
�O��A,+ �
#,6W�WAW��5c A,+�W��w�Bvc ��A�AW��

��� ,V,�A5 ��# AO, 5���w, 5���,
Gh�qlwlrq 41414 Dq h{shulphqw lv d rqh0r� ru uhshdwdeoh surfhvv ru surfhgxuh iru zklfk
+d, wkhuh lv d zhoo0gh�qhg vhw ri srvvleoh rxwfrphv
+e, wkh dfwxdo rxwfrph lv qrw nqrzq zlwk fhuwdlqw|1

Gh�qlwlrq 41415 D vdpsoh rxwfrph/ $/ lv suhflvho| rqh ri wkh srvvleoh rxwfrphv ri dq
h{shulphqw1

Gh�qlwlrq 41416 Wkh vdpsoh vsdfh/ 
/ ri dq h{shulphqw lv wkh vhw ri doo srvvleoh rxwfrphv1

QRWH = 
 lv d vhw lq wkh pdwkhpdwlfdo vhqvh/ vr vhw wkhru| qrwdwlrq fdq eh xvhg1 Iru h{dpsoh/ li
wkh vdpsoh rxwfrphv duh ghqrwhg $ � > ===> $ � / vd|/ wkhq


 @ i$ � > ===> $ � j @ i$ � = l @ 4> ===> nj >
dqg $ � 5 
 iru l @ 4> ===> n1

Wkh vdpsoh vsdfh ri dq h{shulphqw fdq eh
0 d ILQLWH olvw ri vdpsoh rxwfrphv/ i$ � > ===> $ � j
0 dq LQILQLWH olvw ri vdpsoh rxwfrphv/ i$ � > $ � > ===j
0 dq LQWHUYDO ru UHJLRQ ri d uhdo vsdfh/ �$ = $ 5 D � U

� �

Gh�qlwlrq 41417 Dq hyhqw/ H/ lv d ghvljqdwhg froohfwlrq ri vdpsoh rxwfrphv1 Hyhqw H rffxuv
li wkh dfwxdo rxwfrph ri wkh h{shulphqw lv rqh ri wklv froohfwlrq1

Vshfldo Fdvhv ri Hyhqwv
Wkh hyhqw fruuhvsrqglqj wr froohfwlrq ri doo vdpsoh rxwfrphv lv 
1
Wkh hyhqw fruuhvsrqglqj wr d froohfwlrq ri qrqh ri wkh vdpsoh rxwfrphv lv ghqrwhg >1
l1h1 Wkh vhwv > dqg 
 duh dovr hyhqwv/ whuphg wkh lpsrvvleoh dqg wkh fhuwdlq hyhqw uhvshfwlyho|/
dqg iru dq| hyhqw H/ H � 
1

4



5 FKDSWHU 41 GHILQLWLRQV/ WHUPLQRORJ\/ QRWDWLRQ

����� ��,+�AW��5 W� 5,A AO,�+v
Vhw wkhru| rshudwlrqv fdq eh xvhg wr pdqlsxodwh hyhqwv lq suredelolw| wkhru|1 Frqvlghu hyhqwv
H>I � 
1 Wkhq wkh wkuhh edvlf rshudwlrqv duh

XQLRQ H ^ I _H ru I ru erwk rffxu%
LQWHUVHFWLRQ H _ I _erwk H dqg I rffxu%
FRPSOHPHQW H � _H grhv qrw rffxu%

Surshuwlhv ri Xqlrq2Lqwhuvhfwlrq rshudwruv
Frqvlghu hyhqwv H>I>J � 
1

FRPPXWDWLYLW\ H ^ I @ I ^H
H _ I @ I _H

DVVRFLDWLYLW\ H ^ +I ^J, @ +H ^ I , ^J
H _ +I _J, @ +H _ I , _J

GLVWULEXWLYLW\ H ^ +I _J, @ +H ^ I , _ +H ^J,
H _ +I ^J, @ +H _ I , ^ +H _J,

GH PRUJDQ*V ODZV +H ^ I , � @ H � _ I �

+H _ I , � @ H � ^ I �

QRWH= Xqlrq dqg lqwhuvhfwlrq duh elqdu| rshudwruv/ wkdw lv/ wkh| wdnh rqo| wzr dujxphqwv/ dqg
wkxv wkh eudfnhwlqj lq wkh deryh htxdwlrqv lv qhfhvvdu|1 Iru n � 5 hyhqwv/ H � >H � > ===>H � /

