkdw { � . === . { � . { � ��� @ 4/ zkhuh � @ � � . === . � � ��� dqg zkhuh
{ � ��� lv gh�qhg e| { � ��� @ 4� +{ � . ===.{ � ,1 Wklv lv wkh ghqvlw| ixqfwlrq zklfk uhgxfhv wr wkh ehwd
glvwulexwlrq li n @ 41 Lw fdq dovr eh vkrzq wkdw wkh pdujlqdo glvwulexwlrq ri [ � lv Ehwd+� � > �,1
H[DPSOH Wkh frpsrvlwlrq ri d plqhudo vdpsoh lv ghwhuplqhg lq whupv ri shufhqwdjh frpsr0
vlwlrq ri �yh frpsrxqgv1 Ohw [ � eh wkh shufhqwdjh frqwhqw ri frpsrxqg l/ iru l @ 4> ===71 Wkhq
[ @ +[ � > ===>[ � , lv d yhfwru udqgrp yduldeoh zkrvh mrlqw suredelolw| vwuxfwxuh frxog eh ghvfulehg
xvlqj d Glulfkohw glvwulexwlrq1

e�S�� AO, �NwAWV�+W�A, ��+��w #W5A+W�NAW��
Wkh pxowlyduldwh qrupdo glvwulexwlrq lv d pxowlyduldwh jhqhudol}dwlrq ri wkh qrupdo glvwulexwlrq
zklfk fdq eh jhqhudwhg lq wkh iroorzlqj zd|1 Vxssrvh wkdw [ � > ===>[ � duh l1l1g1 Q+3> � � , udqgrp
yduldeohv1 Xvlqj yhfwru qrwdwlrq/ zh fdq zulwh wkh mrlqw ghqvlw| ixqfwlrq ri [ � > ===>[ � dv
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zkhuh { @ +{ � > ===> { � ,1 Qrz frqvlghu wkh pxowlyduldwh wudqvirupdwlrq iurp +[ � > ===>[ � , wr +\ � > ===> \ � ,
+wkdw lv/ iurp[ wr \ , gh�qhg e|\ @ D � [.�/ zkhuh D lv d n�n lqyhuwleoh pdwul{ ri uhdo qxpehuv/
dqg � lv d n�4 yhfwru1 Wklv lv d 404 wudqvirupdwlrq/ vr xvlqj wkh xvxdo pxowlyduldwh wudqvirupdwlrq
irupxod/ zh fdq rewdlq wkh mrlqw ghqvlw| ixqfwlrq ri +\ � > ===> \ � , dv
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zkhuh 	 @ � � D � D1 Wklv lv wkh sgi ri wkh pxowlyduldwh qrupdo glvwulexwlrq1 Lw fdq eh vkrzq
wkdw dq| pdujlqdo/ mrlqw pdujlqdo/ ru frqglwlrqdo glvwulexwlrq ri d vxevhw ri \ � > ===> \ � lv qrupdo ru
pxowlyduldwh qrupdo1
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