ß OΣ ¸ A, + � # , 6WΠ WAWȷ Π 5c A, + ¨ WΠ ȷ wȷ Bv c Π ȷ AΣ AWȷ Π

�˘� , V, Π A5 Σ Π # AO, 5Σ ¨ ¸ w, 5¸ Σ ß ,

Ghfflqlwlr q 41414 Dq h–s hulp hqwlvd rqh0rffi ruuhshdwdeoh surfhvvrusurfhgxuh iruz klfk +d, wkhuh lvd z hoo0ghfflqhg vhwri srvvleoh rxwfrp hv +e, wkh dfwxdorxwfrp h lvqrwnqrz q z lwk fhuwdlqw— 1

Ghfflqlwlr q 41415 D vdp s oh r xwfr p h/ ϖ/ lvsuhflvho— rqh ri wkh srvvleoh rxwfrp hvri dq h–shulp hqw1

Ghfflqlwlr q 41416 Wkh vdp s oh vs dfh/ fl/ ri dq h–shulp hqwlvwkh vhwri doosrvvleoh rxwfrp hv1 QRWH =fl lv d vhwlq wkh p dwkhp dwlfdovhqvh/ vr vhwwkhru— qrwdwlrq fdq eh xvhg1 I ru h–dp soh/ li wkh vdp soh rxwfrp hv duh ghqrwhg ϖ_�>///>ϖ_ς/ vd— / wkhq fl @⟩ϖ_�>///>ϖ_ς| @⟩ ϖ_ζ =l @4>///>n| > dqg ϖ_ζ ▽ fl irul @4>///>n1 Wkh vdp soh vsdfh ri dq h–shulp hqwfdq eh

0d I LQLWH olvwri vdp soh rxwfrp hv/ ⟩ ϖ_�>///>ϖ_ς| 0dq LQI LQLWH olvwri vdp soh rxwfrp hv/ ⟩ϖ_�>ϖ_2>///| 0dq LQWHUYDOruUHJ LRQ ri d uhdovsdfh/ ⟩ ϖ =ϖ ▽ D ≥ U^⌢ |

Ghfflqlwlr q 41417 Dq hyhqw/ H/ lvd ghvlj qdwhg froohfwlrq ri vdp soh rxwfrp hv1HyhqwH r ffxuv li wkh dfwxdorxwfrp h ri wkh h–shulp hqwlvrqh ri wklvfroohfwlrq1 Vs hfldoF dvhv r i Hyhqwv Wkh hyhqwfruuhvsrqglqj wr froohfwlrq ri doovdp soh rxwfrp hvlv fl1 Wkh hyhqwfruuhvsrqglqj wr d froohfwlrq ri qrqh ri wkh vdp soh rxwfrp hvlvghqrwhg ⊤1 l1h1 Wkh vhwv ⊤ dqg fl duh dovr hyhqwv/ whup hg wkh lp s r vvleoh dqg wkh fhuwdlq hyhqwuhvshfwlyho— / dqg irudq— hyhqwH/ H ≥ fl1

�˘�˘� ȷ ¸ , + Σ AWȷ Π 5 WΠ 5, A AO, ȷ +v

Vhwwkhru— rshudwlrqv fdq eh xvhg wr p dqlsxodwh hyhqwv lq suredelolw— wkhru— 1 Frqvlghu hyhqwv

H>I ≥ fl1Wkhq wkh wkuhh edvlf rshudwlrqvduh

XQLRQ H ∧ I ˙H ruI ruerwk rffxu%

LQWHUVHFWLRQ H ∨ I ˙erwk H dqg I rffxu%

FRP SOHP HQW H_≺ ˙H grhvqrwrffxu%

Sur s huwlhv r i Xqlr q2Lqwhuvhfwlr q r s hudwr uv

FrqvlghuhyhqwvH>I >J ≥ fl1

FRP P XWDWLYLW“ H ∧ I @I ∧ H H ∨ I @I ∨ H DVVRFLDWLYLW“ H ∧ +I ∧ J , @+H ∧ I , ∧ J H ∨ +I ∨ J , @+H ∨ I , ∨ J GLVWULEXWLYLW“ H ∧ +I ∨ J , @+H ∧ I , ∨ +H ∧ J , H ∨ +I ∧ J , @+H ∨ I , ∧ +H ∨ J , GH P RUJ DQ*VODZ V +H ∧ I ,_≺ @H_≺ ∨ I_≺

+H ∨ I ,_≺ @H_≺ ∧ I_≺

QRWH=Xqlrq dqg lqwhuvhfwlrq duh elqdu— rshudwruv/ wkdwlv/ wkh— wdnh rqo— wz r duj xp hqwv/ dqg wkxvwkh eudfnhwlqj lq wkh deryh ht xdwlrqvlvqhfhvvdu— 1I run ∼ 5 hyhqwv/ H^�>H^2>///>H^ς/ ς⋀ ζ’ �

H^ζ @H^� ∧ ///∧ H^ς dqg ς⋁ ζ’ � H^ζ @H^� ∨ ///∨ H^ς iruwkh xqlrq dqg lqwhuvhfwlrq ri H^�>H^2>///>H^ς1z lwk d ixuwkhuh–whqvlrq irun lqfflqlwh1

�˘�˘2 ¨ NANΣ wwv , j ß wN5WV, , V, Π A5 Σ Π # ¸ Σ +AWAWȷ Π 5

Ghfflqlwlr q 41418 HyhqwvH dqg I duh p xwxdoo— h–foxvlyh li H ∨ I @⊤/ wkdwlv/ li hyhqwvH dqg

I fdqqrwerwk rffxu1 Li wkh vhwvri vdp soh rxwfrp hvuhsuhvhqwhg e— H dqg I duh glvmr lqw+kdyh qr frp p rq hohp hqw,/ wkhq H dqg I duh p xwxdoo— h–foxvlyh1

Ghfflqlwlr q 41419 HyhqwvH^�>///>H^ς≥ fl irup d s duwlwlr q ri hyhqwI ≥ fl li +d, H^ζ∨ H^ρ @⊤ irul ∃@m/ l>m@4>///>n +e,_ς ⋀ ζ’ �

H^ζ @I 1 vr wkdwhdfk hohp hqwri wkh froohfwlrq ri vdp soh rxwfrp hvfruuhvsrqglqj wr hyhqwI lvlq rqh dqg rqo— rqh ri wkh froohfwlrqvfruuhvsrqglqj wr hyhqwvH^�>///H^ς1

4141 HYHQWVDQG WKH VDP SOH VSDFH 6

I ljxuh 414=Sduwlwlrq ri fl Lq I lj xuh 414/ z h kdyh fl @ S⋀ ζ’ � H_ζ

I ljxuh 415=Sduwlwlrq ri I ≫ fl Lq I lj xuh 415/ z h kdyh

I @ S⋀ ζ’ �

+I ∨ H_ζ, / exw/ iruh–dp soh/ I ∨ H_S @⊤

F r qvwuxfwlr q r i glvmr lqwhyhqwv iur p j hqhudohyhqwv

Vxssrvh wkdwD^�>D^2>////>D^ς>///lv d +frxqwdeoh, froohfwlrq ri j hqhudohyhqwv lq vdp soh vsdfh fl1

Wkhq wkh froohfwlrq ri hyhqwvH^�>H^2>////>H^ς>///ghfflqhg irun ∼ 4 e— H^ς@D^ς ⋁ ]^{ς∋ �} ⋀ ζ’ � D^ζ ⌊^≺ duh sdluz lvh p xwxdoo— h–foxvlyh/ exw ς⋀ ζ’ �

H^ζ @ ς⋀ ζ’ � D^ζ/

H^ςlvwkhvhwri vdp sohrxwfrp hvlq fl wkdwduhhohp hqwvri D^ςexwqrwhohp hqwvri dq— ri D^�>///>D^{ς∋ �}1

�˘�˘fi Σ wB, ` + Σ 5 Σ Π # 5WB¨ Σ Σ wB, ` + Σ 5_W

Ghfflqlwlr q 4141: D +frxqwdeoh, froohfwlrq ri vxevhwv/ D/ ri vdp soh vsdfh fl/ vd— D @⟩D^�>D^2>///| > lvdq doj heud li

+L,fl ▽ D

+LL,D^�>D^2 ▽ D @⇔ D^� ∧ D^2 ▽ D +LLL,D ▽ D @⇔ D_≺ ▽ D Lqwhus uhwdwlr q= Dq dojheud lv d vhwri vhwv +hyhqwv, z lwk fhuwdlq surshuwlhv/ lq sduwlfxodu lwlv forvhg xqghud fflqlwh qxp ehuri xqlrq rshudwlrqv+LL,/ wkdwlvli D^�>///D^ς▽ D/ wkhq ς⋀ ζ’ � D^ζ ▽ D/ QRWH=Li D lvdq doj heud ri vxevhwvri fl/ wkhq +l, ⊤▽ D +ll, Li D^�>D^2 ▽ D/ wkhq

D_≺^�>D_≺^2 ▽ D @⇔ D_≺^� ∧ D_≺^2 ▽ D @⇔ ] D_≺^� ∧ D_≺^2 ⌊^≺ ▽ D @⇔ D^� ∨ D^2 ▽ D vr D lvdovr forvhg xqghu lqwhuvhfwlrq1