�
^

��� �
H � @ H � ^ === ^H � dqg

�
_

��� �
H � @ H � _ === _H �

iru wkh xqlrq dqg lqwhuvhfwlrq ri H � > H � > ===> H � 1 zlwk d ixuwkhu h{whqvlrq iru n lq�qlwh1

����2 �NAN�wwv ,j�wN5WV, ,V,�A5 ��# ��+AWAW��5
Gh�qlwlrq 41418 Hyhqwv H dqg I duh pxwxdoo| h{foxvlyh li H _I @ >/ wkdw lv/ li hyhqwv H dqg
I fdqqrw erwk rffxu1 Li wkh vhwv ri vdpsoh rxwfrphv uhsuhvhqwhg e| H dqg I duh glvmrlqw +kdyh
qr frpprq hohphqw,/ wkhq H dqg I duh pxwxdoo| h{foxvlyh1

Gh�qlwlrq 41419 Hyhqwv H � > ===> H � � 
 irup d sduwlwlrq ri hyhqw I � 
 li
+d, H � _H� @ > iru l 9@ m/ l> m @ 4> ===> n
+e,

�
V

��� � H � @ I 1
vr wkdw hdfk hohphqw ri wkh froohfwlrq ri vdpsoh rxwfrphv fruuhvsrqglqj wr hyhqw I lv lq rqh dqg
rqo| rqh ri wkh froohfwlrqv fruuhvsrqglqj wr hyhqwv H � > ===H � 1



4141 HYHQWV DQG WKH VDPSOH VSDFH 6

Iljxuh 414= Sduwlwlrq ri 

Lq Iljxuh 414/ zh kdyh


 @
�

^

��� �
H �

Iljxuh 415= Sduwlwlrq ri I � 


Lq Iljxuh 415/ zh kdyh

I @
�

^

��� �
+I _H � , / exw/ iru h{dpsoh/ I _H � @ >



7 FKDSWHU 41 GHILQLWLRQV/ WHUPLQRORJ\/ QRWDWLRQ

Frqvwuxfwlrq ri glvmrlqw hyhqwv iurp jhqhudo hyhqwv
Vxssrvh wkdw D � >D � > ====>D � > === lv d +frxqwdeoh, froohfwlrq ri jhqhudo hyhqwv lq vdpsoh vsdfh 
1

Wkhq wkh froohfwlrq ri hyhqwv H � >H � > ====> H � > === gh�qhg iru n � 4 e|

H � @ D �
_

# ��� �
^

� � �
D �

$

�

duh sdluzlvh pxwxdoo| h{foxvlyh/ exw
�
^

��� �
H � @

�
^

��� �
D � =

H � lv wkh vhw ri vdpsoh rxwfrphv lq 
 wkdw duh hohphqwv ri D � exw qrw hohphqwv ri dq| ri D � > ===> D ��� � 1

����� �wB,�+�5 ��# 5WB�� �wB,�+�5 �

Gh�qlwlrq 4141: D +frxqwdeoh, froohfwlrq ri vxevhwv/ D/ ri vdpsoh vsdfh 
/ vd|
D @ iD � >D � > ===j >

lv dq dojheud li
+L,
 5 D
+LL,D � >D � 5 D @, D � ^D � 5 D
+LLL,D 5 D @, D � 5 D
Lqwhusuhwdwlrq= Dq dojheud lv d vhw ri vhwv +hyhqwv, zlwk fhuwdlq surshuwlhv/ lq sduwlfxodu lw lv
forvhg xqghu d �qlwh qxpehu ri xqlrq rshudwlrqv +LL,/ wkdw lv li D � > ===D � 5 D/ wkhq

�
^

��� �
D � 5 D=

QRWH= Li D lv dq dojheud ri vxevhwv ri 
/ wkhq
+l, > 5 D
+ll, Li D � >D � 5 D/ wkhq

D �
� > D �

� 5 D @, D �
� ^D �

� 5 D @, �D �
� ^D �

�
�
� 5 D @, D � _D � 5 D

vr D lv dovr forvhg xqghu lqwhuvhfwlrq1
H{whqvlrq= D vljpd0dojheud +��dojheud, lv dq dojheud wkdw lv forvhg xqghu frxqwdeoh xqlrq/
wkdw lv/ li D � > ===D � > === 5 D/ wkhq

