ß OΣ ¸ A, + 2 + Σ Π # ȷ ¨ VΣ + WΣ ` w, 5 : ¸ + ȷ ` Σ ` WwWAv # W5A+ Ẁ NAWȷ Π 5

Wklv fkdswhu frqwdlqv wkh lqwurgxfwlrq ri udqgrp yduldeohv dv d whfkqlfdoghylfh wr hqdeoh wkh jhqhudovshflfflfdwlrq ri suredelolw— glvwulexwlrqvlq rqh dqg p dq— glp hqvlrqvwr eh p dgh1 Wkh nh— wrslfvdqg whfkqlt xhvlqwurgxfhg lq wklvfkdswhulqfoxgh wkh iroorz lqj=

⊆ QRUP DOL] DWLRQ ⊆ H[ SHF WDWLRQ ⊆ WUDQVI RUP DWLRQ ⊆ VWDQGDUGL] DWLRQ ⊆ J HQHUDWLQJ I XQF WLRQV ⊆ MRLQWP RGHOOLQJ ⊆ P DUJ LQDOL] DWLRQ ⊆ P XOWLYDULDWH WUDQVI RUP DWLRQ ⊆ P XOWLYDULDWH H[ SHF WDWLRQ ) F RYDULDQF H ⊆ VXP V RI YDULDEOHV ⊆ RUGHU VWDWLVWLF V

2˘� ß ȷ Π 5A+ Nß AWΠ B + Σ Π # ȷ ¨ VΣ + WΣ ` w, 5 :

¸ + ȷ ` Σ ` WwWAv ¨ ȷ # , w5

Ghfflqlwlr q 51414 D udqgr p yduldeoh ♭ lvd ixqfwlrq ghfflqhg rq d vdp soh vsdfh fl wkdw dvvrfldwhvd uhdoqxp ehu ♭ +ϖ, @ı z lwk hdfk srvvleoh rxwfrp h ϖ ▽ fl1 I rup doo— / z h uhj dug ♭ dvd +srvvleo— p dq— 0wr0rqh, p dsslqj iurp fl wr U ♭ = fl ∗↔ U ϖ ¬∗↔ ı Lp s olfdwlr q =z hfdq dvvrfldwhdq— vdp sohvsdfh fl +irudq— h–shulp hqw, z lwk d vdp sohvsdfhwkdw lvd vhwri uhdoqxp ehuv/ lq z klfk wkh hyhqwvduh vxevhwv1 I ruh–dp soh/ z h frxog uhjdug vhwE ≥ U dvdq hyhqwdvvrfldwhg z lwk hyhqwD ≥ fl li D @⟩ ϖ⇕♭ +ϖ, @ı iruvrp h ı ▽ E|

D dqg E duh hyhqwv lq glffihuhqwvdp soh vsdfhvexwduh whup hg ht xlydohqw/ dqg S^♭ ▽ E‘ @S+D, vr wkdw/ diwhu ghfflqlqj wkh udqgrp yduldeoh ♭ dv d ixqfwlrq rq wkh h–shulp hqwdovdp soh vsdfh/ dwwhqwlrq vz lwfkhvwr dvvljqlqj wkh suredelolw— S^♭ ▽ E‘ irud vhwE ≥ 1U

Qr wh =Vwulfwo— / z khq uhihuulqj wr udqgrp yduldeohv/ z h vkrxog p dnh h–solflwwkh frqqhfwlrq wr rulj lqdovdp soh vsdfh fl>dqg z ulwh S^♭ ▽ E‘@S^⟩ ϖ =♭ +ϖ, ▽ E|‘ exw/ jhqhudoo— / z h z loovxssuhvvwklvdqg p huho— uhihuwr ♭ 1

HYHQWV LQ U

Z h z loodvvljq suredelolw— wr vxevhwvE ri U wkdwduh ht xlydohqwwr hyhqwv+vxevhwv, lq fl wkdwirup wkh edvlvri d ϕ0doj heud ri vxevhwvri fl1