H–whqvlr q=D vlj p d0doj heud +ϕ∗ doj heud, lvdq dojheud wkdwlvforvhg xqghufr xqwdeoh xqlrq/ wkdwlv/ li D^�>///D^ς>///▽ D/ wkhq ↑⋀ ς’ � D^ς▽ D/

4141 HYHQWVDQG WKH VDP SOH VSDFH 8

�˘�˘e 5, ” N, Π ß , 5 ȷ 6 , V, Π A5 Σ Π # AO, W+ wẄ WA5^W Ghfflqlwlr q 4141; D vht xhqfh ri hyhqwvD_�>D_2>///>D_ς>//// ghqrwhg ⟩D_ς|/ lvqr q0lqfuhdvlqj li D_� ⪯ D_2 ⪯ ///⪯ D_ς⪯ /// dqg lvqr q0ghfuhdvlqj li D_� ≥ D_2 ≥ ///≥ D_ς≥ /// D vht xhqfh wkdwlv hlwkhuqrq0lqfuhdvlqj ruqrq0ghfuhdvlqj lvwhup hg p r qr wr qh1 QRWHV= +l, Li ⟩ D_ς| lv qrq0lqfuhdvlqj/ wkhq wkh vht xhqfh ⟩ D^≺_ς| lv qrq0ghfuhdvlqj/ dvirun ∼ 4/ D_ς⪯ D_{ςn �} @⇔ D_ς@D_{ςn �} ∧ G_ςiruvrp h hyhqwG_ς

@⇔ D^≺_ς@+D_{ςn �} ∧ G_ς, ∋@D^≺_{ςn �} ∨ G^≺_ς≥ D^≺_{ςn �}

Khqfh/ irun ∼ 4/ D^≺_ς≥ D^≺_{ςn �}1 +ll, Li ⟩ D_ς| lvqrq0ghfuhdvlqj / wkhq ⟩ D^≺_ς| lv qrq0lqfuhdvlqj1Dovr/ irun ∼ 4/ ghfflqh hyhqwH_ς e— H_ς@D_{ςn �} ∨ D^≺_ς/ Wkhq ⟩ H_ς| lvd froohfwlrq ri glvmr lqwhyhqwv/ dqg ↑⋀ ζ’ �

H_ζ @ ↑⋀ ζ’ � D_ζ Ghfflqlwlr q 4141¡ Frqvlghudq lqfflqlwh p rqrwrqh vht xhqfh ri hyhqwv⟩D_ς|1Wkhq wkh olp lwhyhqw ri wkh vht xhqfh/ D/ lvz ulwwhq D @ olp_{ς∋ℜ ↑} D_ς dqg lvghfflqhg e—

D @ ↑⋁ ς’ �

D_ς li⟩ D_ς| lvQRQ0LQFUHDVLQJ ↑⋀ ς’ �

D_ς li⟩ D_ς| lvQRQ0GHFUHDVLQJ Lqwhus uhwdwlr q=Li ⟩D_ς| lvqrq0lqfuhdvlqj/ wkhq wkh olp lwhyhqwD fruuhvsrqgvwr wkh froohfwlrq ri vdp soh rxwfrp hvwkdwduh hohp hqwvri doori wkh hyhqwvlq wkh vht xhqfh1WkxvD rffxuvli dqg rqo— li doori D_�>D_2>///>D_ς>///rffxu1 Li ⟩ D_ς| lvqrq0ghfuhdvlqj/ wkhq wkh olp lwhyhqwD fruuhvsrqgvwr wkh froohfwlrq ri vdp soh rxwfrp hv wkdwduh hohp hqwv ri dwohdvwr qh ri wkh hyhqwv lq wkh vht xhqfh1 Wkxv D rffxuv li dqg rqo— li dw ohdvwrqh ri D_�>D_2>///>D_ς>///rffxuv1 QRWH=Wkhvh olp lwghfflqlwlrqvduh rqo— ydolg irup rqrwrqh vht xhqfhvri hyhqwv1

�˘2 AO, ¸ + ȷ ` Σ ` WwWAv 6NΠ ß AWȷ Π

Ghfflqlwlr q 41514 I rudq hyhqwH ≥ fl/ wkh s ur edelolw— wkdwH r ffxuv lvz ulwwhq S+H,1

Î rup doo— / zh ghfflqh suredelolw— wulsoh +fl>D>S, zkhuh fl lv wkh vdp soh vsdfh/ D lv d ϕ0dojheud ri vxevhwv ri fl/ dqg S lv d suredelolw— ˙p hdvxuh%rshudwlqj rq D1‘

Lqwhus uhwdwlr q = S+/, lv d vhw0ixqfwlrq wkdwdvvlj qv ˙z hljkw%wr froohfwlrqv ri srvvleoh rxwfrp hv ri dq h–shulp hqw1Wkhuh duh p dq— z d— vwr wklqn derxwsuhflvho— krz wklvdvvlj qp hqwlvdfklhyhg¿

F ODVVLF DO =˙Frqvlghuht xdoo— olnho— vdp soh rxwfrp hv111%

I UHT XHQWLVW =˙Frqvlghuorqj 0uxq uhodwlyh iuhtxhqflhv 111%

VXEMHF WLYH =˙Frqvlghushuvrqdoghjuhh ri eholhi 111% rup huho— wklqn ri S+/, dvd vhw0ixqfwlrq1

�˘fi ¸ + ȷ ¸ , +AW, 5 ȷ 6 ¸ ĔøGAO, Σ j Wȷ ¨ 5 ȷ 6 ¸ + ȷ ` Σ ` WwWAv

Frqvlghuvdp soh vsdfh fl1Wkhq suredelolw— ixqfwlrq S+/, vdwlvfflhv wkh iroorz lqj surshuwlhv=

D[ LRP 4 OhwH ≥ fl1Wkhq 3 ⪰ S+H, ⪰ 41

D[ LRP 5 S+fl, @41

D[ LRP 6 Li H>I ≥ fl/ z lwk H ∨ I @⊤/ wkhq S+H ∧ I , @S+H,. S+I ,1

QRWH =D–lrp 6 fdq eh uh0vwdwhg li z h fdq frqvlghu dq doj heud D ri vxevhwv ri fl1 Li hyhqwv

D^�>D^2>///duh glvmrlqwhohp hqwvri D/ wkhq uhsodfh D–lrp 6 e— uht xlulqj wkdw/ iruq ∼ 4/

D[ LRP 6_W S ]^⋆ ⋀ ζ’ � D^ζ ⌊ @ ⋆⋃ ζ’ �

S+D^ζ,1

I xuwkhup ruh/ li D lvd ϕ0doj heud/ wkhq D–lrp 6_Wfdq eh uhsodfhg e— uht xlulqj wkdw

D[ LRP 6_∨ S ]^↑ ⋀ ζ’ � D^ζ ⌊ @ ↑⋃ ζ’ �

S+D^ζ,1

Qrwh wkdw/ li D lv d ϕ0dojheud/ wkhq

D[ LRP 6_∨ @⇔ D[ LRP 6_W @⇔ D[ LRP 6 wkdwlv/

FRXQWDEOH DGGLWLYLW“ @⇔ I LQLWH DGGLWLYLW“ @⇔ DGGLWLYLW“

4161 SURSHUWLHVRI S+1,=WKH D[ LRP VRI SUREDELOLW“ :

�˘fi˘� ß ȷ + ȷ wwΣ + W, 5 I ruhyhqwvH>I ≥ fl

S+H^≺, @4∗ S+H,/ dqg khqfh S+⊤, @31 Li H ≥ I / wkhq S+H, ⪰ S+I ,1 Lq jhqhudo/ S+H ∧ I , @S+H,. S+I ,∗ S+H ∨ I ,1 S+H ∨ I^≺, @S+H,∗ S+H ∨ I , Erroh*v Lqhtxdolw— S+H ∧ I , ⪰ S+H, . S+I ,/

Erqihuurql*v Lqhtxdolw— S+H ∨ I , ∼ S+H, . S+I , ∗ 4/ QRWH=Wkh j hqhudodgglwlr q uxoh irusuredelolwlhvdqg Erroh*vLqht xdolw— h–whqg wr p ruh wkdq wz r hyhqwv1OhwH_�>///>H_⋆ eh hyhqwvlq fl1Wkhq S ]_⋆ ⋀ ζ’ � H_ζ ⌊ @ ⋃ ζ S+H_ζ, ∗ ⋃ ζΨ ρ S+H_ζ∨ H_ρ, . ⋃ ζΨ ρΨ ς S+H_ζ∨ H_ρ ∨ H_ς, ∗ ///. +∗ 4,^⋆ S ]_⋆ ⋁ ζ’ � H_ζ ⌊

dqg S ]_⋆ ⋀ ζ’ � H_ζ ⌊ ⪰ ⋆⋃ ζ’ � S+H_ζ,/ Wr suryh wkhvh uhvxowv/ frqvwuxfwwkh hyhqwvI_� @H_� dqg