�

^

� � �
D � 5 D=



4141 HYHQWV DQG WKH VDPSOH VSDFH 8

����e 5,"N,��,5 �6 ,V,�A5 ��# AO,W+ wW�WA5 �

Gh�qlwlrq 4141; D vhtxhqfh ri hyhqwv D � >D � > ===> D � > ===/ ghqrwhg iD � j/ lv qrq0lqfuhdvlqj li
D � � D � � === � D � � ===

dqg lv qrq0ghfuhdvlqj li
D � � D � � === � D � � ===

D vhtxhqfh wkdw lv hlwkhu qrq0lqfuhdvlqj ru qrq0ghfuhdvlqj lv whuphg prqrwrqh1
QRWHV=
+l, Li iD � j lv qrq0lqfuhdvlqj/ wkhq wkh vhtxhqfh iD �

� j lv qrq0ghfuhdvlqj/ dv iru n � 4/
D � � D ��� � @, D � @ D ��� � ^G � iru vrph hyhqwG �

@, D �
� @ +D ��� � ^G � , 3 @ D �

��� � _G �
� � D �

��� �

Khqfh/ iru n � 4/ D �
� � D �

��� � 1
+ll, Li iD � j lv qrq0ghfuhdvlqj/ wkhq iD �

� j lv qrq0lqfuhdvlqj1 Dovr/ iru n � 4/ gh�qh hyhqw H � e|
H � @ D ��� � _D �

� =
Wkhq iH � j lv d froohfwlrq ri glvmrlqw hyhqwv/ dqg

�

^

��� �
H � @

�

^

��� �
D �

Gh�qlwlrq 4141< Frqvlghu dq lq�qlwh prqrwrqh vhtxhqfh ri hyhqwv iD � j1 Wkhq wkh olplw hyhqw
ri wkh vhtxhqfh/ D/ lv zulwwhq

D @ olp
����� �

D �

dqg lv gh�qhg e|

D @

;

A

A

A

A

?

A

A

A

A

=

�

W

� � � D � li iD � j lvQRQ0LQFUHDVLQJ
�

V

� � � D � li iD � j lvQRQ0GHFUHDVLQJ
Lqwhusuhwdwlrq= Li iD � j lv qrq0lqfuhdvlqj/ wkhq wkh olplw hyhqw D fruuhvsrqgv wr wkh froohfwlrq ri
vdpsoh rxwfrphv wkdw duh hohphqwv ri doo ri wkh hyhqwv lq wkh vhtxhqfh1 Wkxv D rffxuv li dqg rqo|
li doo ri D � >D � > ===>D � > === rffxu1
Li iD � j lv qrq0ghfuhdvlqj/ wkhq wkh olplw hyhqw D fruuhvsrqgv wr wkh froohfwlrq ri vdpsoh rxwfrphv
wkdw duh hohphqwv ri dw ohdvw rqh ri wkh hyhqwv lq wkh vhtxhqfh1 Wkxv D rffxuv li dqg rqo| li dw
ohdvw rqh ri D � > D � > ===>D � > === rffxuv1
QRWH= Wkhvh olplw gh�qlwlrqv duh rqo| ydolg iru prqrwrqh vhtxhqfhv ri hyhqwv1



9 FKDSWHU 41 GHILQLWLRQV/ WHUPLQRORJ\/ QRWDWLRQ

��2 AO, �+����WwWAv 6N��AW��
Gh�qlwlrq 41514 Iru dq hyhqw H � 
/ wkh suredelolw| wkdw H rffxuv lv zulwwhq S+H,1
^Irupdoo|/ zh gh�qh suredelolw| wulsoh +
>D>S, zkhuh 
 lv wkh vdpsoh vsdfh/ D lv d �0dojheud ri
vxevhwv ri 
/ dqg S lv d suredelolw| _phdvxuh% rshudwlqj rq D1`
Lqwhusuhwdwlrq = S+=, lv d vhw0ixqfwlrq wkdw dvvljqv _zhljkw% wr froohfwlrqv ri srvvleoh rxwfrphv
ri dq h{shulphqw1 Wkhuh duh pdq| zd|v wr wklqn derxw suhflvho| krz wklv dvvljqphqw lv dfklhyhg>
FODVVLFDO = _Frqvlghu htxdoo| olnho| vdpsoh rxwfrphv 111%
IUHTXHQWLVW = _Frqvlghu orqj0uxq uhodwlyh iuhtxhqflhv 111%
VXEMHFWLYH = _Frqvlghu shuvrqdo ghjuhh ri eholhi 111%
ru phuho| wklqn ri S+=, dv d vhw0ixqfwlrq1

