H[ DP 0VW“ OH T XHVWLRQV +wdnhq iurp 5334 Dvvhvvhg Frxuvhzrun,

41+d, Frqwlqxrxvudqgrp yduldeohv♭ dqg ♮ kdyh mrlqwsgi jlyhq e— i_{f ct} +ı>ȷ , @f_�+ı . ȷ , 3 ⪰ ı>ȷ ⪰ 4 dqg ˝hur rwkhuz lvh/ irufrqvwdqwf_�1 I lqg

+l, wkh ydoxh ri f_�

+ll, wkh p dujlqdosgi ri ♭ / i_f

+lll, wkh suredelolw— S ⌋ ♮ ⋆ 4 5 ⌈

+ly, wkh suredelolw— S ⌋ ♮ ⋆ ♭^2 ⌈

+e, Qrz vxssrvh wkdwwkh udqjh +dqg khqfh wkh mrlqwglvwulexwlrq, ri +♭ >♮ , lvfkdqjhg vr wkdw

3 ⪰ ı>ȷ ⪰ 4 dqg 3 ⪰ ı . ȷ ⪰ 4

z lwk mrlqwsgi i_{f ct} +ı>ȷ , @f_2+ı . ȷ , irufrqvwdqwf_21

Hydoxdwh S ⌋ ♮ ⋆ ♭^2 ⌈ iruwklvqhz vshflfflfdwlrq 0— rx p d— ohdyh — rxudqvz hulq whup vri δ @ ∗ 4. ∫ 8 5 K̂lqw= vnhwfk wkh uhjlrqv ri lqwhuhvwlq +lll,/ +ly, dqg +e,1‘

51 Qrz vxssrvh wkdwwkh udqgrp yduldeohv ♭ dqg ♮ kdyh mrlqwsgi vshflfflhg dv i_{f ct} +ı>ȷ , @ 4 5τ h–s ⟩ ∗ 4 5 ] ı^2 . ȷ^2 ⌊/ ∗ △ ⪰ ı>ȷ ⪰ △ dqg vxssrvh wkdw♭ dqg ♮ fruuhvsrqg wr wkh F duwhvldq –0dqg — 0frruglqdwhv ri d +udqgrp , srlqwlq wkh sodqh1

+d, Vxssrvh wkdwwkh s r odu frruglqdwhv ri wkh srlqw+udglxv/ dqjoh p hdvxuhg iurp wkh srvlwlyh uhdo d–lv, duh udqgrp yduldeohv +U>W,1 I lqg wkh mrlqwsgi ri +U>W,/ i_{cA} 1

+e, Frqvlghuudqgrp yduldeohv X @h–s ⟩ ∗ U^2 5 / Y @ W 5τ Duh udqgrp yduldeohvX dqg Y lqghshqghqwB Mxvwli— — rxudqvz hu1

5ȷ wNAWȷ Π 5

4+d, Z h kdyh i^{f ct} +ı>ȷ , @f^�+ı . ȷ , 3 ⪰ ı>ȷ ⪰ 4 dqg ˝hur rwkhuz lvh1

+l, Wr frp sxwh f^� ⊎^↑ ∋ ↑ ⊎^↑ ∋ ↑ i^{f ct} +ı>ȷ ,gıgȷ @4 dqg dv ⊎^↑ ∋ ↑ ⊎^↑ ∋ ↑ i^{f ct} +ı>ȷ ,gıgȷ @ ⊎^� f ⊎^� f i^{f ct} +ı>ȷ ,gıgȷ @ ⊎^� f ⊎^� f f^�+ı . ȷ ,gıgȷ

@f^� ⊎^� f ⌋ ı_2 5 . ıȷ ⌈^� f gȷ

@f^� ⊎^� f ] 4 5 . ȷ ⌊ gȷ @f^� ⌋ ȷ 5 . ȷ_2 5 ⌈^� f @f^� vr wkdwf^� @41

+ll, Wr frp sxwh wkh p duj lqdoiru♭ / z h kdyh i^f +ı, @ ↑⊎ ∋ ↑ i^{f ct} +ı>ȷ ,gȷ @ �⊎ f +ı . ȷ ,gȷ @ ⌋ ıȷ . ȷ_2 5 ⌈^� f @ı . 4 5 3 ⪰ ı ⪰ 4

Qrwh wkdw/ e— v— p p hwu— / z h dovr kdyh i^t +ȷ , @ȷ . 4 5 3 ⪰ ȷ ⪰ 4

+lll, Xvlqj wkh uhvxowiurp +ll,/

I^t +ȷ , @ ⇁⊎ ∋ ↑ i^t +w,gw@ ⇁⊎ f ] w. 4 5 ⌊ gw@ ⌋ w_2 5 . w 5 ⌈^⇁ f @ ȷ_2 5 . ȷ 5 @ ȷ 5 +4. ȷ , 3 ⪰ ȷ ⪰ 4 vr wkdw S ⌋ ♮ ⋆ 4 5 ⌈ @I^t ] 4 5 ⌊ @ 6 ;

+ly, Fdq z ulwh S ⌋ ♮ ⋆ ♭^2 ⌈ @ ⊎ Φ ⊎ i_{f ct} +ı>ȷ ,gıgȷ z khuh D lvwkh vhw D ≤ ⟩ +ı>ȷ , =ȷ ⋆ ı^2 |

vr wkdw/ lqwhjudwlqj gı ffluvw+iruffl–hg ȷ / rq wkh udqj h iurp ]∫ ȷ >4 ⌊ , S ⌋ ♮ ⋆ ♭^2 ⌈ @ ⊎_� f ⟩ ⊎_� I ⇁ +ı . ȷ ,gı / gȷ @ ⊎_� f ⟩ ⌋ ı^2 5 . ıȷ ⌈_� I ⇁ / gȷ

