
�O��A,+ 2

+��#�� V�+W��w,5 : �+����WwWAv #W5A+W�NAW��5

Wklv fkdswhu frqwdlqv wkh lqwurgxfwlrq ri udqgrp yduldeohv dv d whfkqlfdo ghylfh wr hqdeoh wkh
jhqhudo vshfl�fdwlrq ri suredelolw| glvwulexwlrqv lq rqh dqg pdq| glphqvlrqv wr eh pdgh1 Wkh nh|
wrslfv dqg whfkqltxhv lqwurgxfhg lq wklv fkdswhu lqfoxgh wkh iroorzlqj=

� QRUPDOL]DWLRQ
� H[SHFWDWLRQ
� WUDQVIRUPDWLRQ
� VWDQGDUGL]DWLRQ
� JHQHUDWLQJ IXQFWLRQV
� MRLQW PRGHOOLQJ
� PDUJLQDOL]DWLRQ
� PXOWLYDULDWH WUDQVIRUPDWLRQ
� PXOWLYDULDWH H[SHFWDWLRQ ) FRYDULDQFH
� VXPV RI YDULDEOHV
� RUGHU VWDWLVWLFV

2�� ���5A+N�AW�B +��#�� V�+W��w,5 :
�+����WwWAv ��#,w5

Gh�qlwlrq 51414 D udqgrp yduldeoh [ lv d ixqfwlrq gh�qhg rq d vdpsoh vsdfh 
 wkdw
dvvrfldwhv d uhdo qxpehu [+$, @ { zlwk hdfk srvvleoh rxwfrph $ 5 
1
Irupdoo|/ zh uhjdug [ dv d +srvvleo| pdq|0wr0rqh, pdsslqj iurp 
 wr U

[ = 
 �$ U
$ :�$ {

Lpsolfdwlrq = zh fdq dvvrfldwh dq| vdpsoh vsdfh 
 +iru dq| h{shulphqw, zlwk d vdpsoh vsdfh wkdw
lv d vhw ri uhdo qxpehuv/ lq zklfk wkh hyhqwv duh vxevhwv1
Iru h{dpsoh/ zh frxog uhjdug vhw E � U dv dq hyhqw dvvrfldwhg zlwk hyhqw D � 
 li

D @ i$m[+$, @ { iru vrph { 5 Ej

48
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D dqg E duh hyhqwv lq gl�huhqw vdpsoh vsdfhv exw duh whuphg htxlydohqw/ dqg
S ^[ 5 E` @ S +D,

vr wkdw/ diwhu gh�qlqj wkh udqgrp yduldeoh [ dv d ixqfwlrq rq wkh h{shulphqwdo vdpsoh vsdfh/
dwwhqwlrq vzlwfkhv wr dvvljqlqj wkh suredelolw| S^[ 5 E` iru d vhw E �1U

Qrwh = Vwulfwo|/ zkhq uhihuulqj wr udqgrp yduldeohv/ zh vkrxog pdnh h{solflw wkh frqqhfwlrq wr
ruljlqdo vdpsoh vsdfh 
> dqg zulwh

S ^[ 5 E` @ S ^i$ = [+$, 5 Ej`
exw/ jhqhudoo|/ zh zloo vxssuhvv wklv dqg phuho| uhihu wr [1
HYHQWV LQ U

Zh zloo dvvljq suredelolw| wr vxevhwv E ri U wkdw duh htxlydohqw wr hyhqwv +vxevhwv, lq 
 wkdw irup
wkh edvlv ri d �0dojheud ri vxevhwv ri 
1
Li 
 lv frxqwdeoh/ 
 @ i$ � > $ � > ===j/ wkhq wkh hyhqwv ri lqwhuhvw zloo eh ri wkh irup ^[ @ e`/ ru
htxlydohqwo| ri wkh irup ^[ � e` iru e 5 U

Li 
 lv xqfrxqwdeoh/ wkhq wkh hyhqwv ri lqwhuhvw zloo eh ri wkh irup ^[ � e` iru e 51

2�2 #W5�+,A, +��#�� V�+W��w,5
Gh�qlwlrq 51514 D udqgrp yduldeoh [ lv glvfuhwh li wkh vhw ri doo srvvleoh ydoxhv ri [ +wkdw lv/
wkh udqjh ri wkh ixqfwlrq uhsuhvhqwhg e| [,/ ghqrwhg [/ lv frxqwdeoh/ wkdw lv