��� �+��,+AW,5 �6 �E��G AO, �jW��5 �6 �+����WwWAv
Frqvlghu vdpsoh vsdfh 
1 Wkhq suredelolw| ixqfwlrq S+=, vdwlv�hv wkh iroorzlqj surshuwlhv=

D[LRP 4 Ohw H � 
1 Wkhq 3 �S+H, � 41
D[LRP 5 S+
, @ 41
D[LRP 6 Li H>I � 
/ zlwk H _ I @ >/ wkhq S+H ^ I , @S+H,.S+I ,1

QRWH = D{lrp 6 fdq eh uh0vwdwhg li zh fdq frqvlghu dq dojheud D ri vxevhwv ri 
1 Li hyhqwv
D � >D � > === duh glvmrlqw hohphqwv ri D/ wkhq uhsodfh D{lrp 6 e| uhtxlulqj wkdw/ iru q � 4/

D[LRP 6 � S
# �

^

��� �
D �

$

@
�
[

��� �
S+D � ,1

Ixuwkhupruh/ li D lv d �0dojheud/ wkhq D{lrp 6 � fdq eh uhsodfhg e| uhtxlulqj wkdw

D[LRP 6 � S
# �

^

��� �
D �

$

@
�

[

��� �
S+D � ,1

Qrwh wkdw/ li D lv d �0dojheud/ wkhq

D[LRP 6 � @, D[LRP 6 � @, D[LRP 6
wkdw lv/

FRXQWDEOH DGGLWLYLW\ @, ILQLWH DGGLWLYLW\ @, DGGLWLYLW\



4161 SURSHUWLHV RI S+1,= WKH D[LRPV RI SUREDELOLW\ :

����� ��+�ww�+W,5
Iru hyhqwv H>I � 


S+H � , @ 4�S+H,/ dqg khqfh S+>, @ 31
Li H � I / wkhq S+H, �S+I ,1
Lq jhqhudo/ S+H ^ I , @S+H,.S+I ,�S+H _ I ,1
S+H _ I � , @S+H,�S+H _ I ,
Erroh*v Lqhtxdolw|

S +H ^ I , � S +H, . S +I ,=

Erqihuurql*v Lqhtxdolw|
S +H _ I , � S +H, . S +I ,� 4=

QRWH= Wkh jhqhudo dgglwlrq uxoh iru suredelolwlhv dqg Erroh*v Lqhtxdolw| h{whqg wr pruh wkdq
wzr hyhqwv1 Ohw H � > ===> H � eh hyhqwv lq 
1 Wkhq

S
# �
^

��� �
H �

$

@ [

�
S +H � ,�[

��� �
S +H � _H� , . [

��� � � �

S +H � _H� _H � ,� ===. +�4, � S
# �
_

��� �
H �

$

dqg
S
# �
^

��� �
H �

$

�
�
[

��� �
S +H � ,=

Wr suryh wkhvh uhvxowv/ frqvwuxfw wkh hyhqwv I � @ H � dqg

I � @ H � _
# � � �
^

� � �
H �

$
�

iru l @ 5> 6> ===> q1
Wkhq I � > I � > ===I � duh glvmrlqw/ dqg

�
V

��� � H � @
�
V

��� � I � / vr

S
# �
^

��� �
H �

$

@ S
# �
^

��� �
I �

$

@
�
[

��� �
S +I � ,=

Qrz/ e| Fruroodu| �yh deryh
S +I � , @ S +H � ,� S

�

H � _
� � �
V

� � � H �

�

l @ 5> 6> ===> q=

@ S +H � ,� S
� � � �

V

� � � +H � _H � ,
�

dqg wkh uhvxow iroorzv e| uhfxuvlyh h{sdqvlrq ri wkh vhfrqg whup iru l @ 5> 6> ===q1



; FKDSWHU 41 GHILQLWLRQV/ WHUPLQRORJ\/ QRWDWLRQ

����2 �+����WwWAv W5 � ���AW�N�N5 5,A 6N��AW�� �

Vxssrvh D{lrp 6 � krogv iru d jlyhq 
/ dqg ohw D � >D � > === � 
 eh d qrq0ghfuhdvlqj vhtxhqfh ri
hyhqwv1 Wkhq/ li D lv wkh olplw hyhqw iru wkh prqrwrqh vhtxhqfh/ zh kdyh