Li fl lv frxqwdeoh/ fl @ ⟩ϖ^�>ϖ^2>///| / wkhq wkh hyhqwv ri lqwhuhvwz looeh ri wkh irup ^♭ @ e‘/ ru ht xlydohqwo— ri wkh irup ^♭ ⪰ e‘ irue ▽ U

Li fl lvxqfrxqwdeoh/ wkhq wkh hyhqwvri lqwhuhvwz looeh ri wkh irup ^♭ ⪰ e‘ irue ▽1

2˘2 # W5ß + , A, + Σ Π # ȷ ¨ VΣ + WΣ ` w, 5

Ghfflqlwlr q 51514 D udqgrp yduldeoh ♭ lvglvfuhwh li wkh vhwri doosrvvleoh ydoxhvri ♭ +wkdwlv/ wkh udqjh ri wkh ixqfwlrq uhsuhvhqwhg e— ♭ ,/ ghqrwhg ^ / lvfr xqwdeoh/ wkdwlv

^ @⟩ı^�>ı^2>///>ı^⋆ | Î LQLWH‘ ru ^ @⟩ ı^�>ı^2>///| L̂QI LQLWH‘

Ghfflqlwlr q 51515 SUREDELOLW“ P DVVI XQFWLRQ

Wkh ixqfwlrq i^f / ghfflqhg rq ^ e— i^f +ı, @S^♭ @ı‘ı ▽ ^ wkdwdvvlj qv suredelolw— wr hdfk ı ▽ ^ lv wkh +glvfuhwh, s ur edelolw— p dvv ixqfwlr q1

QRWH=I rufrp sohwhqhvv/ z h ghfflqh i^f +ı, @3 ı ∂▽ ^ vr wkdwi^f lvghfflqhg irudooı ▽1U I xuwkhup ruhz hz loouhj dug ^ dvwkhvxssruwri udqgrp yduldeoh

♭ / wkdwlv/ wkh vhwri ı ▽ U vxfk wkdwi^f +ı, A 3

5151 GLVFUHWH UDQGRP YDULDEOHV 4:

2˘2˘� ¸ + ȷ ¸ , +AW, 5 ȷ 6 ¨ Σ 55 6NΠ ß AWȷ Π s_f WKHRUHP

D ixqfwlrq i_f lv d suredelolw— p dvv ixqfwlrq iru glvfuhwh udqgrp yduldeoh ♭ z lwk udqj h ^ ri wkh irup ⟩ ı_�>ı_2>///| li dqg rqo— li

+l, i_f +ı_ζ, ∼ 3 +ll, ⋃ i_f +ı_ζ, @4

SURRI

Hyhqwv^♭ @ı_�‘>^♭ @ı_2‘ hwf1duh ht xlydohqwwr hyhqwvwkdwsduwlwlrq fl/ wkdwlv ^♭ @ı_ζ‘ lvht xlydohqwwr hyhqwD_ζ @⟩ϖ_ζ| / khqfh S^♭ @ı_ζ‘ @S+D_ζ,/ dqg wkh wz r sduwvri wkh wkhruhp iroorz lp p hgldwho— 1

Ghfflqlwlr q 51516 GLVFUHWH FXP XODWLYH GLVWULEXWLRQ I XQFWLRQ Wkh fxp xodwlyh glvwulexwlr q ixqfwlr q/ rufgi/ I_f ri d glvfuhwh udqgrp yduldeoh ♭ lvghfflqhg e— I_f +ı, @S^♭ ⪰ ı‘ ı ▽ U/

2˘2˘2 ß ȷ Π Π , ß AWȷ Π ` , A‘ , , Π 8_f Σ Π # s_f WKHRUHP

Ohw♭ eh d glvfuhwh udqgrp yduldeoh z lwk udqj h ^ @ ⟩ ı_�>ı_2>///| / z khuh ı_� ⋆ ı_2 ⋆ //// dqg suredelolw— p dvv ixqfwlrq i_f dqg fgi I_f 1 Wkhq iru dq— uhdoydoxh ı/ li ı ⋆ ı_�/ wkhq I_f +ı, @3/ dqg iruı ∼ ı_�/