[ @ i{ � > { � > ===> { � j ^ILQLWH` ru [ @ i{ � > { � > ===j ^LQILQLWH`

Gh�qlwlrq 51515 SUREDELOLW\ PDVV IXQFWLRQ
Wkh ixqfwlrq i � / gh�qhg rq [ e|

i � +{, @ S ^[ @ {`{ 5 [

wkdw dvvljqv suredelolw| wr hdfk { 5 [ lv wkh +glvfuhwh, suredelolw| pdvv ixqfwlrq1
QRWH= Iru frpsohwhqhvv/ zh gh�qh

i � +{, @ 3 { @5 [

vr wkdw i � lv gh�qhg iru doo { 51U Ixuwkhupruh zh zloo uhjdug [ dv wkh vxssruw ri udqgrp yduldeoh
[/ wkdw lv/ wkh vhw ri { 5 U vxfk wkdw i � +{, A 3



5151 GLVFUHWH UDQGRP YDULDEOHV 4:

2�2�� �+��,+AW,5 �6 ��55 6N��AW�� s �

WKHRUHP
D ixqfwlrq i � lv d suredelolw| pdvv ixqfwlrq iru glvfuhwh udqgrp yduldeoh [ zlwk udqjh [ ri

wkh irup i{ � > { � > ===j li dqg rqo| li

+l, i � +{� , � 3
+ll, Si � +{ � , @ 4

SURRI
Hyhqwv ^[ @ { � `> ^[ @ { � ` hwf1 duh htxlydohqw wr hyhqwv wkdw sduwlwlrq 
/ wkdw lv

^[ @ { � ` lv htxlydohqw wr hyhqw D � @ i$ � j =
khqfh S^[ @ { � ` @S+D � ,/ dqg wkh wzr sduwv ri wkh wkhruhp iroorz lpphgldwho|1

Gh�qlwlrq 51516 GLVFUHWH FXPXODWLYH GLVWULEXWLRQ IXQFWLRQ
Wkh fxpxodwlyh glvwulexwlrq ixqfwlrq/ ru fgi/ I � ri d glvfuhwh udqgrp yduldeoh [ lv gh�qhg
e|

I � +{, @ S ^[ � {` { 5 U=

2�2�2 ����,�AW�� �,A`,,� 8 � ��# s �

WKHRUHP
Ohw [ eh d glvfuhwh udqgrp yduldeoh zlwk udqjh [ @ i{ � > { � > ===j/ zkhuh { � ? { � ? ===/ dqg

suredelolw| pdvv ixqfwlrq i � dqg fgi I � 1 Wkhq iru dq| uhdo ydoxh {/ li { ? { � / wkhq I � +{, @ 3/
dqg iru { � { � /

I � +{, @ [

�������
i � +{ � ,

dqg khqfh i � +{ � , @ I � +{ � , dqg
i � +{ � , @ I � +{ � ,� I � +{ ��� � , l @ 5> 6> ===

SURRI
Hyhqwv ri wkh irup ^[ � { � ` fdq eh uhsuhvhqwhg dv frxqwdeoh xqlrqv ri wkh hyhqwv D � @ i$ � j1

Wkh �uvw uhvxow wkhuhiruh iroorzv iurp Suredelolw| D{lrp 61 Wkh vhfrqg uhvxow iroorzv lpphgldwho|1
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2�2�� �+��,+AW,5 �6 #W5�+,A, �#6 8 �

+l, Lq wkh olplwlqj fdvhv/
olp��� ���

I � +{, @ 3 olp��� �
I � +{, @ 4=

+ll, I � lv frqwlqxrxv iurp wkh uljkw +exw qrw frqwlqxrxv, rq U wkdw lv/ iru { 5 U/
olp� ���	�

I � +{. k, @ I � +{,

+lll, I � lv qrq0ghfuhdvlqj/ wkdw lv
d ? e @, I � +d, � I � +e,

+ly, Iru d ? e/
S ^d ? [ � e` @ I � +e,� I � +d,

Wkh ixqfwlrqv i � dqg2ru I � fdq eh xvhg wr ghvfuleh wkh suredelolw| glvwulexwlrq ri udqgrp
yduldeoh [1 D judsk ri wkh ixqfwlrq i � lv qrq0}hur rqo| dw wkh hohphqwv ri [1 D judsk ri wkh
ixqfwlrq I � lv d vwhs0ixqfwlrq zklfk wdnhv wkh ydoxh }hur dw plqxv lq�qlw|/ wkh ydoxh rqh dw
lq�qlw|/ dqg lv qrq0ghfuhdvlqj zlwk srlqwv ri glvfrqwlqxlw| dw wkh hohphqwv ri [1