S +D, @ S
� �

V

��� � D �

�

@ S
�

D � ^
� �

V

��� �
+D � _D �

� � � ,
��

@ S+D � , .
�

S

��� �
S +D � _D �

� � � , e| D{lrp 6 �

@ S +D � , . olp� � �

� �
S

��� �
^S +D � ,� S +D � � � ,`

�

@ olp� � �
S +D � ,

dv wkh vhtxhqfh D � / D � _ D �
� / D � _ D �

� / D � _ D �
� dqg vr rq lv d glvmrlqw vhtxhqfh ri hyhqwv zkrvh

xqlrq lv lghqwlfdo wr D1
Khqfh S lv d frqwlqxrxv ixqfwlrq dv

S +D, @ S
�

olp� � �
D �

�

@ olp� � �
S +D � ,=

zlwk vlplodu uhvxow krogv iru qrq0lqfuhdvlqj vhtxhqfhv1 Qrwh dovr wkdw wkh frqyhuvh ri wklv uhvxow lv
dovr wuxh/ wkdw lv/ li S lv frqwlqxrxv/ wkhq D{lrp 6 � krogv/ dqg S lv frxqwdeo| dgglwlyh1

��e ���#WAW���w �+����WwWAv
Gh�qlwlrq 41714 Iru hyhqwv H>I � 
 wkh frqglwlrqdo suredelolw| wkdw I rffxuv jlyhq wkdw
H rffxuv lv zulwwhq S+I mH,/ dqg lv gh�qhg e|

S +I mH, @ S +H _ I ,
S +H,

li S+H, A 31
QRWH= S+H _ I , @S+H,S+I mH,/ dqg lq jhqhudo/ iru hyhqwv H � > ===>H � /

S
# �
_

��� �
H �

$

@ S +H � ,S +H � mH � ,S +H � mH � _H � ,===S +H � mH � _H � _ === _H ��� � ,=
Wklv uhvxow lv nqrzq dv wkh FKDLQ ru PXOWLSOLFDWLRQ UXOH1

Gh�qlwlrq 41715 Hyhqwv H dqg I duh lqghshqghqw li

S +HmI , @ S +H, vr wkdw S +H _ I , @ S +H,S +I ,
H{whqvlrq = Hyhqwv H � > ===> H � duh lqghshqghqw li/ iru hyhu| vxevhw ri hyhqwv ri vl}h o � n/ lqgh{hg
e| il � > ===> l � j/ vd|/

S
3

C

�
_

� � �
H ���

4

D @
�

\

� � �
S +H ��� ,=



4181 WKH WKHRUHP RI WRWDO SUREDELOLW\ <

��D AO, AO,�+,� �6 A�A�w �+����WwWAv
WKHRUHP

Ohw H � > ===>H � eh d sduwlwlrq ri 
/ dqg ohw I � 
1 Wkhq

S +I , @
�

[

��� �
S +I mH � ,S +H � ,

Surri
H � > ===>H � irup d sduwlwlrq ri 
/ dqg I � 
/ vr

I @ +I _H � , ^ === ^ +I _H � ,

@, S +I , @
�
S

��� � S +I _H � , @
�
S

��� � S +I mH � ,S +H � ,
+e| D[LRP 6 � / dvH � _H� @ >,=
H{whqvlrq= Li zh dvvxph wkdw D{lrp 6 � krogv/ wkdw lv/ wkdw S lv frxqwdeo| dgglwlyh/ wkhq wkh
wkhruhp vwloo krogv/ wkdw lv/ li H � >H � > === duh d sduwlwlrq ri 
/ dqg I � 
/ wkhq

S +I , @
�

[

��� �
S +I _H � , @

�

[

��� �
S +I mH � ,S +H � ,

li S+H � , A 3 iru doo l1

��S ��v,5 AO,�+,�
WKHRUHP

Vxssrvh H>I � 
/ zlwk S+H,>S+I , A 31 Wkhq
S +HmI , @ S +I mH,S +H,

S +I ,
Surri

S +HmI ,S +I , @ S +H _ I , @ S +I mH,S +H,> vrS +HmI ,S +I , @ S +I mH,S +H,=

H{whqvlrq= Li H � > ===>H � duh glvmrlqw/ zlwk S+H � , A 3 iru l @ 4> ===> n/ dqg irup d sduwlwlrq ri I � 
/
wkhq

