
4

�NwAWV�+W�A, #W5A+W�NAW��5 � `�+k,# ,j���w,5

H[DPSOH 4 Ohw [ � dqg [ � eh glvfuhwh udqgrp yduldeohv hdfk zlwk udqjh i4> 5> 6> ===j dqg mrlqw pdvv
ixqfwlrq

i ����� ��� +{ � > { � , @ f
+{ � . { � � 4,+{ � . { � ,+{ � . { � . 4, { � > { � @ 4> 5> 6> ===

dqg }hur rwkhuzlvh1 Wkh pdujlqdo pdvv ixqfwlrq iru [ lv jlyhq e|

i � � +{ � , @
	
[


 ���� 	
i � � � � � +{ � > { � , @

	
[


 ��� �

f
+{ � . { � � 4,+{ � . { � ,+{ � . { � . 4,

@
	
[


 ��� �

f
5
� 4
+{ � . { � � 4,+{ � . { � , � 4

+{ � . { � ,+{ � . { � . 4,
�

@ f
5

4
{ � +{ � . 4,

dv doo rwkhu whupv fdqfho/ dqg wr fdofxodwh f/ qrwh wkdw
	
[


 ���� 	
i � � +{ � , @

	
[


 ��� �

f
5

4
{ � +{ � . 4, @ f

5
	
[


 ��� �

� 4
{ � � 4

{ � . 4
�

@ f
5

dv doo whupv lq wkh vxp h{fhsw wkh �uvw fdqfho1 Khqfh f @ 5/ dqg e| v|pphwu| i � � dqg i � � duh lghqwlfdo1

H[DPSOH 5 Ohw [ � dqg [ � eh frqwlqxrxv udqgrp yduldeohv zlwk udqjhv [ � @ [ � @ +3> 4, dqg mrlqw
sgi gh�qhg e|

i ����� ��� +{ � > { � , @ 7{ � { � 3 ? { � ? 4> 3 ? { � ? 4
dqg }hur rwkhuzlvh1 Iru 3 ? { � > { � ? 4/

I ����� ��� +{ � > { � , @
] 
 �

� 	

] 
 �

� 	
i ����� ��� +w � > w � , gw � gw � @

] 
 �

�

] 
 �

� 7w � w � gw � gw �

@
�] 
 �

� 5w � gw �
��] 
 �

� 5w � gw �
�

@ +{ � { � , �

dqg d ixoo vshfl�fdwlrq iru I ����� ��� lv

I ����� ��� +{ � > { � , @

;

A

A

A

A

?

A

A

A

A

=

3 { � > { � � 3
+{ � { � , � 3 ? { � > { � ? 4
{ � � 3 ? { � ? 4> { � � 4
{ �� 3 ? { � ? 4> { � � 4
4 { � > { � � 4

Wr fdofxodwh S^ +[ � .[ � ,@5 ? f `/ qhhg wr lqwhjudwh i ����� ��� ryhu wkh vhw
D @ i +{ � > { � , = 3 ? { � > { � ? 4> +{ � . { � ,@5 ? f j >

wkdw lv/ li f @ 4@5/

S^ +[ � .[ � , ? 4 ` @
]

�

�

]
� � 
 �

� 7{ � { � g{ � g{ � @
]

�

� 5{ � +4� { � , � g{ � @ 4
9

^Klqw= ehiruh wu|lqj wr fdofxodwh wkh suredelolw|/ vnhwfk wkh mrlqw udqjh dqg wkh vhw D`1
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H[DPSOH 6 Ohw [ � / [ � eh frqwlqxrxv udqgrp yduldeohv zlwk udqjhv [ � @ [ � @ ^3> 4`/ dqg mrlqw sgi
gh�qhg e|

i � � � � � +{ � > { � , @ 4 3 � { � > { � � 4
dqg }hur rwkhuzlvh1 Ohw \ @ [ � .[ � 1 Wkhq

I � +|, @ S^ \ � | ` @ S^ [ � .[ � � | `
Fohduo| \ kdv udqjh \ @ ^3> 5`/ Qrz/ wr fdofxodwh S^ +[ � .[ � , � | `/ qhhg wr lqwhjudwh i ����� ��� ryhu wkh
vhw D � @ i +{ � > { � , = 3 ? { � > { � ? 4> { � . { � � | j1 Qrz iru 3 � | � 4/

S^ +[ � .[ � , ? | ` @
] �

�

] � � 
 �

� 4 g{ � g{ � @
] �

� +| � { � , g{ � @ | �
5

zkhuhdv iru 4 � | � 5/ zh kdyh
S^[ � .[ � � | ` @ 4�S^[ � .[ � A | ` @ 4�]

�

� � �

]
�

� � 
 �
4 g{ � g{ � @ 4�]

�

� � �
+4�|.{ � , g{ � @ �| �

5 .5|�4
Wkhvh wzr h{suhvvlrqv jlyh wkh fgi I � / dqg khqfh e| gl�huhqwldwlrq zh kdyh

i � +|, @
� | 3 � | � 4

5� | 4 � | � 5
dqg }hur rwkhuzlvh1
^Klqw= ehiruh wu|lqj wr fdofxodwh wkh suredelolwlhv/ vnhwfk wkh vhw D � lq wkh wzr fdvhv 3 � | � 4 dqg
4 � | � 5`1
H[DPSOH 7 Ohw [ � dqg [ � eh frqwlqxrxv udqgrp yduldeohv zlwk udqjhv [ � @ +3> 4,/ [ � @ +3> 5,
dqg mrlqw sgi gh�qhg e|

i ����� ��� +{ � > { � , @ f
�

{ � � . { � { �
5

�

3 ? { � ? 4> 3 ? { � ? 5
dqg }hur rwkhuzlvh1 Wr fdofxodwh f/ zh kdyh

] 	

� 	

] 	

� 	
i ����� ��� +{ � > { � ,g{ � g{ � @

] �

�

]
�

� f
�

{ � � . { � { �
5

�

g{ � g{ � @
] �

� f
�{ �

�

6 . { � � { �
7

�

�

�
g{ �

@
] �

� f
�4
6 . { �

7
�

g{ � @ f
�{ �
6 . { ��

;
� �

�
@ f:9

vr f @ 9@:1 Wkh pdujlqdo sgi ri [ � lv jlyhq e|
i ��� +{ � , @

] 	

� 	
i ����� ��� +{ � > { � , g{ � @

] �

�
9
:
�

{ � � . { � { �
5

�

g{ �

@ 9
:
�

{ � � { � . { � { ��
7

� �

�
@ 9{ � +5{ � . 4,

: 3 ? { � ? 4
dqg }hur rwkhuzlvh1 Wr frpsxwh S^ [ � A [ � `/ ohw D @ i +{ � > { � , = 3 ? { � ? 4> 3 ? { � ? 5> { � ? { � j/
vr

S^ [ � A [ � ` @
]

�

]

i ����� ��� +{ � > { � , g{ � g{ � @
]

�

�

] 
 �

�
9
:
�

{ � � . { � { �
5

�

g{ � g{ �

@
]

�

�

�

{ � � { � . { � { ��
7

�

 �

�
g{ � @

]
�

�

�

{ �
� . { �

�

7
�

g{ � @ 9
:
�8{ �

�

49
�

�

�
@ 48

89
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H[DPSOH 8 Ohw [ � / [ � dqg [ � eh frqwlqxrxv udqgrp yduldeohv zlwk mrlqw udqjhv
[
� ��� @ i +{ � > { � > { � , = 3 ? { � ? { � ? { � ? 4j

dqg mrlqw sgi gh�qhg e|
i ����� ��� � ��� +{ � > { � > { � , @ f 3 ? { � ? { � ? { � ? 4

dqg }hur rwkhuzlvh1 Wr fdofxodwh f/ lqwhjudwh fduhixoo| ryhu [ � ��� / wkdw lv
] 	

� 	

] 	

� 	

] 	

� 	
i � � � � � � � � +{ � > { � > { � , g{ � g{ � g{ � @ 4 @, ]

�

�

�] 
 �

�

�] 
 �

� f g{ �
�

g{ �
�

g{ � @ 4=

Qrz
]

�

�

�] 
 �

�

�] 
 �

� f g{ �
�

g{ �
�

g{ � @
]

�

�

�] 
 �

� f{ � g{ �
�

g{ � @
]

�

�
f{ ��
5 g{ � @ f

9
dqg khqfh f @ 91
Dovr/ iru 3 ? { � ? 4/

i � � +{ � , @
] 	