2�� ���AW�N�N5 +��#�� V�+W��w,5
Gh�qlwlrq 51614 D udqgrp yduldeoh [ lv frqwlqxrxv li wkh udqjh ri [/ [/ lv xqfrxqwdeoh/
dqg wkh ixqfwlrq I � gh�qhg rq U e|

I � +{, @ S ^[ � {`
iru { 5 U lv d frqwlqxrxv ixqfwlrq rq U / wkdw lv/ iru { 5 U/

olp� �
� I � +{. k, @ I � +{,=

Gh�qlwlrq 51615 FRQWLQXRXV FXPXODWLYH GLVWULEXWLRQ IXQFWLRQ
Wkh fxpxodwlyh glvwulexwlrq ixqfwlrq/ ru fgi/ I � ri d frqwlqxrxv udqgrp yduldeoh [ lv
gh�qhg e|

I � +{, @ S ^[ � {` { 5 U=
Gh�qlwlrq 51616 SUREDELOLW\ GHQVLW\ IXQFWLRQ
Wkh suredelolw| ghqvlw| ixqfwlrq/ ru sgi/ i � ri d frqwlqxrxv udqgrp yduldeoh [ lv gh�qhg lq
whupv ri I � e|

I � +{, @
] �

���
i � +w,gw
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2���� �+��,+AW,5 �6 ���AW�N�N5 8 � ��# s �

+l, Vxfk d ixqfwlrq i � qhhg qrw h{lvw exw frqwlqxrxv udqgrp yduldeohv zkhuh i � fdqqrw eh
gh�qhg lq wklv zd| zloo eh ljqruhg1 Wkh ixqfwlrq i � fdq eh gh�qhg slhfhzlvh rq lqwhuydov ri
U 1

+ll, Iru wkh fgi ri d frqwlqxrxv udqgrp yduldeoh/
olp��� ���

I � +{, @ 3 olp��� �
I � +{, @ 4

+lll, Gluhfwo| iurp wkh gh�qlwlrq/ dw ydoxhv ri { zkhuh I � lv gl�huhqwldeoh {/

i � +{, @ g
gw iI � +w,j ��� �

+ly, Li [ lv frqwlqxrxv/
i � +{, 9@ S ^[ @ {` @ olp� ��� ^I � +{. k,� I � +{,` @ 3

+y, Iru d ? e>
S ^d ? [ � e` @ S ^d � [ ? e` @ S ^d � [ � e` @ S ^d ? [ ? e` @ I � +e,� I � +d,

WKHRUHP
D ixqfwlrq i � lv d sgi iru d frqwlqxrxv udqgrp yduldeoh [ li dqg rqo| li

+l,i � +{, � 3 +ll,
] �

���
i � +{,g{ @ 4

SURRI
Dqdorjrxv wr wkh glvfuhwh fdvh/ gluhfw iurp gh�qlwlrqv dqg surshuwlhv ri I � 1

H{dpsoh 51614 Frqvlghu d frlq wrvvlqj h{shulphqw zkhuh d idlu frlq lv wrvvhg uhshdwhgo| xqghu
lghqwlfdo h{shulphqwdo frqglwlrqv/ zlwk wkh vhtxhqfh ri wrvvhv lqghshqghqw/ xqwlo d Khdg lv
rewdlqhg1 Iru wklv h{shulphqw/ wkh vdpsoh vsdfh/ 
 lv wkhq wkh vhw ri vhtxhqfhv
+iKj > iWKj > iWWKj > iWWWKj ===, zlwk dvvrfldwhg suredelolwlhv 425/ 427/ 42;/ 4249/ 111 1
Gh�qh glvfuhwh udqgrp yduldeoh [ = 
 �$ U/ e| [+$, @ { +, �uvw K rq wrvv {1 Wkhq

i � +{, @ S ^[ @ {` @
�4
5
�
�

{ @ 4> 5> 6> ===

dqg }hur rwkhuzlvh1 Iru { � 4/ ohw n+{, eh wkh odujhvw lqwhjhu qrw juhdwhu wkdq {/ wkhq

I � +{, @ [

�������
i � +{ � , @

��� ���
[

��� �
i � +l, @ 4�

�4
5
�

��� ���

dqg I � +{, @ 3 iru { ? 41
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Iljxuh 514= SPI i � +{, @ � �

�
�
� > { @ 4> 5> 6> === dqg FGI I � +{, @ 4� � �

�
�

��� ���

Judskv ri wkh suredelolw| pdvv ixqfwlrq +wrs, dqg fxpxodwlyh glvwulexwlrq ixqfwlrq +erwwrp, duh
vkrzq lq Iljxuh 5141 Qrwh wkdw wkh pdvv ixqfwlrq lv rqo| qrq0}hur dw srlqwv wkdw duh hohphqwv ri
[/ dqg wkdw wkh fgi lv gh�qhg iru doo uhdo ydoxhv ri {/ exw lv rqo| frqwlqxrxv iurp wkh uljkw1 I � lv
wkhuhiruh d vwhs0ixqfwlrq1

H{dpsoh 51615 Frqvlghu dq h{shulphqw wr phdvxuh wkh ohqjwk ri wlph wkdw dq hohfwulfdo
frpsrqhqw ixqfwlrqv ehiruh idloxuh1 Wkh vdpsoh vsdfh ri rxwfrphv ri wkh h{shulphqw/ 
 lv � / dqg
li D � lv wkh hyhqw wkdw wkh frpsrqhqw ixqfwlrqv iru orqjhu wkdq { A 3 wlph xqlwv/ vxssrvh wkdw
S+D � , @ h{s��{ � �1
Gh�qh frqwlqxrxv udqgrp yduldeoh [ = 
 �$ U � / e| [+$, @ { +, frpsrqhqw idlov dw wlph {1
Wkhq/ li { A 3/

I � +{, @ S ^[ � {` @ 4� S +D � , @ 4� h{s��{ � �

dqg I � +{, @ 3 li { � 31 Khqfh li { A 3/

i � +{, @ g
gw iI � +w,j ��� � @ 5{ h{s��{ � �

dqg }hur rwkhuzlvh1
Judskv ri wkh suredelolw| ghqvlw| ixqfwlrq +wrs, dqg fxpxodwlyh glvwulexwlrq ixqfwlrq +erwwrp,
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Iljxuh 515= SGI i � +{, @ 5{ h{s��{ � � > { A 3> dqg FGI I � +{, @ 4� h{s��{ � �{ A 3

duh vkrzq lq Iljxuh 5151 Qrwh wkdw erwk wkh sgi dqg fgi duh gh�qhg iru doo uhdo ydoxhv ri {/ dqg
wkdw erwk duh frqwlqxrxv ixqfwlrqv1 Qrwh wkdw khuh

I � +{, @
] �

���
i � +w,gw @

] �

�
i � +w,gw

dv i � +{, @ 3 iru { � 3/ dqg dovr wkdw
] �

���
i � +{,g{ @

] �

�
i � +{,g{ @ 4=

2�e ,j�,�A�AW��5
Gh�qlwlrq 51714 Iru d glvfuhwh udqgrp yduldeoh [ zlwk udqjh [ zlwk suredelolw| pdvv ixqfwlrq
i � / wkh h{shfwdwlrq ru h{shfwhg ydoxh ri [ zlwk uhvshfw wr i � lv gh�qhg e|

H ��� ^[` @
�
[

� � ���
{i � +{, @ [

�����
{i � +{,

Iru d frqwlqxrxv udqgrp yduldeoh [ zlwk udqjh [ dqg sgi i � / wkh h{shfwdwlrq ru
h{shfwhg ydoxh ri [ zlwk uhvshfw wr i � lv gh�qhg e|

H ��� ^[` @
] �

���
{i � +{,g{ @

]

�
{i � +{,g{
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Qrwh = Wkh vxp2lqwhjudo pd| qrw eh frqyhujhqw/ dqg khqfh wkh h{shfwhg ydoxh pd| eh lq�qlwh1
Lw lv lpsruwdqw dozd|v wr fkhfn wkdw wkh lqwhjudo lv �qlwh= d vx�flhqw frqglwlrq lv jlyhq e|

[

�
m{m i � +{, ? 4 @, [

�
{i � +{, @ H � � ^[` ? 4

] �

���
m{m i � +{,g{ ? 4 @,

] �

���
{i � +{,g{ @ H ��� ^[` ? 4

H{whqvlrq Ohw j eh d uhdo0ydoxhg ixqfwlrq zkrvh grpdlq lqfoxghv [1 Wkhq

H ��� ^j+[,` @

;

A

A

A

A

A

?