S +H � mI , @ S +I mH � ,S +H � ,
�

[

��� �
S +I mH � ,S +H � ,

Wkh h{whqvlrq wr wkh frxqwdeo| dgglwlyh +lq�qlwh, fdvh dovr krogv1
QRWH= lq jhqhudo/ S+HmI , 9@S+I mH, 0 vhh Phglfdo Whvwlqj h{dpsohv1
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��. ��N�AW�B A,�O�W"N,5
Vxssrvh wkdw dq h{shulphqw kdv Q htxdoo| olnho| vdpsoh rxwfrphv1 Li hyhqw H fruuhvsrqgv wr d
froohfwlrq ri vdpsoh rxwfrphv ri vl}h q+H,/ wkhq

S +H, @ q+H,
Q

vr lw lv qhfhvvdu| wr eh deoh wr hydoxdwh q+H, dqg Q lq sudfwlfh1
Pxowlsolfdwlrq sulqflsoh

Li rshudwlrqv odehoohg 4> ===> u fdq eh fduulhg rxw lq q � > ===> q � zd|v uhvshfwlyho|/ wkhq wkhuh duh
�
\

��� �
q � @ q � ===q �

zd|v ri fduu|lqj rxw wkh u rshudwlrqv lq wrwdo1
H[DPSOH = Li hdfk ri u wuldov ri dq h{shulphqw kdv Q srvvleoh rxwfrphv/ wkhq wkhuh duh Q �

srvvleoh vhtxhqfhv ri rxwfrphv lq wrwdo1
h1j1+l, Li d pxowlsoh fkrlfh h{dp kdv 53 txhvwlrqv/ hdfk ri zklfk kdv 8 srvvleoh dqvzhuv/ wkhq wkhuh
duh 8 ��� gl�huhqw zd|v ri frpsohwlqj wkh h{dp1
+ll, Wkhuh duh 5 � vxevhwv ri p hohphqwv +dv hdfk hohphqw lv hlwkhu lq wkh vxevhw/ ru qrw lq wkh
vxevhw/ zklfk lv htxlydohqw wr p wuldov hdfk zlwk wzr rxwfrphv,1
Vdpsolqj iurp d �qlwh srsxodwlrq

Frqvlghu d froohfwlrq ri Q lwhpv/ dqg d vhtxhqfh ri rshudwlrqv odehoohg 4> ===> u vxfk wkdw wkh lwk
rshudwlrq lqyroyhv vhohfwlqj rqh ri wkh lwhpv uhpdlqlqj diwhu wkh �uvw l� 4 rshudwlrqv kdyh ehhq
fduulhg rxw1 Ohw q � ghqrwh wkh qxpehu ri zd|v ri fduu|lqj rxw wkh lwk rshudwlrq/ iru l @ 4> ===> u1
Wkhq wkhuh duh wzr glvwlqfw fdvhv>
+d, Vdpsolqj zlwk uhsodfhphqw = dq lwhp lv uhwxuqhg wr wkh froohfwlrq diwhu vhohfwlrq1 Wkhq
q � @ Q iru doo l/ dqg wkhuh duh Q � zd|v ri fduu|lqj rxw wkh u rshudwlrqv1
+e, Vdpsolqj zlwkrxw uhsodfhphqw = dq lwhp lv qrw uhwxuqhg wr wkh froohfwlrq diwhu vhohfwhg1
Wkhq q � @ Q � l. 4/ dqg wkhuh duh Q+Q � 4,===+Q � u. 4, zd|v ri fduu|lqj rxw wkh u rshudwlrqv1
h1j1 Frqvlghu vhohfwlqj 8 fdugv iurp 851 Wkhq
+d, ohdgv wr 85 � srvvleoh vhohfwlrqv/ zkhuhdv
+e, ohdgv wr 85=84=83=7<=7; srvvleoh vhohfwlrqv

Qrwh= Wkh rughu lq zklfk wkh rshudwlrqv duh fduulhg rxw pd| eh lpsruwdqw
h1j1 lq d ud�h zlwk wkuhh sul}hv dqg 433 wlfnhwv/ wkh gudz i78> 4<> :9j lv gl�huhqw iurp i4<> :9> 78j1
Qrwh= wkh lwhpv pd| eh glvwlqfw +xqltxh lq wkh froohfwlrq,/ ru lqglvwlqfw +ri d xqltxh w|sh lq wkh
froohfwlrq/ exw qrw xqltxh lqglylgxdoo|,1
h1j1 Wkh qxpehuhg edoov lq wkh Qdwlrqdo Orwwhu|/ ru lqglylgxdo sod|lqj fdugv/ duh glvwlqfw1 Krz0
hyhu edoov lq wkh orwwhu| duh uhjdughg dv _ZLQQLQJ% ru _QRW ZLQQLQJ%/ ru sod|lqj fdugv duh
uhjdughg lq whupv ri wkhlu vxlw rqo|/ duh lqglvwlqfw1
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SHUPXWDWLRQV DQG FRPELQDWLRQV

Gh�qlwlrq 41:14 D shupxwdwlrq lv dq rughuhg duudqjhphqw ri d vhw ri lwhpv1
D frpelqdwlrq lv dq xqrughuhg duudqjhphqw ri d vhw ri lwhpv1
UHVXOW 4 Wkh qxpehu ri shupxwdwlrqv ri q glvwlqfw lwhpv lv q$ @ q+q� 4,===4=
UHVXOW 5 Wkh qxpehu ri shupxwdwlrqv ri u iurp q glvwlqfw lwhpv lv

S �
� @ q$

+q� u,$ @ q+q� 4,===+q� u . 4, +e| wkh Pxowlsolfdwlrq Sulqflsoh,=

Li wkh rughu lq zklfk lwhpv duh vhohfwhg lv qrw lpsruwdqw/ wkhq
UHVXOW 6 Wkh qxpehu ri frpelqdwlrqv ri u iurp q glvwlqfw lwhpv lv

F �
� @

�q
u
�

@ q$
u$+q� u,$ +dvS �

� @ u$F �
� ,=

0uhfdoo wkh Elqrpldo Wkhruhp/ qdpho|

+d. e, � @
�

[

��� �

�q
l
�

d � e �
� � =

Wkhq wkh qxpehu ri vxevhwv ri p lwhpv fdq eh fdofxodwhg dv iroorzv> iru hdfk 3 � m � p/ fkrrvh d
vxevhw ri m lwhpv iurp p1 Wkhq

Wrwdo qxpehu ri vxevhwv @
�
[

� � �

�p
m
�

@ +4 . 4, � @ 5 � =

Li wkh lwhpv duh lqglvwlqfw/ exw hdfk lv ri d xqltxh w|sh/ vd| W|sh L/ 111/ W|sh � vd|/ +wkh vr0fdoohg
Xuq Prgho, wkhq
UHVXOW 7 Wkh qxpehu ri glvwlqjxlvkdeoh shupxwdwlrqv ri q lqglvwlqfw remhfwv/ frpsulvlqj q �

lwhpv ri w|sh l iru l @ 4> ===> � lv
q$

q � $q � $===q � $

Vshfldo Fdvh = li � @ 5/ wkhq wkh qxpehu ri glvwlqjxlvkdeoh shupxwdwlrqv ri wkh q � remhfwv ri w|sh
L/ dqg q � @ q� q � remhfwv ri w|sh LL lv

F �
��� @ q$

q � $+q� q � ,$
Dovr/ wkhuh duh F �

� zd|v ri sduwlwlrqlqj q glvwlqfw lwhpv lqwr wzr _fhoov%/ zlwk u lq rqh fhoo dqg
q� u lq wkh rwkhu1
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SUREDELOLW\ FDOFXODWLRQV
Uhfdoo wkdw li dq h{shulphqw kdv Q htxdoo| olnho| vdpsoh rxwfrphv/ dqg hyhqw H fruuhvsrqgv

wr d froohfwlrq ri vdpsoh rxwfrphv ri vl}h q+H,/ wkhq

S +H, @ q+H,
Q

H[DPSOH 41 D Wuxh2Idovh h{dp kdv 53 txhvwlrqv1 Ohw H @ _49 dqvzhuv fruuhfw dw udqgrp%1
Wkhq

S +H, @ Qxpehu ri zd|v ri jhwwlqj 49 rxw ri 53 fruuhfw
Wrwdo qxpehu ri zd|v ri dqvzhulqj 53 txhvwlrqv @

�53
49
�

5 ��� @ 3=3379

H[DPSOH 51 Vdpsolqj zlwkrxw uhsodfhphqw1
Frqvlghu dq Xuq Prgho zlwk 43 W|sh L remhfwv dqg 53 W|sh LL remhfwv/ dqg dq h{shulphqw lqyroylqj
vdpsolqj �yh remhfwv zlwkrxw uhsodfhphqw1 Ohw H@_suhflvho| 5 W|sh L remhfwv vhohfwhg% Zh qhhg
wr fdofxodwh Q dqg q+H, lq rughu wr fdofxodwh S+H,1 Lq wklv fdvh Q lv wkh qxpehu ri zd|v ri
fkrrvlqj 8 iurp 63 lwhpv/ dqg khqfh

Q @
�63
8
�

Wr fdofxodwh q+H,/ zh wklqn ri H rffxuulqj e| �uvw fkrrvlqj 5 W|sh L remhfwv iurp 43/ dqg wkhq
fkrrvlqj 6 W|sh LL remhfwv iurp 53/ dqg khqfh/ e| wkh pxowlsolfdwlrq uxoh/

q+H, @ =
�43
5
��53

6
�

Wkhuhiruh

S +H, @
=
�43
5
��53

6
�

�63
8
� @ 3=693

QRWH= Wklv uhvxow fdq eh rewdlqhg xvlqj d frqglwlrqdo suredelolw| dujxphqw> frqvlghu hyhqw
I � H/ zkhuh I @ _vhtxhqfh ri remhfwv 44555 rewdlqhg%1 Wkhq

I @
�
W

��� � I � �

zkhuh I � � @ _w|sh m remhfw rewdlqhg rq gudz l% l @ 4> ===> 8> m @ 4> 51 Wkhq
S +I , @ S +I � � ,S +I � � mI � � ,===S +I � � mI � � > I � � > I � � > I � � , @ 43

63
<
5<

53
5;

4<
5:

4;
59
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Qrz frqvlghu hyhqw J zkhuh J @ _vhtxhqfh ri remhfwv 45455 rewdlqhg%1 Wkhq

S +J, @ 43
63

53
5<

<
5;

4<
5:

4;
59

l1h1 S+J, @S+I ,1 Lq idfw/ dq| vhtxhqfh frqwdlqlqj wzr W|sh L dqg wkuhh W|sh LL remhfwv kdv wklv
suredelolw|/ dqg wkhuh duh �

�

�
� vxfk vhtxhqfhv1 Wkxv/ dv doo vxfk vhtxhqfhv duh pxwxdoo| h{foxvlyh/

S +H, @
�8
5
�43
63

<
5<

53
5;

4<
5:

4;
59 @

=
�43
5
��53

6
�

�63
8
�

dv ehiruh1
H[DPSOH 61 Vdpsolqj zlwk uhsodfhphqw1
Frqvlghu dq Xuq Prgho zlwk 43 W|sh L remhfwv dqg 53 W|sh LL remhfwv/ dqg dq h{shulphqw lqyroylqj
vdpsolqj �yh remhfwv zlwk uhsodfhphqw1 Ohw H @ _suhflvho| 5 W|sh L remhfwv vhohfwhg%1 Djdlq/ zh
qhhg wr fdofxodwh Q dqg q+H, lq rughu wr fdofxodwh S+H,1 Lq wklv fdvh Q lv wkh qxpehu ri zd|v ri
fkrrvlqj 8 iurp 63 lwhpv zlwk uhsodfhphqw/ dqg khqfh

Q @ 63 �

Wr fdofxodwh q+H,/ zh wklqn ri H rffxuulqj e| �uvw fkrrvlqj 5 W|sh L remhfwv iurp 43/ dqg 6 W|sh
LL remhfwv iurp 53 lq dq| rughu1 Frqvlghu vxfk vhtxhqfhv ri vhohfwlrq

Vhtxhqfh Qxpehu ri zd|v
44555 43=43=53=53=53
45455 43=53=43=53=53

= =
hwf1/ dqg wkxv d vhtxhqfh zlwk 5 W|sh L remhfwv dqg 6 W|sh LL remhfwv fdq eh rewdlqhg lq 43 � 53 �

zd|v1 Dv ehiruh wkhuh duh �
�

�
�vxfk vhtxhqfhv/ dqg wkxv

S +H, @

�8
5
�

43 � 53 �

63 � @ 3=65<=
Djdlq/ wklv uhvxow fdq eh rewdlqhg xvlqj d frqglwlrqdo suredelolw| dujxphqw> frqvlghu hyhqw I � H/
zkhuh I @ _vhtxhqfh ri remhfwv 44555 rewdlqhg%1 Wkhq

S +I , @
�43
63

� � �53
63

� �

dv wkh uhvxowv ri wkh gudzv duh lqghshqghqw1 Wklv uhvxow lv wuxh iru dq| vhtxhqfh frqwdlqlqj wzr
W|sh L dqg wkuhh W|sh LL remhfwv/ dqg wkhuh duh �

�

�
� vxfk vhtxhqfhv wkdw duh pxwxdoo| h{foxvlyh/ vr

S +H, @
�8
5
��43

63
� � �53

63
� �
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