I_ζ @H_ζ∨ ]_{ζ∋ �} ⋀ ς’ � H_ς ⌊_≺

irul @5>6>///>q1 Wkhq I_�>I_2>///I_⋆ duh glvmrlqw/ dqg^⋆ ⋀ ζ’ �

H_ζ @^⋆ ⋀ ζ’ �

I_ζ/ vr

S ]_⋆ ⋀ ζ’ � H_ζ ⌊ @S ]_⋆ ⋀ ζ’ � I_ζ ⌊ @ ⋆⋃ ζ’ � S+I_ζ,/ Qrz / e— Fruroodu— fflyh deryh S+I_ζ, @S+H_ζ, ∗ S ] H_ζ∨^{ζ∋ �} ⋀ ς’ � H_ς ⌊ l @5>6>///>q/

@S+H_ζ, ∗ S ]_{ζ∋ �} ⋀ ς’ �

+H_ζ∨ H_ς, ⌊

dqg wkh uhvxowiroorz ve— uhfxuvlyh h–sdqvlrq ri wkh vhfrqg whup irul @5>6>///q1

; FKDSWHU 41 GHI LQLWLRQV/ WHUP LQRORJ “ / QRWDWLRQ

�˘fi˘2 ¸ + ȷ ` Σ ` WwWAv W5 Σ ß ȷ Π AWΠ Nȷ N5 5, A 6NΠ ß AWȷ Π_W

Vxssrvh D–lrp 6_∨ krogv iru d jlyhq fl/ dqg ohwD^�>D^2>///≥ fl eh d qrq0ghfuhdvlqj vht xhqfh ri hyhqwv1Wkhq/ li D lvwkh olp lwhyhqwiruwkh p rqrwrqh vht xhqfh/ z h kdyh

S+D, @S ]^↑ ⋀ ζ’ � D^ζ ⌊ @S ] D^� ∧ ]^↑ ⋀ ζ’ 2

+D^ζ∨ D_≺^{ζ∋ �}, ⌊ ⌊

@S+D^�, ._↑ ⋃ ζ’ 2

S+D^ζ ∨ D_≺^{ζ∋ �}, e— D–lrp 6_∨

@S+D^�, . olp^{⋆ℜ ↑} ⟩^⋆ ⋃ ζ’ 2

Ŝ+D^ζ, ∗ S+D^{ζ∋ �},‘ / @ olp^{⋆ℜ ↑} S+D^⋆ , dv wkh vht xhqfh D^�/ D^2 ∨ D_≺^�/ D^fi ∨ D_≺^2/ D^e ∨ D_≺^fi dqg vr rq lv d glvmrlqwvht xhqfh ri hyhqwv z krvh xqlrq lvlghqwlfdowr D1

Khqfh S lvd frqwlqxrxv ixqfwlrq dv S+D, @S ) olp^{⋆ℜ ↑} D^⋆ [ @ olp^{⋆ℜ ↑} S+D^⋆ ,/ z lwk vlp loduuhvxowkrogviruqrq0lqfuhdvlqj vht xhqfhv1 Qrwh dovr wkdwwkh frqyhuvh ri wklvuhvxowlv dovr wuxh/ wkdwlv/ li S lvfrqwlqxrxv/ wkhq D–lrp 6_∨ krogv/ dqg S lvfrxqwdeo— dgglwlyh1

�˘e ß ȷ Π # WAWȷ Π Σ w ¸ + ȷ ` Σ ` WwWAv

Ghfflqlwlr q 41714 I ruhyhqwvH>I ≥ fl wkh fr qglwlr qdos ur edelolw— wkdwI rffxuvj lyhq wkdw

H rffxuvlvz ulwwhq S+I ⇕H,/ dqg lv ghfflqhg e— S+I ⇕H, @ S+H ∨ I , S+H, li S+H, A 31

QRWH=S+H ∨ I , @S+H,S+I ⇕H,/ dqg lq jhqhudo/ iruhyhqwvH^�>///>H^ς/ S ]^ς ⋁ ζ’ � H^ζ ⌊ @S+H^�,S+H^2⇕H^�,S+H^2⇕H^� ∨ H^2,///S+H^ς⇕H^� ∨ H^2 ∨ ///∨ H^{ς∋ �},/

Wklv uhvxowlvnqrz q dvwkh FKDLQ ruP XOWLSOLFDWLRQ UXOH1

Ghfflqlwlr q 41715 HyhqwvH dqg I duh lqghs hqghqwli S+H⇕I , @S+H, vr wkdwS+H ∨ I , @S+H,S+I , H–whqvlr q =HyhqwvH^�>///>H^ς duh lqghshqghqwli/ iruhyhu— vxevhwri hyhqwvri vl˝h o⪰ n/ lqgh–hg e— ⟩ l^�>///>l| / vd— / S ⋁ ρ’ � H^{ζρ} ⟨ @ ⋂ ρ’ � S+H^{ζρ} ,/