A

A

A

A

A

=

�
[

� � ���
j+{,i � +{, li [ lv glvfuhwh

] �

���
j+{,i � +{,g{ li [ lv frqwlqxrxv

2�e�� �+��,+AW,5 �6 ,j�,�A�AW��5
Ohw [ eh d udqgrp yduldeoh zlwk pdvv ixqfwlrq2sgi i � 1 Ohw j dqg k eh uhdo0ydoxhg ixqfwlrqv
zkrvh grpdlqv lqfoxgh [/ dqg ohw d dqg e eh frqvwdqwv1 Wkhq

H ��� ^dj+[, . ek+[,` @ dH ��� ^j+[,` . eH ��� ^k+[,`
dv +lq wkh frqwlqxrxv fdvh,

H ��� ^dj+[, . ek+[,` @
]

^dj+{, . ek+{,`i � +{,g{

@ d
]

j+{,i � +{,g{. e
]

k+{,i � +{,g{

@ dH ��� ^j+[,` . eH ��� ^k+[,`
Vshfldo Fdvhv =
+l, Iru d vlpsoh olqhdu ixqfwlrq

H ��� ^d[ . e` @ dH ��� ^[` . e
+ll, Frqvlghu j+{, @ +{�H � � ^[`, � 1 Zulwh � @H � � ^[` +d frqvwdqw wkdw grhv qrw ghshqg rq {,1

Wkhq/ h{sdqglqj wkh lqwhjudqg
H ��� ^j+[,` @

]

+{� �, � i � +{,g{ @
]

{ � i � +{,g{� 5�
]

{i � +{,g{. � �
]

i � +{,g{

@
]

{ � i � +{,g{� 5� � . � � @
]

{ � i � +{,g{� � �

@ H ��� ^[ � `� iH ��� ^[`j �
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Wkhq
Y du ��� ^[` @ H ��� ^[ � `� iH ��� ^[`j �

lv wkh yduldqfh ri wkh glvwulexwlrq1 Vlploduo|/ sY du ��� ^[` lv wkh vwdqgdug ghyldwlrq ri
wkh glvwulexwlrq1

+lll, Frqvlghu j+{, @ { � iru n @ 4> 5> ===1 Wkhq lq wkh frqwlqxrxv fdvh

H ��� ^j+[,` @ H ��� ^[ � ` @
]

{ � i � +{,g{>

dqg H ��� ^[ � ` lv wkh nwk prphqw ri wkh glvwulexwlrq1
+ly, Frqvlghu j+{, @ +{� �, � iru n @ 4> 5> ===1 Wkhq

H ��� ^j+[,` @ H ��� ^+[ � �, � ` @
]

+{� �, � i � +{,g{>

dqg H ��� ^+[ � �, � ` lv wkh nwk fhqwudo prphqw ri wkh glvwulexwlrq1
+y, Frqvlghu j+{, @ d[ . e1 Wkhq Y du ��� ^d[ . e` @ d � Y du ��� ^[`

Y du ��� ^j+[,` @ H ��� ^+d[ . e�H ��� ^d[ . e`, � `
@ H � � ^+d[ . e� dH � � ^[`� e, � `
@ H ��� ^+d � +[ �H ��� ^[`, � `
@ d � Y du ��� ^[`

2�e�2 ���+�jW��AW��5 A� �,�� ��# V�+W���,
D Wd|oru vhulhv h{sdqvlrq phwkrg fdq eh xvhg wr rewdlq dssur{lpdwlrqv wr h{shfwdwlrqv ri ixqfwlrqv
ri d udqgrp yduldeoh1 Ohw [ eh d frqwlqxrxv udqgrp yduldeoh/ zlwk udqjh [ dqg sgi i � 1 Vxssrvh
wkdw wkh h{shfwdwlrq dqg yduldqfh ri [ zlwk uhvshfw wr i � duh ghqrwhg � dqg � � uhvshfwlyho|/ dqg
ohw j eh d uhdo0ydoxhg ixqfwlrq zkrvh grpdlq lqfoxghv [1 Wkhq d Wd|oru dssur{lpdwlrq ri j durxqg
� lv jlyhq iru uhdo0ydoxh { e|/

j+{, � j+�, . +{� �,j3+�, . 4
5+{� �, � j33+�,

zkhuh j3 dqg j33 duh wkh �uvw dqg vhfrqg ghulydwlyhv ri j uhvshfwlyho|1 Xvlqj wkh Wd|oru dssur{l0
pdwlrq/ dqg ljqrulqj whupv lq +{� �, � iru n @ 6> 7> ===/ wkh h{shfwdwlrq ri j+[, zlwk uhvshfw wr i �

lv jlyhq dssur{lpdwho| e|
H ��� ^j+[,` � j+�, . 4

5�
� j33+�,=

Ljqrulqj whupv lq +{��, � dqg kljkhu/ wkh yduldqfh ri j+[, zlwk uhvshfw wr i � lv jlyhq dssur{lpdwho|
e|

Y du ��� ^j+[,` � � � ij3+�,j �


