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2�. a�W�A �+����WwWAv #W5A+W�NAW��5
Frqvlghu d froohfwlrq ri udqgrp yduldeohv [ � > ===>[ � / zlwk [ � d ixqfwlrq iurp vdpsoh vsdfh  �
wr [ � � U1 Wkhq wkh yhfwru ri udqgrp yduldeohv [ @ +[ � > ===>[ � , lv d yhfwru ixqfwlrq iurp wkh
Fduwhvldq surgxfw ri wkh vdpsoh vsdfhv wr [

� ���

 � � ===� � �$ [
� ��� � [ � � ===�[ � � U �

Wkh yhfwru udqgrp yduldeoh [ @ +[ � > ===>[ � , frxog fruuhvsrqg wr wkh rxwfrphv ri n gl�huhqw
h{shulphqwv fduulhg rxw rqfh/ ru d vlqjoh h{shulphqw fduulhg rxw n wlphv1

Gh�qlwlrq 51:14 MRLQW PDVV IXQFWLRQ
Wkh mrlqw suredelolw| pdvv ixqfwlrq ri wkh n glphqvlrqdo glvfuhwh udqgrp yduldeoh/ wkdw lv/
[ @ +[ � > ===>[ � , lv ghqrwhg i ���
	 � � � 	 �� dqg lv gh�qhg e|

i ���
	 � � � 	 � � +{ � > ===> { � , @ S ^+[ � @ { � , _ === _ +[ � @ { � ,` @ S ^[ � @ { � > ===>[ � @ { � `
iru doo srvvleoh ydoxhv ri wkh uhdo yhfwru/ { @ +{ � > ===> { � , 5 [

� ��� =

Qrwh= Dv iru wkh vlqjoh yduldeoh fdvh/ wkh mrlqw pdvv ixqfwlrq pxvw eh qrq0qhjdwlyh iru doo { 5 [
� ��� /

dqg wkh vxp ri wkh mrlqw pdvv ixqfwlrq hydoxdwhg iru doo { 5 [ � ��� pxvw eh 41

Gh�qlwlrq 51:15 MRLQW GLVFUHWH FGI
Wkh mrlqw fxpxodwlyh glvwulexwlrq ixqfwlrq ri n glphqvlrqdo glvfuhwh udqgrp yduldeoh
[ @ +[ � > ===>[ � , lv ghqrwhg I ���
	 � � � 	 � � dqg lv gh�qhg e| iru dq| uhdo yhfwru +{ � > ===> { � , e|

I � � 	 � � � 	 �� +{ � > ===> { � , @ S ^[ � � { � > ===>[ � � { � `
Qrwh= Wkh mrlqw fgi pxvw vdwlvi| fhuwdlq surshuwlhv +l1h1 ehkdylrxu iru olplwlqj ydoxhv ri { � > ===> { �
lqglylgxdoo| dqg mrlqwo|, dqdorjrxv wr wkh xqlyduldwh fdvh1

Gh�qlwlrq 51:16 PDUJLQDO PDVV IXQFWLRQ
Wkh pdujlqdo pdvv ixqfwlrq ri udqgrp yduldeoh [ � / ghqrwhg i ��� / lv gh�qhg lq whupv ri wkh
mrlqw pdvv ixqfwlrq i ���
	 � � � 	 � � iru { � 5 [ � e|

i ��� +{ � , @ [

� �
=== [

� ��� �

[

� ��� �
===[

� �
i ����	 � � � 	 �� +{ � > ===> { � ,

wkdw lv/ wkh vxppdwlrq ri mrlqw pdvv ixqfwlrq hydoxdwhg dw +{ � > ===> { � , iru doo ydoxhv ri {� 5 [ � iru
m 9@ l1
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Gh�qlwlrq 51:17 MRLQW FRQWLQXRXV FGI
Wkh mrlqw fxpxodwlyh glvwulexwlrq ixqfwlrq ri n glphqvlrqdo frqwlqxrxv udqgrp yduldeoh/
wkdw lv/ [ @ +[ � > ===>[ � , lv ghqrwhg I ���
	 � � � 	 � � dqg lv gh�qhg iru dq| uhdo yhfwru +{ � > ===> { � , e|

I ���
	 � � � 	 �� +{ � > ===> { � , @ S ^[ � � { � > ===>[ � � { � `
Qrwh= Wkh mrlqw fgi pxvw vdwlvi| fhuwdlq surshuwlhv +l1h1 ehkdylrxu iru olplwlqj ydoxhv ri { � > ===> { �
lqglylgxdoo| dqg mrlqwo|, dqdorjrxv wr wkh xqlyduldwh fdvh1

Gh�qlwlrq 51:18 MRLQW SGI
Wkh mrlqw suredelolw| ghqvlw| ixqfwlrq ri n glphqvlrqdo frqwlqxrxv udqgrp yduldeoh
+[ � > ===>[ � , lv ghqrwhg i � � 	 � � � 	 �� / dqg lv gh�qhg lq whupv ri wkh mrlqw fgi I � � 	 � � � 	 �� iru yhfwru
+{ � > ===> { � , 5 [

� ��� e|

I ���
	 � � � 	 �� +{ � > ===> { � , @
] � �

���
===
] � �

���
i ���
	 � � � 	 �� +w � > ===> w � ,gw � ===gw �

vr wkdw

i � � 	 � � � 	 �� +{ � > ===> { � , @ C �
Cw � ===Cw � iiI � � 	 � � � 	 �� +w

� > ===> w � ,jj � ��� � � 	 � � � 	 � � � � �

Qrwh = Dv iru wkh vlqjoh yduldeoh fdvh/ wkh mrlqw sgi qhhg qrw h{lvw/ exw li lw grhv h{lvw/ wkh mrlqw sgi
pxvw eh wdnh qrq0qhjdwlyh ydoxhv iru doo +{ � > ===> { � , 5 [

� ��� / dqg
]

� �
===
]

� �
i � � 	 � � � 	 �� +{ � > ===> { � ,g{ � ===g{ � @ 4

Gh�qlwlrq 51:19 PDUJLQDO SGI
Wkh pdujlqdo suredelolw| ghqvlw| ixqfwlrq ri udqgrp yduldeoh [ � / ghqrwhg i ��� / lv gh�qhg lq
whupv ri wkh mrlqw sgi i ����	 � � � 	 � � iru { � 5 [ � e|

i ��� +{ � , @
]

� �
===
]

� ��� �

]

� ��� �
===
]

� �
i ���
	 � � � 	 �� +{ � > ===> { � ,g{ � ===g{ � � � g{ ��� � ===g{ �

wkdw lv/ wkh mrlqw sgi lqwhjudwhg rxw ryhu wkh udqjhv ri wkh uhpdlqlqj n � 4 yduldeohv [� > m 9@ l1

Qrwh Lq erwk glvfuhwh dqg frqwlqxrxv fdvhv/ wkh frqfhsw ri pdujlqdol}dwlrq fdq eh h{whqghg iurp
frqvlghudwlrq ri wkh pdujlqdo suredelolw| glvwulexwlrq ri d vlqjoh yduldeoh1 Iru h{dpsoh/ frqvlghu
wkh sdlu ri yduldeohv +[ � >[ � , iru l 9@ m> wkh mrlqw pdujlqdo pdvv ixqfwlrq2sgi fdq eh rewdlqhg
e| vxppdwlrq2lqwhjudwlrq ryhu wkh uhpdlqlqj n � 5 yduldeohv1 Wklv fdq eh ixuwkhu h{whqghg wr
frqvlghudwlrq ri pruh wkdq wzr yduldeohv1



67 FKDSWHU 51 UDQGRP YDULDEOHV ) SUREDELOLW\ GLVWULEXWLRQV

Gh�qlwlrq 51:1: FRQGLWLRQDO PDVV2GHQVLW\ IXQFWLRQ
Wkh frqglwlrqdo suredelolw| pdvv2ghqvlw| ixqfwlrq ri udqgrp yduldeoh [ � / jlyhq wkdw

[ � @ { � > > ===>[ � � � @ { � � � >[ � � � @ { ��� � > ===>[ � @ { �
lv ghqrwhg

i ��� � ����	 � � � 	 ��� � � 	 ��� � � 	 � � � 	 � � >
lv gh�qhg e|

i ��� � ���
	 � � � 	 ����� � 	 ��� � � 	 � � � 	 � � +{ � m{ � > ===> { � � � > { ��� � > ===> { � , @ i ����	 � � � 	 �� +{ � > ===> { � ,
i ����	 � � � 	 ��� � � 	 ��� � � 	 � � � 	 � � +{ � > ===> { � � � > { ��� � > ===> { � ,

li wkh ghqrplqdwru lv vwulfwo| srvlwlyh/ wkdw lv/ wkh udwlr ri wkh +ixoo, mrlqw pdvv ixqfwlrq2sgi
iru wkh n yduldeohv [ � > ===>[ � wr wkh +pdujlqdo, mrlqw pdvv ixqfwlrq2sgi iru wkh n � 4 yduldeohv
[ � > ===>[ � � � >[ ��� � > ===>[ � 1 Wkh irup ri wkh ghqrplqdwru lv rewdlqhg e| vxpplqj2lqwhjudwlqj wkh
+ixoo, mrlqw pdvv ixqfwlrq2sgi rxw ryhu wkh yduldeoh [ � 1
Qrwh = Wklv gh�qlwlrq lv gluhfwo| uhodwhg wr wkh gh�qlwlrq ri frqglwlrqdo suredelolw| jlyhq hduolhu/
dqg fdq eh h{whqghg wr wkh gh�qlwlrq ri frqglwlrqdo glvwulexwlrq ri wzr yduldeohv/ jlyhq wkh ydoxhv
ri wkh uhpdlqlqj n � 5/ dqg vr rq1

2�.�� a�W�A #W5A+W�NAW�� 5�,�W�w ��5,G & ' 2

Zh frqvlghu lq ghwdlo wkh fdvh zkhq n @ 5> wkh h{whqvlrq wr kljkhu rughu pxowlyduldwh glvwulexwlrqv
lv vwudljkwiruzdug1 Vxssrvh wkdw [ dqg \ duh udqgrp yduldeohv zlwk udqjhv [ dqg \ uhvshfwlyho|/
vr wkdw wkh yhfwru +[>\ , lv d yhfwru udqgrp yduldeoh zlwk udqjh +frqwdlqhg lq,

[�\ @ i+{> |, = { 5 [ dqg | 5 \j � U �

GLVFUHWH FDVH
Li [ dqg \ duh GLVFUHWH wkh mrlqw suredelolw| pdvv ixqfwlrq ri +[>\ ,/ ghqrwhg i � 	 � / lv

i � 	 � +{> |, @ S ^+[ @ {, _ +\ @ |,` @ S ^[ @ {> \ @ |`
iru doo srvvleoh ydoxhv ri wkh yhfwru +{> |, 5 [� \= Wkh mrlqw fxpxodwlyh glvwulexwlrq ixqfwlrq ri
+[>\ ,/ ghqrwhg I ��	 � / lv

I ��	 � +{> |, @ S ^[ � {> \ � |`
iru dq| uhdo yhfwru +{> |,1
Wkh mrlqw pdvv ixqfwlrq i � 	 � +{> |, hvvhqwldoo| vshfl�hv d wzr0zd| wdeoh ri suredelolwlhv1 Iru
h{dpsoh/ vxssrvh wkdw

[ @ i4> 5> 6> 7> 8> 9j \ @i4> 5> 6> 7j
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dqg ohw s ��� @ i ��	 � +{> |, Wkhq zh kdyh wkh iroorzlqj wdeoh
\ 7 s ��� s �

� s ��� s ��� s � � s � �
6 s � � s � � s ��� s � � s ��� s ���
5 s � � s � � s � � s � � s � � s � �4 s � � s �

� s � � s � � s � � s � �
4 5 6 7 8 9

[
Wkh uhodwlrqvkls ehwzhhq i ��	 � dqg I � 	 � lv jlyhq e|

I � 	 � +{> |, @
	 ��

[

� � � �

	 ��

[

� � ���
i ��	 � +w> v,

zkhuh ^{` lv wkh odujhvw ydoxh lq [ qrw juhdwhu wkdq { hwf1
SURSHUWLHV

Wkh d{lrpv ri suredelolw| dxwrpdwlfdoo| uhtxluh wkdw iru d ydolg suredelolw| prgho/ zh pxvw
kdyh

SPI 3 � i ��	 � +{> |, � 4
[

����

[

����
i � 	 � +{> |, @ 4

FGI 3 � I ��	 � +{> |, � 4
olp� ��� ��� I ��	 � +{> |, @ 3

olp� ��� ��� I � 	 � +{> |, @ 3

olp� ��� � 	 � ��� � I ��	 � +{> |, @ 4

I ��	 � +{> |, lv qrq0ghfuhdvlqj lq erwk { dqg |
FRQWLQXRXV FDVH
Li [ dqg \ duh FRQWLQXRXV wkh mrlqw fxpxodwlyh glvwulexwlrq ixqfwlrq +mrlqw fgi, ri
+[>\ ,/ ghqrwhg I ��	 � / lv

I ��	 � +{> |, @ S ^[ � {> \ � |`
iru dq| uhdo yhfwru +{> |,= Wkh mrlqw suredelolw| glvwulexwlrq ixqfwlrq +mrlqw sgi, ri +[>\ ,/
ghqrwhg i ��	 � / lv

I ��	 � +{> |, @
] �

���

] �

���
i ��	 � +w> v, gv gw / i ��	 � +{> |, @ C �

CwCv iI ��	 � +w> v,j � � � 	 � � �

iru dq| uhdo yhfwru +{> |,1 Wkh mrlqw fgi dqg mrlqw sgi duh phuho| wzr uhdo0ydoxhg ixqfwlrqv ri wzr
yduldeohv1
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SURSHUWLHV
Wkh d{lrpv ri suredelolw| dxwrpdwlfdoo| uhtxluh wkdw iru d ydolg suredelolw| prgho/ zh pxvw

kdyh
SGI 3 � i ��	 � +{> |,

] �

���

] �

���
i ��	 � +{> |, g{g| @ 4

FGI 3 � I � 	 � +{> |, � 4
olp� ��� ���

I ��	 � +{> |, @ 3

olp� ��� ���
I � 	 � +{> |, @ 3

olp� ��� � 	 � ��� � I ��	 � +{> |, @ 4

I ��	 � +{> |, lv qrq0ghfuhdvlqj lq erwk { dqg |

Lq jhqhudo/ zh fdq hydoxdwh suredelolwlhv ri hyhqwv ri lqwhuhvw e| vxpplqj2lqwhjudwlqj ryhu dssur0
suldwh uhjlrqv ri U � 1 Iru h{dpsoh/ zh pd| zlvk wr hydoxdwh

S ^[ . \ ? 9` S ^d ? [\ ? e` S ^[ ? \ `

hwf1 zklfk zh fdq irupxodwh jhqhudoo| dv

S ^j+[>\ , 5 E`

iru vrph ixqfwlrq j dqg vhw E/ dqg wkhq hydoxdwh dv

S ^j+[>\ , 5 E` @
]

�

]

i � 	 � +{> |, g{g|

zkhuh D lv wkh uhjlrq ri U � gh�qhg e|

D @ i+{> |, = j+{> |, 5 E> { 5 [ > | 5 \j

Iru h{dpsoh/

S ^[ ? \ ` @ S ^[ � \ ? 3` @
]

�

]

i ��	 � +{> |, g{g|

zkhuh D @ i+{> |, = {� | ? 3> { 5 [ > | 5 \j
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PDUJLQDO GLVWULEXWLRQV
Wkh mrlqw suredelolw| prgho h{suhvvhg wkrxjk i � 	 � +{> |, ru I ��	 � +{> |, dxwrpdwlfdoo| vshfl�hv

wkh suredelolw| prgho iru hdfk yduldeoh lqglylgxdoo|1
Lq wkh glvfuhwh fdvh/ wkh pdujlqdo pdvv ixqfwlrq ri udqgrp yduldeoh [/ ghqrwhg i � / lv gh�qhg
lq whupv ri i � 	 � iru { 5 [ dv

i � +{, @ [

����
i ��	 � +{> |,

wkdw lv/ wkh vxppdwlrq ri mrlqw pdvv ixqfwlrq hydoxdwhg dw +{> |, iru doo ydoxhv ri | 5 \1 Vlploduo|/
wkh pdujlqdo pdvv ixqfwlrq iru \ lv

i � +|, @ [

����
i ��	 � +{> |,=

Hvvhqwldoo|/ wkh pdujlqdo glvwulexwlrqv duh rewdlqhg e| vxpplqj rxw ryhu wkh | lq froxpq { ri
wkh wzr0zd| wdeoh iru i � +{,> dqg vxpplqj rxw ryhu { lq urz | iru i � +|,1 Wkhvh uhvxowv duh d
frqvhtxhqfh ri wkh Wkhruhp ri Wrwdo Suredelolw|> wkdw lv

i � +{, @ S ^[ @ {` @ [

����
S ^[ @ {> \ @ |` @ [

����
i ��	 � +{> |,=

Qrwh wkdw erwk i � dqg i � duh wkhpvhoyhv suredelolw| pdvv ixqfwlrqv/ vr pxvw ehkdyh dffruglqj wr
wkh uxohv vshfl�hg lq hduolhu vhfwlrqv1

Lq wkh frqwlqxrxv fdvh/ wkh pdujlqdo suredelolw| ghqvlw| ixqfwlrq ri udqgrp yduldeoh [/
ghqrwhg i � / lv gh�qhg lq whupv ri i ��	 � iru { 5 [ e|

i � +{, @
] �

���
i � 	 � +{> |, g|

wkdw lv/ wkh mrlqw ghqvlw| ixqfwlrq lqwhjudwhg rxw ryhu | iru d �{hg ydoxh ri {1 Vlploduo|/ wkh
pdujlqdo suredelolw| ghqvlw| ixqfwlrq iru \ lv

i � +|, @
] �

� �
i ��	 � +{> |, g{

Djdlq/ erwk i � dqg i � duh suredelolw| ghqvlw| ixqfwlrqv/ vr pxvw vdwlvi| wkh uhtxluhg surshuwlhv 1
FRQGLWLRQDO SUREDELOLW\ GLVWULEXWLRQV

Wkh frqglwlrqdo suredelolw| pdvv2ghqvlw| ixqfwlrq ri udqgrp yduldeoh[ jlyhq wkdw \ @ |
lv ghqrwhg i � � � +{m|, dqg lv gh�qhg e|

i � � � +{m|, @ i � 	 � +{> |,
i � +|,

+wkdw lv/ d ixqfwlrq ri dujxphqw { iru �{hg |, li wkh ghqrplqdwru lv vwulfwo| srvlwlyh/ wkdw lv/
wkh udwlr ri wkh mrlqw pdvv ixqfwlrq2sgi wr wkh pdujlqdo pdvv2ghqvlw| ixqfwlrq iru \ 1 D vlplodu
gh�qlwlrq jlyhv wkh frqglwlrqdo ri \ jlyhq [ @ {/

i � � � +|m{, @ i � 	 � +{> |,
i � +{,
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H[DPSOH Lq wkh frqwlqxrxv fdvh/ zlwk n @ 6/ hdfk ri wkh iroorzlqj pdujlqdo dqg frqglwlrqdo
ghqvlw| ixqfwlrqv fdq eh frpsxwhg iurp wkh mrlqw ghqvlw| ixqfwlrq

i ����	 ��� 	 ��� +{ � > { � > { � ,
PDUJLQDOV=

i ��� +{ � , @
]

� �

]

� �

i ����	 ��� 	 ��� +{ � > { � > { � ,g{ � g{ � i ��� +{ � , @
]

� �

]

� �

i ���
	 ��� 	 ��� +{ � > { � > { � ,g{ � g{ �

i ��� +{ � , @
]

� �

]

� �

i ����	 ��� 	 ��� +{ � > { � > { � ,g{ � g{ �

i � � 	 � � +{ � > { � , @
]

� �

i � � 	 � � 	 � � +{ � > { � > { � ,g{ � i � � 	 � � +{ � > { � , @
]

� �

i � � 	 � � 	 � � +{ � > { � > { � ,g{ �

i � � 	 � � +{ � > { � , @
]

� �

i � � 	 � � 	 � � +{ � > { � > { � ,g{ �

FRQGLWLRQDOV=

i ���
	 ��� � ��� +{ � > { � m{ � , @ i ���
	 ��� 	 ��� +{ � > { � > { � ,i ��� +{ � , i ����	 ��� � ��� +{ � > { � m{ � , @ i ����	 ��� 	 ��� +{ � > { � > { � ,i ��� +{ � ,

i ��� 	 ��� � ��� +{ � > { � m{ � , @ i ���
	 ��� 	 ��� +{ � > { � > { � ,i ��� +{ � ,

i ��� � ��� +{ � m{ � , @ i ���
	 ��� +{ � > { � ,i ��� +{ � ,
i ��� � ��� +{ � m{ � , @ i ����	 ��� +{ � > { � ,

i ��� +{ � ,

i ��� � ��� +{ � m{ � , @ i ���
	 ��� +{ � > { � ,i ��� +{ � , i ��� � ��� +{ � m{ � , @ i ��� 	 ��� +{ � > { � ,i ��� +{ � ,

i � � � � � +{ � m{ � , @ i ���
	 ��� +{ � > { � ,i � � +{ � , i � � � � � +{ � m{ � , @ i ��� 	 ��� +{ � > { � ,i � � +{ � ,

i � � � � � +{ � m{ � , @ i ���
	 ��� +{ � > { � ,
i � � +{ � , i � � � � � +{ � m{ � , @ i ��� 	 ��� +{ � > { � ,i � � +{ � ,

i ��� � ��� 	 ��� +{ � m{ � > { � , @ i � � 	 � � 	 � � +{ � > { � > { � ,i ��� 	 ��� +{ � > { � ,
i ��� � ����	 ��� +{ � m{ � > { � , @ i � � 	 � � 	 � � +{ � > { � > { � ,i ����	 ��� +{ � > { � ,

i � � � � � 	 � � +{ � m{ � > { � , @ i ���
	 ��� 	 ��� +{ � > { � > { � ,i � � 	 � � +{ � > { � ,
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2�.�2 W�#,�,�#,��, 6�+ +��#�� V�+W��w,5

Udqgrp yduldeohv [ � > ===[ � duh lqghshqghqw li/ iru d � ? e � / l @ 4> ===n/

S ^d � ? [ � � e � > ===> d � ? [ � � e � ` @
�
\

��� �
S ^d � ? [ � � e � `

Pruh vshfl�fdoo|/ [ � > ===[ � duh lqghshqghqw li dqg rqo| li

I ���
	 � � � 	 ��� +{ � > ===> { � , @
�
\

��� �
I ��� +{ � , ru htxlydohqwo|/ i ���
	 � � � 	 ��� +{ � > ===> { � , @

�
\

��� �
i ��� +{ � ,

wkdw lv/ li dqg rqo| li wkh mrlqw fgi dqg wkh mrlqw pdvv ixqfwlrq2sgi idfwrul}hv lqwr wkh n pdujlqdo
fgiv dqg pdvv ixqfwlrq2sgiv1
VXIILFLHQW FRQGLWLRQV IRU LQGHSHQGHQFH

Vx�flhqw frqglwlrqv iru yduldeohv [ � > ===>[ � wr eh lqghshqghqw duh
+l, wkh vxssruw ri wkh mrlqw pdvv ixqfwlrq2sgi +wkh uhjlrq rq zklfk wkh ixqfwlrq lv vwulfwo| srvlwlyh,
lv d Fduwhvldq surgxfw/ wkdw lv/

[
� ��� @ [ � � ===�[ � @ i+{ � > ===> { � , = { � 5 [ � > ===> { � 5 [ � j =

+ll, wkh mrlqw pdvv ixqfwlrq2sgi idfwrul}hv lqwr d surgxfw ri pdujlqdo ixqfwlrqv1

2�.�� AO, �O�W� +Nw, 6�+ +��#�� V�+W��w,5
Wkhuh lv dq h{solflw uhodwlrqvkls ehwzhhq mrlqw/ pdujlqdo/ dqg frqglwlrqdo pdvv2ghqvlw| ixqfwlrqv1
Iru h{dpsoh/ frqvlghu wkuhh frqwlqxrxv udqgrp yduldeohv [ � >[ � >[ � / zlwk mrlqw sgi i � � 	 � � 	 � � 1
Wkhq/

i ���
	 ��� 	 ��� +{ � > { � > { � , @ i ��� +{ � ,i ��� � ��� +{ � m{ � ,i ��� � ����	 ��� +{ � m{ � > { � ,
vr wkdw/ iru h{dpsoh/

i ��� +{ � , @
]

� �

]

� �
i ����	 ��� 	 ��� +{ � > { � > { � ,g{ � g{ �

@
]

� �

]

� �
i ��� � ��� 	 ��� +{ � m{ � > { � ,i ��� 	 ��� +{ � > { � ,g{ � g{ �

@
]

� �

]

� �
i ��� � ��� 	 ��� +{ � m{ � > { � ,i ��� � ��� +{ � m{ � ,i ��� +{ � ,g{ � g{ �

Htxlydohqw uhodwlrqvklsv krog lq wkh glvfuhwh fdvh/ fdq eh h{whqghg wr ghwhuplqh wkh h{solflw uhod0
wlrqvkls ehwzhhq mrlqw/ pdujlqdo/ dqg frqglwlrqdo pdvv2ghqvlw| ixqfwlrqv iru dq| qxpehu ri udqgrp
yduldeohv1
QRWH= wkh glvfuhwh htxlydohqw ri wklv uhvxow lv d GLUHFW frqvhtxhqfh ri wkh Wkhruhp ri Wrwdo
Suredelolw|> wkh hyhqw ^[ � @ { � ` lv sduwlwlrqhg lqwr vxe0hyhqwv ^+[ � @ { � , _ +[ � @ { � , _ +[ � @ { � ,`
iru doo srvvleoh ydoxhv ri wkh sdlu +{ � > { � ,1
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2�.�e ���#WAW���w ,j�,�A�AW�� ��# WA,+�A,# ,j�,�A�AW��

Frqvlghu wzr glvfuhwh2frqwlqxrxv udqgrp yduldeohv [ � dqg[ � zlwk mrlqw pdvv ixqfwlrq2sgi i ����	 ��� /
dqg wkh frqglwlrqdo pdvv ixqfwlrq2sgi ri [ � jlyhq [ � @ { � / gh�qhg lq wkh xvxdo zd| e|

i ��� � ��� +{ � m{ � , @
i ����	 ��� +{ � > { � ,i ��� +{ � ,

Wkhq wkh frqglwlrqdo h{shfwdwlrq ri [ � jlyhq [ � @ { � lv gh�qhg e|

H ��� ��� � � ^[ � m[ � @ { � ` @

;

A

A

A

A

?

A

A

A

A

=

[

� � �� �
{ � i ��� � ��� +{ � m{ � , [ � GLVFUHWH

]

� �
{ � i ��� � ��� +{ � m{ � ,g{ � [ � FRQWLQXRXV

l1h1 wkh h{shfwdwlrq ri [ � zlwk uhvshfw wr wkh frqglwlrqdo ghqvlw| ri [ � jlyhq [ � @ { � / +srvvleo|jlylqj d ixqfwlrq ri { � ,1

WKH ODZ RI LWHUDWHG H[SHFWDWLRQ
WKHRUHP

Iru wzr frqwlqxrxv udqgrp yduldeohv [ � dqg [ � zlwk mrlqw sgi i � � 	 � � /

H � � � ^[ � ` @ H � � �

k

H ��� ��� � � ^[ � m[ � @ { � `
l

SURRI

H � � � ^[ � ` @
]

� �
{ � i ��� +{ � ,g{ �

@
]

� �
{ �

�]

� �
i ���
	 ��� +{ � > { � ,g{ �

�

g{ �

@
]

� �
{ �

�]

� �
i ��� � ��� +{ � m{ � ,i ��� +{ � ,g{ �

�

@
]

� �

]

� �
{ � i ��� � ��� +{ � m{ � ,i ��� +{ � ,g{ � g{ �

@
]

� �

�]

� �
{ � i � � � � � +{ � m{ � ,g{ �

�

i ��� +{ � ,g{ �

@ U

� �

q

H ��� ��� � � ^[ � m[ � @ { � `
r

i ��� +{ � ,g{ � @ H � � �

k

H ��� ��� � � ^[ � m[ � @ { � `
l

vr wkh h{shfwdwlrq ri [ � fdq eh fdofxodwhg e| �qglqj wkh frqglwlrqdo h{shfwdwlrq ri [ � jlyhq
[ � @ { � / jlylqj d ixqfwlrq ri { � / dqg wkhq wdnlqj wkh h{shfwdwlrq ri wklv ixqfwlrq zlwk uhvshfw wr
wkh pdujlqdo ghqvlw| iru [ � 1 Qrwh wkdw wklv surri rqo| zrunv li wkh frqglwlrqdo h{shfwdwlrq dqg
wkh pdujlqdo h{shfwdwlrq duh �qlwh1 Wklv uhvxowv h{whqgv qdwxudoo| wr n yduldeohv1
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2�H �NwAWV�+W�A, A+��56�+��AW��5

WKHRUHP
Ohw[ @ +[ � > ===>[ � , eh d yhfwru ri udqgrp yduldeohv/ zlwk mrlqw pdvv2ghqvlw| ixqfwlrq i ����	 � � � 	 ��� 1

Ohw \ @ +\ � > ===> \ � , eh d yhfwru ri udqgrp yduldeohv gh�qhg e| \ � @ j � +[ � > ===>[ � , iru vrph
ixqfwlrqv j � > l @ 4> ===> n/ zkhuh wkh yhfwru ixqfwlrq j pdsslqj +[ � > ===>[ � , wr +\ � > ===> \ � , lv d 404
wudqvirupdwlrq1 Wkhq wkh mrlqw pdvv2ghqvlw| ixqfwlrq ri +\ � > ===> \ � , lv jlyhq e|

GLVFUHWH i � ��	 � � � 	 � � +| � > ===> | � , @ i ����	 � � � 	 � � +{ � > ===> { � ,
FRQWLQXRXV i � ��	 � � � 	 � � +| � > ===> | � , @ i ����	 � � � 	 � � +{ � > ===> { � , mM+| � > ===> | � ,m

zkhuh { @ +{ � > ===> { � , lv wkh xqltxh vroxwlrq ri | @ j+{,/ vr wkdw { @ j � � +|,/ dqg zkhuh M+| � > ===> | � ,
lv wkh Mdfreldq/ ri wkh wudqvirupdwlrq/ wkdw lv/ wkh ghwhuplqdqw ri wkh n� n pdwul{ zkrvh +l> m,wk
hohphqw lv

C
Cw�

�j � � � +w,� � � � � �
	 � � � 	 � � � � �

zkhuh j � �� lv wkh lqyhuvh ixqfwlrq xqltxho| gh�qhg e| [ � @ j � �� +\ � > ===> \ � ,1
SURRI

Glvfuhwh fdvh surri iroorzv xqlyduldwh fdvh suhflvho|1 Iru wkh frqwlqxrxv fdvh/ frqvlghu wkh
htxlydohqw hyhqwv ^[ 5 F` dqg ^\ 5 G`/ zkhuh G lv wkh lpdjh ri F xqghu j1 Fohduo|/ S ^[ 5
F` @ S ^\ 5 G`1 Qrz/ S ^[ 5 F` lv wkh n glphqvlrqdo lqwhjudo ri wkh mrlqw ghqvlw| i ���
	 � � � 	 � � ryhu
wkh vhw F/ dqg S ^\ 5 G` lv wkh n glphqvlrqdo lqwhjudo ri wkh mrlqw ghqvlw| i � �
	 � � � 	 � � ryhu wkh vhw G1
Uhvxow iroorzv e| fkdqjlqj yduldeohv lq wkh �uvw lqwhjudo iurp { wr | @ j+{,/ dqg htxdwlqj wkh wzr
lqwhjudqgv1
Qrwh = Dv iru vlqjoh yduldeoh wudqvirupdwlrqv/ wkh udqjhv ri wkh wudqviruphg yduldeohv pxvw eh
frqvlghuhg fduhixoo|1

H{dpsoh 51;14 Frqvlghu wkh fdvh n @ 5/ dqg vxssrvh wkdw [ � dqg [ � duh lqghshqghqw
frqwlqxrxv udqgrp yduldeohv zlwk udqjhv [ � @ [ � @ ^3> 4` dqg sgiv jlyhq uhvshfwlyho| e|

i ��� +{ � , @ 9{ � +4� { � , 3 � { � � 4
i � � +{ � , @ 6{ �� 3 � { � � 4

dqg }hur hovhzkhuh1 Lq rughu wr fdofxodwh wkh sgi ri udqgrp yduldeoh \ � gh�qhg
\ � @ [ � [ �

xvlqj wkh wudqvirupdwlrq uhvxow/ frqvlghu wkh dgglwlrqdo udqgrp yduldeoh \ � / zkhuh \ � @ [ � +qrwh/
dv [ � dqg [ � wdnh ydoxhv rq ^3> 4`/ [ � � [ � [ � vr \ � � \ � ,1
Wkh wudqvirupdwlrq \ @ j+[, lv wkhq vshfl�hg e| wkh wzr ixqfwlrqv

j � +w � > w � , @ w � w � j � +w � > w � , @ w �
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dqg wkh lqyhuvh wudqvirupdwlrq [ @ j � � +\, +l1h1 [ lq whupv ri \, lv

[ � @ \ � [ � @ \ � @\ �

jlylqj

j � �� +w � > w � , @ w � j � �� +w � > w � , @ w � @w � =

Khqfh
C
Cw �

�j � � � +w � > w � ,
� @ 3 C

Cw �

�j � � � +w � > w � ,
� @ 4

C
Cw �

�j �
� � +w � > w � ,

� @ 4@w �
C
Cw �

�j �
� � +w � > w � ,

� @ �w � @w ��

dqg vr wkh Mdfreldq M+| � > | � , ri wkh wudqvirupdwlrq lv jlyhq e| wkh prgxoxv ri

�

�

�

�

3 4
4@| � �| � @| ��

�

�

�

�

vr wkdw M+| � > | � , @ 4@| � 1 Khqfh/ xvlqj wkh wkhruhp

i � �
	 � � +| � > | � , @ i ����	 ��� +| � > | � @| � ,� mM+| � > | � ,m
@ 9| � +4� | � ,� 6+| � @| � , � � 4@| �

@ 4;| �� +4� | � ,@| ��

rq wkh vhw \ �
� � @ i+| � > | � , = 3 � | � � | � � 4j/ dqg }hur rwkhuzlvh1 Khqfh

i � � +| � , @ U
�
� � 4;| �� +4� | � ,@| �� g| �

@ 4;| �� ^�4@| � � orj | � `
�
� �

@ 4;| �� +�4 . 4@| � . orj | � ,
@ 4;| � +4� | � . | � orj | � ,

iru 3 � | � � 4/ dqg }hur rwkhuzlvh1
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2�b �NwAWV�+W�A, ,j�,�A�AW��5 ��# ��V�+W���,
2�b�� ,j�,�A�AW�� `WAO +,5�,�A A� a�W�A #W5A+W�NAW��5
Gh�qlwlrq 51<14 Iru udqgrp yduldeohv [ � > ===>[ � zlwk udqjh [

� ��� zlwk pdvv2ghqvlw| ixqfwlrq
i ����	 � � � 	 ��� / wkh h{shfwdwlrq ri j+[ � > ===>[ � , lv gh�qhg lq wkh glvfuhwh dqg frqwlqxrxv fdvhv e|

H � � ��� � � � � � � ^j+[ � > ===>[ � ,` @

;

A

A

A

A

?

A

A

A

A

=

[

� �
===[

� �
j+{ � > ===> { � ,i ���
	 � � � 	 � � +{ � > ===> { � ,

]

�
�

===
]

�
�

j+{ � > ===> { � ,i ���
	 � � � 	 � � +{ � > ===> { � ,g{ � ===g{ �

SURSHUWLHV
+l, Ohw j dqg k eh uhdo0ydoxhg ixqfwlrqv dqg ohw d dqg e eh frqvwdqwv1 Wkhq/ li i � � i ���
	 � � � 	 � � /

H ��� ^dj+[ � > ===>[ � , . ek+[ � > ===>[ � ,` @ dH ��� ^j+[ � > ===>[ � ,` . eH ��� ^k+[ � > ===>[ � ,`=
+ll, Ohw [ � > ===[ � eh lqghshqghqw udqgrp yduldeohv zlwk pdvv ixqfwlrqv2sgiv i ��� > ===> i ��� uhvshf0
wlyho|1 Ohw j � > ===> j � eh vfdodu ixqfwlrqv ri [ � > ===>[ � uhvshfwlyho| +wkdw lv/ j � lv d ixqfwlrq ri [ � rqo|
iru l @ 4> ===> n,1 Li j+[ � > ===>[ � , @ j � +[ � ,===j � +[ � ,/ wkhq

H � � ^j+[ � > ===>[ � ,` @
�
\

��� �
H � � � ^j � +[ � ,`

zkhuh H � � � ^j � +[ � ,` lv wkh pdujlqdo h{shfwdwlrq ri j � +[ � , zlwk uhvshfw wr i ��� 1

2�b�2 ��V�+W���, ��# ��++,w�AW��
Gh�qlwlrq 51<15 Wkh fryduldqfh ri wzr udqgrp yduldeohv [ � dqg [ � lv ghqrwhg
Fry � � ��� � � ^[ � >[ � `/ dqg lv gh�qhg e|

Fry � � ��� � � ^[ � >[ � ` @ H � � ��� � � ^+[ � � � � ,+[ � � � � ,` @ H � � ��� � � ^[ � [ � `� � � � �
zkhuh � � @ H � � � ^[ � ` lv wkh pdujlqdo h{shfwdwlrq ri [ � / iru l @ 4> 5/ dqg zkhuh

H � � ��� � � ^[ � [ � ` @
] ]

j+{ � > { � ,i ����	 ��� +{ � > { � ,g{ � g{ �

wkdw lv/ wkh h{shfwdwlrq ri ixqfwlrq j+{ � > { � , @ { � { � zlwk uhvshfw wr wkh mrlqw glvwulexwlrq i ���
	 ��� 1

Gh�qlwlrq 51<16 Wkh fruuhodwlrq ri [ � dqg [ � lv ghqrwhg Fruu � � ��� � � ^[ � >[ � `/ dqg lv gh�qhg
e|

Fruu � � ��� � � ^[ � >[ � ` @
Fry � � ��� � � ^[ � >[ � `

t

Y du � � � ^[ � `Y du � � � ^[ � `
Li Fry � � ��� � � ^[ � >[ � ` @ Fruu � � ��� � � ^[ � >[ � ` @ 31 wkhq yduldeohv [ � dqg [ � duh xqfruuhodwhg1
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Qrwh wkdw li udqgrp yduldeohv [ � dqg [ � duh lqghshqghqw wkhq
Fry � � ��� � � ^[ � >[ � ` @ H � � ��� � � ^[ � [ � `�H � � � ^[ � `H � � � ^[ � `

@ H � � � ^[ � `H � � � ^[ � `�H � � � ^[ � `H � � � ^[ � ` @ 3
dqg vr [ � dqg [ � duh dovr xqfruuhodwhg +wkh frqyhuvh grhv qrw krog,1
QRWHV=
+l, Iru udqgrp yduldeohv [ � dqg [ � / zlwk +pdujlqdo, h{shfwdwlrqv � � dqg � � uhvshfwlyho|/ dqg
+pdujlqdo, yduldqfhv � � � dqg � �� uhvshfwlyho|/ li udqgrp yduldeohv ] � dqg ] � duh gh�qhg

] � @ +[ � � � � ,@� � ] � @ +[ � � � � ,@� �
wkdw lv/ ] � dqg ] � duh vwdqgdugl}hg yduldeohv1 Wkhq

Fruu � � ��� � � ^[ � >[ � ` @ Fry ��� ��� � � ^] � > ] � `=

+ll, H{whqvlrq wr n yduldeohv= fryduldqfhv fdq rqo| eh fdofxodwhg iru sdluv ri udqgrp yduldeohv/ exw
li n yduldeohv kdyh d mrlqw suredelolw| vwuxfwxuh lw lv srvvleoh wr frqvwuxfw d n� n pdwul{/ F vd|/ ri
fryduldqfh ydoxhv/ zkrvh +l> m,wk hohphqw lv

Fry � � � � ��� ^[ � >[� `
iru l> m @ 4> ==> n/ wkdw fdswxuhv wkh frpsohwh fryduldqfh vwuxfwxuh lq wkh mrlqw glvwulexwlrq1 Li l 9@ m/
wkhq

Fry � ��� � � � ^[ � >[ � ` @ Fry � � � � ��� ^[ � >[� `
vr F lv v|pphwulf/ dqg li l @ m/

Fry � � � � � � ^[ � >[ � ` � Y du � � � ^[ � `
Wkh pdwul{ F lv uhihuuhg wr dv wkh yduldqfh0fryduldqfh pdwul{1
+lll, Li udqgrp yduldeoh [ lv gh�qhg e|

[ @
�

[

��� �
d � [ �

iru udqgrp yduldeohv [ � > ===>[ � dqg frqvwdqwv d � > ===> d � / wkhq

H � � ^[` @
�

[

��� �
d � H � � � ^[ � `

Y du � � ^[` @
�

[

��� �
d �� Y du � � � ^[ � ` . 5

�
[

��� �

��� �
[

� � �
d � d� Fry � � � � � � ^[ � >[ � `
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+ly, Frpelqlqj +l, dqg +lll, zkhq n @ 5/ dqg gh�qlqj vwdqgdugl}hg yduldeohv ] � dqg ] � /
3 � Y du � � ��� � � ^] � 	 ] � ` @ Y du ��� � ^] � ` . Y du ��� � ^] � `	 5Fry ��� ��� � � ^] � > ] � `

@ 4 . 4	 5Fruu � � ��� � � ^[ � >[ � `
@ 5+4	Fruu � � ��� � � ^[ � >[ � `,

dqg khqfh �4 � Fruu � � ��� � � ^[ � >[ � ` � 41

2��f 5N�5 �6 +��#��V�+W��w,5 � AO, ���V�wNAW��
6�+�Nw�

Vxssrvh wkdw [ � dqg [ � eh frqwlqxrxv udqgrp yduldeohv wdnlqj ydoxhv rq [ � dqg [ � uhvshfwlyho|
zlwk mrlqw ghqvlw| ixqfwlrq i ���
	 ��� 1 Wkhq/ li udqgrp yduldeoh \ lv gh�qhg e| \ @ [ � .[ � / wkhpdujlqdo ghqvlw| ri \ lv jlyhq e| fdofxodwhg dv iroorzv> frqvlghu wkh pxowlyduldwh wudqvirupdwlrq

j = +[ � >[ � , �$ +\>], vr wkdw j+{ � > { � , @ +|> }, @ +{ � . { � > { � ,
vr wkdw wkh lqyhuvh wudqvirupdwlrq lv jlyhq e| +[ � >[ � , @ +]>\ � ],1 Wkhq e| wkh pxowlyduldwh
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