� 	

] 	

� 	
i � � � � � � � � +{ � > { � > { � , g{ � g{ � @

] 
 �

�

�] 
 �

� 9 g{ �
�

g{ � @
] 
 �

� 9{ � g{ � @ 6{ ��

dqg }hur rwkhuzlvh1 Vlplodu fdofxodwlrqv jlyh
i ��� +{ � , @ 6+4� { � , � 3 ? { � ? 4
i ��� +{ � , @ 9{ � +4� { � , 3 ? { � ? 4

dqg }hur rwkhuzlvh/ dqg ixuwkhupruh

i � � � � � +{ � > { � , @
] 	

� 	
i � � � � � � � � +{ � > { � > { � , g{ � @

]
�


 �
9 g{ � @ 9+4� { � , 3 ? { � ? { � ? 4

dqg }hur rwkhuzlvh1 Frpelqlqj wkhvh uhvxowv/ zh kdyh/ iru h{dpsoh

i ����� ��� +{ � m{ � , @ i ����� ��� +{ � > { � ,
i � � +{ � , @ 4

{ � 3 ? { � ? { �

dqg }hur rwkhuzlvh iru �{hg { � 1
Zh fdq fdofxodwh wkh h{shfwdwlrq ri [ � hlwkhu gluhfwo| ru xvlqj wkh Odz ri Lwhudwhg H{shfwdwlrq= zh
kdyh

H �	� � ^ [ � ` @
] 	

� 	
{ � i ��� +{ � , g{ � @

]
�

� { � 6+4� { � , � g{ � @ 4
7

ru/ dowhuqdwlyho|/

H � � ��
 � � ^ [ � m[ � @ { � ` @
] 	

� 	
{ � i ����� ��� +{ � m{ � , g{ � @ ] 
 �

� { � 4{ � g{ � @ { �
5

dqg khqfh e| wkh odz ri lwhudwhg h{shfwdwlrq
H �	� � ^ [ � ` @ H �	� �

k

H � � ��
 � � ^ [ � m[ � @ { � `
l

@
] 	

� 	
H � � ��
 � � ^ [ � m[ � @ { � ` i ��� +{ � ,g{ � @

]
�

�
{ �
5 9{ � +4� { � ,g{ � @ 4

7
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H[DPSOH 9 Ohw [ � / [ � eh frqwlqxrxv udqgrp yduldeohv zlwk mrlqw ghqvlw| i ����� ��� dqg ohw udqgrp
yduldeoh \ eh gh�qhg e| \ @ j+[ � >[ � ,1 Wr fdofxodwh wkh sgi ri \ zh frxog xvh wkh pxowlyduldwh
wudqvirupdwlrq wkhruhp diwhu gh�qlqj dqrwkhu +gxpp|, yduldeoh ] dv vrph ixqfwlrq ri [ � dqg [ � / dqg
frqvlghu wkh mrlqw wudqvirupdwlrq +[ � >[ � , �$ +\>],1
Dv d vshfldo fdvh ri wkh Wkhruhp/ frqvlghu gh�qlqj ] @ [ � 1 Zh kdyh

i � +|, @
] 	

� 	
i � � � +|> }, g} @

] 	

� 	
i � � � +|m},i � +}, g} @

] 	

� 	
i � � � � +|m{ � ,i ��� +{ � , g{ �

dv i � � � +|> }, @ i � � � +|m},i � +}, e| wkh fkdlq uxoh iru ghqvlwlhv> i � � ��� +|m{ � , lv d xqlyduldwh +frqglwlrqdo,
sgi iru \ jlyhq [ � @ { � 1

Qrz/ jlyhq wkdw [ � @ { � / zh kdyh wkdw \ @ j+{ � >[ � ,/ wkdw lv/ \ lv d wudqvirupdwlrq ri [ � rqo|1
Khqfh wkh frqglwlrqdo sgi i � � ��� +|m{ � , fdq eh ghulyhg xvlqj vlqjoh yduldeoh +udwkhu wkdq pxowlyduldwh,
wudqvirupdwlrq whfkqltxhv1 Vshfl�fdoo|/ li \ @ j+{ � >[ � , lv d 404 wudqvirupdwlrq iurp [ � wr \ / wkhq
wkh lqyhuvh wudqvirupdwlrq [ � @ j � � +{ � > \ , lv zhoo gh�qhg/ dqg e| wkh wudqvirupdwlrq wkhruhp

i � � ��� +|m{ � , @ i ��� � � � +j � � +{ � > |,,M+|>{ � , @ i ��� � ��� + j � � +{ � > |, m { � , ���
�

C
Cw

�j � � +{ � > w,� � � �

�

�

�

�

dqg khqfh
i � +|, @

] 	

� 	
i � � � � � + j � � +{ � > |, m { � , ���

�

C
Cw

�j � � +{ � > w,� � � �

�

�

�

�

i ��� +{ � , g{ �

Iru h{dpsoh/ li \ @ [ � [ � / wkhq [ � @ \@[ � / dqg khqfh
�

�

�

�

C
Cw

�j � � +{ � > w,� � � �

�

�

�

�

@
�

�

�

�

�

C
Cw

� w
{ �

�

� � �

�

�

�

�

�

@ m{ � m � �
vr

i � +|, @
] 	

� 	
i ��� � ��� + |@{ � m { � , m{ � m � � i ��� +{ � , g{ � =

Wkh frqglwlrqdo ghqvlw| i ��� � ��� dqg2ru wkh pdujlqdo ghqvlw| i ��� pd| eh }hur rq sduwv ri wkh udqjh ri
wkh lqwhjudo1
Dowhuqdwlyho|/ wkh fgi ri \ lv jlyhq e|

I � +|, @ S^ \ � | ` @ S^ j+[ � >[ � , � | ` @
]

���

]

i ����� ��� +{ � > { � , g{ � g{ �

zkhuh D � @ i +{ � > { � , = j+{ � > { � , � | j vr wkh fgi fdq eh fdofxodwhg e| fduhixoo| lghqwli|lqj dqg lqwhu0
judwlqj ryhu wkh vhw D � 1
H[DPSOH : Ohw [ � / [ � eh udqgrp yduldeohv zlwk mrlqw ghqvlw| i ����� ��� dqg ohw j+[ � ,1 Wkhq

H �	� ��� � � ^ j+[ � , ` @
] 	

� 	

] 	

� 	
j+{ � ,i ����� ��� +{ � > { � ,g{ � g{ � @

] 	

� 	

] 	

� 	
j+{ � ,i ����� ��� +{ � m{ � ,i ��� +{ � , g{ � g{ �

@
] 	

� 	

�] 	

� 	
j+{ � ,i ����� ��� +{ � m{ � , g{ � � i � � +{ � , g{ �

@ H �	� �
k

H � � ��
 � � ^ j+[ � , m [ � @ { � `
l

@ H �	� � ^ j+[ � , `
e| wkh odz ri lwhudwhg h{shfwdwlrq1
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H[DPSOH ; Ohw [ � / [ � eh frqwlqxrxv udqgrp yduldeohv zlwk mrlqw sgi jlyhq e|
i ����� ��� +{ � > { � , @ { � h � � 
 ��� 
 � � { � > { � A 3

dqg }hur rwkhuzlvh1 Ohw \ @ [ � .[ � 1 Wkhq e| wkh Frqyroxwlrq Wkhruhp/

i � +|, @
] 	

� 	
i ����� ��� +{ � > | � { � , g{ � @

] �

� { � h � � 
 ��� � � � 
 � � g{ � @ | �
5 h � � | A 3

dqg }hur rwkhuzlvh1
Qrwh wkdw wkh lqwhjudo udqjh lv 3 wr | dv wkh mrlqw ghqvlw| i ����� ��� lv rqo| qrq0}hur zkhq erwk lwv dujxphqwv
duh srvlwlyh/ wkdw lv/ zkhq { � A 3 dqg | � { � A 3 iru �{hg |/ ru zkhq 3 ? { � ? |1
Lw lv vwudljkwiruzdug wr fkhfn wkdw wklv ghqvlw| lv d ydolg sgi1
H[DPSOH < Ohw [ � / [ � eh frqwlqxrxv udqgrp yduldeohv zlwk mrlqw sgi jlyhq e|

i ����� ��� +{ � > { � , @ 5+{ � . { � , 3 � { � � { � � 4
dqg }hur rwkhuzlvh1 Ohw \ @ [ � .[ � 1 Wkhq e| wkh Frqyroxwlrq Wkhruhp/

i � +|, @
] 	

� 	
i ����� ��� +{ � > | � { � , g{ � @

;

A

A

A

A

?

A

A

A

A

=

] �����

� 5| g{ � 3 � | � 4
] �����

� � �
5| g{ � 4 � | � 5

dqg }hur rwkhuzlvh/ dv i ����� ��� +{ � > | � { � , @ 5| zkhq erwk { � dqg | � { � olh lq wkh lqwhuydo ^3> 4` zlwk
{ � � | � { � iru �{hg |/ dqg }hur rwkhuzlvh1 Fohduo| \ wdnhv ydoxhv rq \ @ ^3> 5`> iru 3 � | � 4/ wkh
frqvwudlqwv 3 � { � � |�{ � � 4 lpso| wkdw 3 � { � � |@5 iru �{hg |/ zkhuhdv li 4 � | � 5 wkh frqvwudlqwv
lpso| 4� | � { � � |@51
Khqfh

i � +|, @
;

?

=

| � 3 � | � 4
|+5� |, 4 � | � 5

Lw lv vwudljkwiruzdug wr fkhfn wkdw wklv ghqvlw| lv d ydolg sgi1
^Klqw= vnhwfk wkh uhjlrq ri +[ � > \ , vsdfh rq zklfk wkh mrlqw ghqvlw| i ����� ��� +{ � > | � { � , lv srvlwlyh> wklv
uhjlrq lv wkh wuldqjoh zlwk fruqhuv +3> 3,> +4> 5,> +3> 4,1 Wkh frqvlghu lqwhjudwlrq ryhu { � iru �{hg | lq wkh
wzr udqjhv`1
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FRYDULDQFH FDOFXODWLRQV Li [ � dqg [ � duh frqwlqxrxv udqgrp yduldeohv zlwk mrlqw pdvv
ixqfwlrq2sgi i � � � � � / wkhq wkh fryduldqfh ri [ � dqg [ � lv lv gh�qhg e|

Fry �	� � � � � ^[ � >[ � ` @ H �	� � � � � ^+[ � � � � ,+[ � � � � ,`

@
] 	

� 	

] 	

� 	
+{ � � � � ,+{ � � � � , i ����� ��� +{ � > { � , g{ � g{ �

@
] 	

� 	

] 	

� 	
^{ � { � � { � � � � { � � � . � � � � ` i � � � � � +{ � > { � , g{ � g{ �

@
] 	

� 	

] 	

� 	
{ � { � i ����� ��� +{ � > { � , g{ � g{ � � � �

] 	

� 	

] 	

� 	
{ � i ����� ��� +{ � > { � , g{ � g{ �

� � �
] 	

� 	

] 	

� 	
{ � i ����� ��� +{ � > { � , g{ � g{ � . � � � �

] 	

� 	

] 	

� 	
i ����� ��� +{ � > { � , g{ � g{ �

@ H �	� � � � � ^ [ � [ � `� � � H �	� � ^ [ � `� � � H �	� � ^ [ � ` . � � � �
@ H �	� � � � � ^ [ � [ � `� � � � �

zkhuh � � @ H �	��� ^[ � ` lv wkh pdujlqdo h{shfwdwlrq ri [ � / iru l @ 4> 5
Wkh surri ri wkh uhvxowv iru wkh h{shfwdwlrq dqg yduldqfh ri vxpv ri udqgrp yduldeohv surfhhg vlploduo|1
Li \ @ [ � .[ � / wkhq

H ��� ^ \ ` @ H �	� � � � � ^ [ � .[ � ` @
] 	

� 	

] 	

� 	
+{ � . { � ,i ����� ��� +{ � > { � , g{ � g{ �

@
] 	

� 	

] 	

� 	
{ � i � � � � � +{ � > { � , g{ � g{ � .

] 	

� 	

] 	

� 	
{ � i � � � � � +{ � > { � , g{ � g{ �

@ H �	� � ^ [ � ` . H �	� � ^ [ � `
Ydu ��� ^ \ ` @ Ydu �	� � � � � ^ [ � .[ � ` @ H �	� � � � �

� +[ � .[ � � +� � . � � ,, � �

@
] 	

� 	

] 	

� 	
+{ � . { � � � � � � � , � i � � � � � +{ � > { � , g{ � g{ �

@
] 	

� 	

] 	

� 	
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