�˘. ß ȷ NΠ AWΠ B A, ß OΠ W” N, 5

Vxssrvh wkdwdq h–shulp hqwkdv Q ht xdoo— olnho— vdp soh rxwfrp hv1 Li hyhqwH fruuhvsrqgv wr d froohfwlrq ri vdp soh rxwfrp hv ri vl˝h q+H,/ wkhq S+H, @ q+H, Q vr lwlvqhfhvvdu— wr eh deoh wr hydoxdwh q+H, dqg Q lq sudfwlfh1

P xowls olfdwlr q s ulqfls oh

Li rshudwlrqvodehoohg 4>///>u fdq eh fduulhg rxwlq q^�>///>q^o z d— v uhvshfwlyho— / wkhq wkhuh duh o⋂ ζ’ � q^ζ @q^�///q^o z d— vri fduu— lqj rxwwkh u rshudwlrqvlq wrwdo1

H[ DP SOH =Li hdfk ri u wuldov ri dq h–shulp hqwkdv Q srvvleoh rxwfrp hv/ wkhq wkhuh duh Q_o srvvleoh vht xhqfhv ri rxwfrp hv lq wrwdo1 h1j1+l, Li d p xowlsoh fkrlfh h–dp kdv53 t xhvwlrqv/ hdfk ri z klfk kdv8 srvvleoh dqvz huv/ wkhq wkhuh duh 8_{2f} glffihuhqwz d— vri frp sohwlqj wkh h–dp 1

+ll, Wkhuh duh 5_6 vxevhwv ri p hohp hqwv +dv hdfk hohp hqwlv hlwkhu lq wkh vxevhw/ ru qr wlq wkh vxevhw/ z klfk lv ht xlydohqwwr p wuldovhdfk z lwk wz r rxwfrp hv,1

Vdp s olqj iur p d fflqlwh s r s xodwlr q

Frqvlghud froohfwlrq ri Q lwhp v/ dqg d vht xhqfh ri rshudwlrqvodehoohg 4>///>u vxfk wkdwwkh lwk rshudwlrq lqyroyhv vhohfwlqj rqh ri wkh lwhp v uhp dlqlqj diwhu wkh ffluvwl ∗ 4 rshudwlrqv kdyh ehhq fduulhg rxw1 Ohwq^ζ ghqrwh wkh qxp ehu ri z d— v ri fduu— lqj rxwwkh lwk rshudwlrq/ iru l @4>///>u1

Wkhq wkhuh duh wz r glvwlqfwfdvhv¿

+d, Vdp s olqj z lwk uhs odfhp hqw= dq lwhp lv uhwxuqhg wr wkh froohfwlrq diwhu vhohfwlrq1 Wkhq q^ζ @Q irudool/ dqg wkhuh duh Q_o z d— vri fduu— lqj rxwwkh u rshudwlrqv1

+e, Vdp s olqj z lwkr xwuhs odfhp hqw= dq lwhp lv qrwuhwxuqhg wr wkh froohfwlrq diwhu vhohfwhg1

Wkhq q^ζ @Q ∗ l . 4/ dqg wkhuh duh Q+Q ∗ 4,///+Q ∗ u. 4, z d— vri fduu— lqj rxwwkh u rshudwlrqv1 h1j1Frqvlghuvhohfwlqj 8 fdugviurp 851Wkhq

+d, ohdgvwr 85_D srvvleoh vhohfwlrqv/ z khuhdv

+e, ohdgvwr 85/84/83/7¡/7; srvvleoh vhohfwlrqv

Qrwh=Wkh r ughu lq z klfk wkh rshudwlrqvduh fduulhg rxwp d— eh lp sruwdqw h1j1lq d ud` h z lwk wkuhh sul˝hvdqg 433 wlfnhwv/ wkh gudz ⟩ 78>4¡>: 9| lvglffihuhqwiurp ⟩ 4¡>: 9>78| 1

Qrwh=wkh lwhp vp d— eh glvwlqfw+xqlt xh lq wkh froohfwlrq,/ rulqglvwlqfw+ri d xqlt xh w— sh lq wkh froohfwlrq/ exwqrwxqlt xh lqglylgxdoo— ,1 h1j1 Wkh qxp ehuhg edoov lq wkh QdwlrqdoOrwwhu— / ru lqglylgxdosod— lqj fdugv/ duh glvwlqfw1 Krz 0 hyhu edoov lq wkh orwwhu— duh uhj dughg dv ˙Z LQQLQJ %ru ˙QRWZ LQQLQJ %/ ru sod— lqj fdugv duh uhjdughg lq whup v ri wkhluvxlwrqo— / duh lqglvwlqfw1

SHUP XWDWLRQV DQG F RP ELQDWLRQV

Ghfflqlwlr q 41: 14 D s hup xwdwlr q lv dq rughuhg duudqjhp hqwri d vhwri lwhp v1 D fr p elqdwlr q lvdq xqrughuhg duudqj hp hqwri d vhwri lwhp v1

UHVXOW4 Wkh qxp ehuri shup xwdwlrqvri q glvwlqfwlwhp vlvq$@q+q ∗ 4,///4/

UHVXOW5 Wkh qxp ehuri shup xwdwlrqvri u iurp q glvwlqfwlwhp v lv

S^⋆_o @ q$ +q ∗ u,$ @q+q ∗ 4,///+q ∗ u. 4, +e— wkh P xowlsolfdwlrq Sulqflsoh,/

Li wkh r ughu lq z klfk lwhp vduh vhohfwhg lvqrwlp sruwdqw/ wkhq

UHVXOW6 Wkh qxp ehuri frp elqdwlrqvri u iurp q glvwlqfwlwhp vlv

F^⋆_o @ ] q u ⌊ @ q$ u$+q ∗ u,$ +dvS^⋆_o @u$F^⋆_o ,/

0uhfdoowkh Elqr p ldoWkhr uhp / qdp ho—

+d . e,^⋆ @ ⋆⋃ ζ’ f ] q l ⌊ d^ζe^{⋆∋ ζ}/ Wkhq wkh qxp ehuri vxevhwv ri p lwhp vfdq eh fdofxodwhg dviroorz v¿iruhdfk 3 ⪰ m⪰ p / fkrrvh d vxevhwri mlwhp viurp p 1Wkhq

Wrwdoqxp ehuri vxevhwv@ 6⋃ ρ’ f ] p m ⌊ @+4. 4,^6 @5^6 /

Li wkh lwhp vduh lqglvwlqfw/ exwhdfk lvri d xqlt xh w— sh/ vd— W— sh L/ 111/ W— sh ν vd— / +wkh vr0fdoohg Xuq P r gho, wkhq

UHVXOW7 Wkh qxp ehu ri glvwlqjxlvkdeoh shup xwdwlrqv ri q lqglvwlqfwremhfwv/ frp sulvlqj q_ζ lwhp vri w— sh l irul @4>///>ν lv q$ q_�$q_2$///q_V$

VshfldoFdvh =li ν @5/ wkhq wkh qxp ehuri glvwlqjxlvkdeoh shup xwdwlrqvri wkh q_� remhfwvri w— sh L/ dqg q_2 @q ∗ q_� remhfwvri w— sh LLlv

F^⋆_{⋆ 2} @ q$ q_�$+q ∗ q_�,$

Dovr/ wkhuh duh F^⋆_o z d— v ri sduwlwlrqlqj q glvwlqfwlwhp v lqwr wz r ˙fhoov%/ z lwk u lq rqh fhoodqg q ∗ u lq wkh rwkhu1

SUREDELOLW“ F DOF XODWLRQV

Uhfdoowkdwli dq h–shulp hqwkdv Q ht xdoo— olnho— vdp soh rxwfrp hv/ dqg hyhqwH fruuhvsrqgv wr d froohfwlrq ri vdp soh rxwfrp hvri vl˝h q+H,/ wkhq S+H, @ q+H, Q

H[ DP SOH 41 D Wuxh2I dovh h–dp kdv 53 t xhvwlrqv1 OhwH @˙49 dqvz huv fruuhfwdwudqgrp %1

Wkhq

S+H, @ Qxp ehuri z d— vri jhwwlqj 49 rxwri 53 fruuhfw

Wrwdoqxp ehuri z d— vri dqvz hulqj 53 t xhvwlrqv @ ] 53 49 ⌊

5_{2f} @3/3379

H[ DP SOH 51 Vdp solqj zlwkrxwuhsodfhp hqw1

Frqvlghudq Xuq P rghoz lwk 43 W— shLremhfwvdqg 53 W— shLLremhfwv/ dqg dq h–shulp hqwlqyroylqj vdp solqj fflyh remhfwvz lwkrxwuhsodfhp hqw1 OhwH@˙suhflvho— 5 W— sh Lremhfwv vhohfwhg% Z h qhhg wr fdofxodwh Q dqg q+H, lq rughu wr fdofxodwh S+H,1 Lq wklv fdvh Q lv wkh qxp ehu ri z d— v ri fkrrvlqj 8 iurp 63 lwhp v/ dqg khqfh Q @ ] 63 8 ⌊

Wr fdofxodwh q+H,/ z h wklqn ri H rffxuulqj e— ffluvwfkrrvlqj 5 W— sh Lremhfwv iurp 43/ dqg wkhq fkrrvlqj 6 W— sh LLremhfwviurp 53/ dqg khqfh/ e— wkh p xowlsolfdwlrq uxoh/ q+H, @/ ] 43 5 ⌊ ] 53 6 ⌊

Wkhuhiruh

S+H, @ / ] 43 5 ⌊ ] 53 6 ⌊ ] 63 8 ⌊ @3/693

QRWH= Wklv uhvxowfdq eh rewdlqhg xvlqj d frqglwlrqdo suredelolw— duj xp hqw¿ frqvlghu hyhqw

I ≥ H/ z khuh I @˙vht xhqfh ri remhfwv44555 rewdlqhg%1 Wkhq

I @_D ⋁ ζ’ � I^{ζρ} z khuh I^{ζρ} @˙w— sh mremhfwrewdlqhg rq gudz l%l @4>///>8>m@4>51 Wkhq

S+I , @S+I^�,S+I^{2�}⇕I^�,///S+I^{D2}⇕I^�>I^{2�}>I^{fi2}>I^{e2}, @ 43 63 ¡ 5¡ 53 5; 4¡ 5: 4; 59

41:1 FRXQWLQJ WHFKQLTXHV 46

Qrz frqvlghuhyhqwJ z khuh J @˙vht xhqfh ri remhfwv 45455 rewdlqhg%1 Wkhq

S+J , @ 43 63 53 5¡ ¡ 5; 4¡ 5: 4; 59 l1h1 S+J , @S+I ,1 Lq idfw/ dq— vht xhqfh frqwdlqlqj wz r W— sh Ldqg wkuhh W— sh LLremhfwvkdv wklv suredelolw— / dqg wkhuh duh

]_D 2 ⌊ vxfk vht xhqfhv1Wkxv/ dvdoovxfk vht xhqfhvduh p xwxdoo— h–foxvlyh/

S+H, @ ] 8 5 ⌊ 43 63 ¡ 5¡ 53 5; 4¡ 5: 4; 59 @ / ] 43 5 ⌊ ] 53 6 ⌊ ] 63 8 ⌊

dv ehiruh1

H[ DP SOH 61 Vdp solqj z lwk uhsodfhp hqw1

Frqvlghudq Xuq P rghoz lwk 43 W— shLremhfwvdqg 53 W— shLLremhfwv/ dqg dq h–shulp hqwlqyroylqj vdp solqj fflyh remhfwvz lwk uhsodfhp hqw1OhwH @˙suhflvho— 5 W— sh Lremhfwvvhohfwhg%1 Djdlq/ z h qhhg wr fdofxodwh Q dqg q+H, lq rughuwr fdofxodwh S+H,1Lq wklvfdvh Q lvwkh qxp ehuri z d— v ri fkrrvlqj 8 iurp 63 lwhp vz lwk uhsodfhp hqw/ dqg khqfh

Q @63^D

Wr fdofxodwh q+H,/ z h wklqn ri H rffxuulqj e— ffluvwfkrrvlqj 5 W— sh Lremhfwviurp 43/ dqg 6 W— sh LLremhfwv iurp 53 lq dq— rughu1Frqvlghuvxfk vht xhqfhvri vhohfwlrq Vht xhqfh Qxp ehuri z d— v

44555 43/43/53/53/53 45455 43/53/43/53/53 / / hwf1/ dqg wkxv d vht xhqfh z lwk 5 W— sh Lremhfwv dqg 6 W— sh LLremhfwv fdq eh rewdlqhg lq 43^253^fi z d— v1Dvehiruh wkhuh duh

]_D 2 ⌊ vxfk vht xhqfhv/ dqg wkxv

S+H, @ ] 8 5 ⌊ 43^253^fi

63^D

@3/65¡/

Dj dlq/ wklvuhvxowfdq ehrewdlqhg xvlqj d frqglwlrqdosuredelolw— duj xp hqw¿frqvlghuhyhqwI ≥ H/ z khuh I @˙vht xhqfh ri remhfwv44555 rewdlqhg%1 Wkhq

S+I , @ ] 43 63 ⌊_2 ] 53 63 ⌊_fi

dv wkh uhvxowv ri wkh gudz v duh lqghs hqghqw1 Wklv uhvxowlv wuxh iru dq— vht xhqfh frqwdlqlqj wz r W— sh Ldqg wkuhh W— sh LLremhfwv/ dqg wkhuh duh

]_D 2 ⌊ vxfk vht xhqfhvwkdwduh p xwxdoo— h–foxvlyh/ vr

S+H, @ ] 8 5 ⌊ ] 43 63 ⌊_2 ] 53 63 ⌊_fi

47 FKDSWHU 41 GHI LQLWLRQV/ WHUP LQRORJ “ / QRWDWLRQ