I_f +ı, @ ⋃ ϱ_ζ↔ ϱ i_f +ı_ζ,

dqg khqfh i_f +ı_�, @I_f +ı_�, dqg i_f +ı_ζ, @I_f +ı_ζ, ∗ I_f +ı_{ζ∋ �}, l @5>6>///

SURRI

Hyhqwv ri wkh irup ^♭ ⪰ ı_ζ‘ fdq eh uhsuhvhqwhg dv frxqwdeoh xqlrqv ri wkh hyhqwv D_ζ @⟩ϖ_ζ| 1 Wkh ffluvwuhvxowwkhuhiruh iroorz viurp Suredelolw— D–lrp 61Wkh vhfrqg uhvxowiroorz vlp p hgldwho— 1

4; FKDSWHU 51 UDQGRP YDULDEOHV) SUREDELOLW“ GLVWULEXWLRQV

2˘2˘fi ¸ + ȷ ¸ , +AW, 5 ȷ 6 # W5ß + , A, ß # 6 8^f

+l, Lq wkh olp lwlqj fdvhv/ olp^{ϱℜ ∋ ↑} I^f +ı, @3 olp^{ϱℜ ↑} I^f +ı, @4/

+ll, I^f lvfr qwlqxr xv iur p wkh ulj kw+exwqrwfrqwlqxrxv, rq U wkdwlv/ iruı ▽ U/ olp^{Πℜ f n} I^f +ı . k, @I^f +ı,

+lll, I^f lvqr q0ghfuhdvlqj / wkdwlv d ⋆ e @⇔ I^f +d, ⪰ I^f +e,

+ly, I rud ⋆ e/ Sd̂ ⋆ ♭ ⪰ e‘@I^f +e, ∗ I^f +d, Wkh ixqfwlrqv i^f dqg2ru I^f fdq eh xvhg wr ghvfuleh wkh s ur edelolw— glvwulexwlr q ri udqgrp yduldeoh ♭ 1 D judsk ri wkh ixqfwlrq i^f lv qrq0˝hur rqo— dwwkh hohp hqwv ri ^ 1 D j udsk ri wkh ixqfwlrq I^f lv d vwhs 0ixqfwlr q z klfk wdnhv wkh ydoxh ˝hur dwp lqxv lqfflqlw— / wkh ydoxh rqh dw lqfflqlw— / dqg lvqrq0ghfuhdvlqj z lwk srlqwvri glvfrqwlqxlw— dwwkh hohp hqwvri ^ 1

2˘fi ß ȷ Π AWΠ Nȷ N5 + Σ Π # ȷ ¨ VΣ + WΣ ` w, 5

Ghfflqlwlr q 51614 D udqgrp yduldeoh ♭ lvfr qwlqxr xv li wkh udqj h ri ♭ / ^ / lvxqfr xqwdeoh/ dqg wkh ixqfwlrq I^f ghfflqhg rq U e— I^f +ı, @S^♭ ⪰ ı‘ iruı ▽ U lv d fr qwlqxr xv ixqfwlrq rq U / wkdwlv/ iruı ▽ U/ olp^{Πℜ f} I^f +ı . k, @I^f +ı,/

Ghfflqlwlr q 51615 FRQWLQXRXVFXP XODWLYH GLVWULEXWLRQ I XQFWLRQ

Wkh fxp xodwlyh glvwulexwlr q ixqfwlr q/ rufgi/ I^f ri d frqwlqxrxvudqgrp yduldeoh ♭ lv ghfflqhg e— I^f +ı, @S^♭ ⪰ ı‘ ı ▽ U/ Ghfflqlwlr q 51616 SUREDELOLW“ GHQVLW“ I XQFWLRQ

Wkh s ur edelolw— ghqvlw— ixqfwlr q/ rusgi/ i^f ri d frqwlqxrxvudqgrp yduldeoh ♭ lvghfflqhg lq whup vri I^f e—

I^f +ı, @ ⊎^ϱ ∋ ↑ i^f +w,gw

5161 FRQWLQXRXVUDQGRP YDULDEOHV 4¡ 2˘fi˘� ¸ + ȷ ¸ , +AW, 5 ȷ 6 ß ȷ Π AWΠ Nȷ N5 8_f Σ Π # s_f

+l, Vxfk d ixqfwlrq i_f qhhg qrwh–lvwexwfrqwlqxrxv udqgrp yduldeohv z khuh i_f fdqqrweh ghfflqhg lq wklvz d— z looeh lj qruhg1Wkh ixqfwlrq i_f fdq eh ghfflqhg slhfhz lvh rq lqwhuydovri U 1 +ll, I ruwkh fgi ri d frqwlqxrxvudqgrp yduldeoh/ olp_{ϱℜ ∋ ↑} I_f +ı, @3 olp_{ϱℜ ↑} I_f +ı, @4

+lll, Gluhfwo— iurp wkh ghfflqlwlrq/ dwydoxhvri ı z khuh I_f lvglffihuhqwldeoh ı/ i_f +ı, @ g gw ⟩ I_f +w,|_{ȷ’ ϱ} +ly, Li ♭ lvfrqwlqxrxv/ i_f +ı, ∃@S^♭ @ı‘@olp_{Πℜ f}Î_f +ı . k, ∗ I_f +ı,‘ @3

+y, I rud ⋆ e> Sd̂ ⋆ ♭ ⪰ e‘ @Sd̂ ⪰ ♭ ⋆ e‘ @Sd̂ ⪰ ♭ ⪰ e‘@Sd̂ ⋆ ♭ ⋆ e‘ @I_f +e, ∗ I_f +d, WKHRUHP

D ixqfwlrq i_f lvd sgi irud frqwlqxrxv udqgrp yduldeoh ♭ li dqg rqo— li

+l,i_f +ı, ∼ 3 +ll, ⊎_↑ ∋ ↑ i_f +ı,gı @4 SURRI

Dqdorjrxv wr wkh glvfuhwh fdvh/ gluhfwiurp ghfflqlwlrqv dqg surshuwlhvri I_f 1

H–dp s oh 51614 Frqvlghud frlq wrvvlqj h–shulp hqwz khuh d idlufrlq lvwrvvhg uhshdwhgo— xqghu lghqwlfdoh–shulp hqwdofrqglwlrqv/ z lwk wkh vht xhqfh ri wrvvhvlqghshqghqw/ xqwlod Khdg lv rewdlqhg1I ruwklvh–shulp hqw/ wkh vdp soh vsdfh/ fl lvwkhq wkh vhwri vht xhqfhv +⟩ K| >⟩WK| >⟩WWK| >⟩WWWK| ///, z lwk dvvrfldwhg suredelolwlhv425/ 427/ 42; / 4249/ 1111 Ghfflqh glvfuhwh udqgrp yduldeoh ♭ =fl ∗↔ U/ e— ♭ +ϖ, @ı ⇓ ⇔ ffluvwK rq wrvvı1Wkhq

i_f +ı, @S^♭ @ı‘ @ ] 4 5 ⌊_ϱ ı @4>5>6>/// dqg ˝hur rwkhuz lvh1I ruı ∼ 4/ ohwn+ı, eh wkh oduj hvwlqwhjhuqrwj uhdwhuwkdq ı/ wkhq

I_f +ı, @ ⋃ ϱ_ζ↔ ϱ i_f +ı_ζ, @ ςEϱø⋃

ζ’ �

i_f +l, @4∗ ] 4 5 ⌊_{ςEϱø}

dqg I_f +ı, @3 iruı ⋆ 41

53 FKDSWHU 51 UDQGRP YDULDEOHV) SUREDELOLW“ GLVWULEXWLRQV

x

f( x)

0 2 4 6 8 10 0. 0

0. 1

0. 2

0. 3

0. 4

0. 5 PMF f(x)

x

F (x )

0 2 4 6 8 10 0. 0

0. 2

0. 4

0. 6

0. 8

1. 0 CDF F(x)

I ljxuh 514=SP I i^f +ı, @ ]^� 2 ⌊^ϱ >ı @4>5>6>///dqg FGI I^f +ı, @4∗ ]^� 2 ⌊^{ςEϱø}

J udskv ri wkh suredelolw— p dvvixqfwlrq +wrs, dqg fxp xodwlyh glvwulexwlrq ixqfwlrq +erwwrp , duh vkrz q lq I lj xuh 5141Qrwh wkdwwkh p dvvixqfwlrq lvrqo— qrq0˝hur dwsrlqwvwkdwduh hohp hqwvri

♭ / dqg wkdwwkh fgi lvghfflqhg irudoouhdoydoxhvri ı/ exwlvrqo— frqwlqxrxviurp wkh ulj kw1I^f lv wkhuhiruh d vwhs0ixqfwlrq1

H–dp s oh 51615 Frqvlghudq h–shulp hqwwr p hdvxuh wkh ohqj wk ri wlp h wkdwdq hohfwulfdo frp srqhqwixqfwlrqv ehiruh idloxuh1Wkh vdp soh vsdfh ri rxwfrp hvri wkh h–shulp hqw/ fl lv_n / dqg li D^ϱ lvwkh hyhqwwkdwwkh frp srqhqwixqfwlrqviruorqjhuwkdq ı A 3 wlp h xqlwv/ vxssrvh wkdw

S+D^ϱ, @h–s ⟩ ∗ ı_2 | 1 Ghfflqh frqwlqxrxv udqgrp yduldeoh ♭ =fl ∗↔ U_n / e— ♭ +ϖ, @ı ⇓ ⇔ frp srqhqwidlov dwwlp h ı1

Wkhq/ li ı A 3/

I^f +ı, @S^♭ ⪰ ı‘@4∗ S+D^ϱ, @4∗ h–s ⟩ ∗ ı_2 | dqg I^f +ı, @3 li ı ⪰ 31Khqfh li ı A 3/ i^f +ı, @ g gw ⟩I^f +w,|^{ȷ’ ϱ}@5ı h–s ⟩ ∗ ı_2 | dqg ˝hur rwkhuz lvh1

J udskv ri wkh suredelolw— ghqvlw— ixqfwlrq +wrs, dqg fxp xodwlyh glvwulexwlrq ixqfwlrq +erwwrp ,

5171 H[ SHFWDWLRQV 54

x f( x)

0 1 2 3 4 5 0. 0

0. 2

0. 4

0. 6

0. 8

PDF f(x)

x

F (x )

0 1 2 3 4 5 0. 0

0. 2

0. 4

0. 6

0. 8

1. 0 CDF F(x)

I ljxuh 515=SGI i_f +ı, @5ı h–s ⟩ ∗ ı^2 | >ı A 3>dqg FGI I_f +ı, @4∗ h–s ⟩ ∗ ı^2 | ı A 3 duh vkrz q lq I lj xuh 5151Qrwh wkdwerwk wkh sgi dqg fgi duh ghfflqhg irudoouhdoydoxhv ri ı/ dqg wkdwerwk duh frqwlqxrxvixqfwlrqv1 Qrwh wkdwkhuh

I_f +ı, @ ⊎_ϱ ∋ ↑ i_f +w,gw@ ⊎_ϱ f i_f +w,gw dv i_f +ı, @3 iruı ⪰ 3/ dqg dovr wkdw ⊎_↑ ∋ ↑ i_f +ı,gı @ ⊎_↑ f i_f +ı,gı @4/

2˘e , j ¸ , ß AΣ AWȷ Π 5

Ghfflqlwlr q 51714 I rud glvfuhwh udqgrp yduldeoh ♭ z lwk udqjh ♭ z lwk suredelolw— p dvvixqfwlrq i_f / wkh h–s hfwdwlr q ruh–s hfwhg ydoxh ri ♭ z lwk uhvshfwwr i_f lv ghfflqhg e—

H_{sf} ^♭ ‘ @ ↑⋃ ϱ’ ∋ ↑ ıi_f +ı, @ ⋃ ϱM^ ıi_f +ı, I rud frqwlqxrxvudqgrp yduldeoh ♭ z lwk udqj h ♭ dqg sgi i_f / wkh h–s hfwdwlr q ru h–s hfwhg ydoxh ri ♭ z lwk uhvshfwwr i_f lvghfflqhg e—

H_{sf} ^♭ ‘ @ ⊎_↑ ∋ ↑ ıi_f +ı,gı @ ⊎ ^ ıi_f +ı,gı

Qr wh =Wkh vxp 2lqwhj udop d— qrweh frqyhuj hqw/ dqg khqfh wkh h–shfwhg ydoxh p d— eh lqfflqlwh1

Lwlvlp sruwdqwdoz d— vwr fkhfn wkdwwkh lqwhjudolvfflqlwh=d vxȷ flhqwfrqglwlrq lvj lyhq e— ⋃ ϱ ⇕ı⇕i^f +ı, ⋆ △ @⇔ ⋃ ϱ ıi^f +ı, @H^{sf} ^♭ ‘⋆ △ ⊎^↑ ∋ ↑ ⇕ı⇕i^f +ı,gı ⋆ △ @⇔ ⊎^↑ ∋ ↑ ıi^f +ı,gı @H^{sf} ^♭ ‘⋆ △

H–whqvlrq Ohwj eh d uhdo0ydoxhg ixqfwlrq z krvh grp dlq lqfoxghv ♭ 1Wkhq

H^{sf} ĵ +♭ ,‘ @ ↑⋃ ϱ’ ∋ ↑ j +ı,i^f +ı, li ♭ lvglvfuhwh ⊎^↑ ∋ ↑ j +ı,i^f +ı,gı li ♭ lvfrqwlqxrxv

2˘e˘� ¸ + ȷ ¸ , +AW, 5 ȷ 6 , j ¸ , ß AΣ AWȷ Π 5

Ohw♭ eh d udqgrp yduldeoh z lwk p dvv ixqfwlrq2sgi i^f 1 Ohwj dqg k eh uhdo0ydoxhg ixqfwlrqv z krvh grp dlqvlqfoxgh ♭ / dqg ohwd dqg e eh frqvwdqwv1Wkhq H^{sf} d̂j +♭ , . ek+♭ ,‘ @dH^{sf} ĵ +♭ ,‘. eH^{sf} k̂+♭ ,‘ dv +lq wkh frqwlqxrxv fdvh, H^{sf} d̂j +♭ , . ek+♭ ,‘ @ ⊎ d̂j +ı, . ek+ı,‘i^f +ı,gı

@d ⊎ j +ı,i^f +ı,gı . e ⊎ k+ı,i^f +ı,gı @dH^{sf} ĵ +♭ ,‘. eH^{sf} k̂+♭ ,‘ Vs hfldoF dvhv =

+l, I rud vlp soh olqhduixqfwlrq H^{sf} d̂♭ . e‘@dH^{sf} ^♭ ‘. e +ll, Frqvlghu j +ı, @+ı∗ H^{sf} ^♭ ‘,_21 Z ulwh π @H^{sf} ^♭ ‘ +d frqvwdqwwkdwgrhv qrwghshqg rq ı,1

Wkhq/ h–sdqglqj wkh lqwhj udqg

H^{sf} ĵ +♭ ,‘ @ ⊎ +ı ∗ π,_2i^f +ı,gı @ ⊎ ı_2i^f +ı,gı ∗ 5π ⊎ ıi^f +ı,gı . π_2 ⊎ i^f +ı,gı

@ ⊎ ı_2i^f +ı,gı ∗ 5π_2 . π_2 @ ⊎ ı_2i^f +ı,gı ∗ π_2

@H^{sf} ^♭_2‘∗ ⟩H^{sf} ^♭ ‘|_2