@ ⊎_� f ⟩ 4 5 . ȷ ∗ ȷ 5 ∗^{fi⇀2} ∫ ȷ / gȷ @ ⊎_� f ⟩ 4 5 . ȷ 5 ∗^{fi⇀2} ∫ ȷ / gȷ

@ ⌋ ȷ 5 . ȷ^2 7 ∗ 5 8^{D⇀2} ∫ ȷ ⌈_� f @ 4 5 . 4 7 ∗ 5 8 @ : 53 ru/ ht xlydohqwo— / lqwhj udwlqj gȷ ffluvw+iruffl–hg ı/ rq wkh udqjh iurp ] 3>ı^2 ⌊ ,

S ⌋ ♮ ⋆ ♭^2 ⌈ @ ⊎_� f ⟩ ⊎_{ϱ2} f +ı . ȷ ,gȷ / gı @ ⊎_� f ⟩ ⌋ ıȷ . ȷ^2 5 ⌈_ϱ2 f / gı @ ⊎_� f ⟩ ı^fi .

ı^e 5 / gı @ ⌋ ı^e 7 . ı^D 43 ⌈_� f dqg khqfh S ⌋ ♮ ⋆ ♭^2 ⌈ @ 4 7 . 4 43 @ : 53 /

x y

0.0 0.2 0.4 0.6 0.8 1.0 0. 0

0. 2

0. 4

0. 6

0. 8

1. 0

dy (for fixed x) dx (for fixed y)

+e, Xqghuwkhqhz vshflfflfdwlrq/ d fkdqjhlq wkhudqjhri lqwhj udwlrq fkdqj hvwkhqrup dol˝dwlrq frqvwdqw iurp f^� wr f^2 dqg dovr wkh ydoxh S ⌋ ♮ ⋆ ♭_2 ⌈ 1 I luvw/ wr frp sxwh f^2/ z h lqwhjudwh gȷ iruffl–hg ı¿irudq— ffl–hg ı wkh udqj h ri lqwhjudwlrq gȷ lviurp wkh d–lvwr wkh olqh ı . ȷ @4/ wkdwlv/ iurp ȷ @3 wr ȷ @4∗ ı dqg khqfh ⊎^↑ ∋ ↑ ⊎^↑ ∋ ↑ i^{f ct} +ı>ȷ ,gıgȷ @ ⊎^� f ⟩ ⊎^{�∋ ϱ} f i^{f ct} +ı>ȷ ,gȷ / gı @ ⊎^� f ⟩ ⊎^{�∋ ϱ} f f^2+ı . ȷ ,gȷ / gı

@f^2

⊎^� f ⌋ ıȷ . ȷ_2 5 ⌈^{�∋ ϱ} f gı

@f^2

⊎^� f ] ı+4∗ ı, . +4∗ ı,_2 5 ⌊ gı @ f^2 5 ⊎^� f ] 5ı+4∗ ı, . +4∗ ı,_2 ⌊ gı

@ f^2 5 ⊎^� f ] 4∗ ı_2 ⌊ gı @ f^2 5 ⌋ ı ∗_{ϱfi}^fi

⌈^� f @ f^2 6 vr wkdwf^2 @61

x

y

0.0 0.2 0.4 0.6 0.8 1.0 0. 0

0. 2

0. 4

0. 6

0. 8

1. 0

Qrz / wr fdofxodwh S ⌋ ♮ ⋆ ♭_2 ⌈ ffluvwqrwh wkdwwkh uhjlrq D ri lqwhuhvwlv wkh uhjlrq erxqghg e— wkh krul˝rqwdod–lvdqg wkh olqhvı . ȷ @4 dqg ȷ @ı_21 Wkhvh olqhv p hhwz khq ı_2 @4∗ ı ≜ ı_2 . ı ∗ 4 @3 ⇓ ⇔ ı @ ∗ 4⊖ ∫ 4. 7 5 @ ∗ 4⊖ ∫ 8 5 dqg z h uht xluh wkh urrwwkdwolhvlq wkh udqj h ri ♭ / wkdwlv

∗ 4. ∫ 8 5 @δ vd— 1

Qrz / e— lqvshfwlrq ri d vxlwdeohvnhwfk/ z h vhhwkdwdjdlq lqwhjudwlrq gȷ iruffl–hg ı/ z hqhhg wr vsolwwkh udqjh ri ı lqwr wz r udqjhv/ wkdwlv/ ffluvw/ iurp 3 wr δ dqg vhfrqg iurp δ wr 4/ dvwkh udqjh ri lqwhjudwlrq

gȷ lvglffihuhqwlq wkhvh wz r fdvhv1 S ⌋ ♮ ⋆ ♭^2 ⌈ @ ⊎ Φ ⊎ i_{f ct} +ı>ȷ ,gȷ gı @ ⊎_k f ⟩ ⊎_{ϱ2} f 6+ı . ȷ ,gȷ / gı . ⊎_� k ⟩ ⊎_{�∋ ϱ} f 6+ı . ȷ ,gȷ / gı

@6 ⊎_k f ⟩ ⌋ ıȷ . ȷ^2 5 ⌈_ϱ2 f / gı . 6 ⊎_� k ⟩ ⌋ ıȷ . ȷ^2 5 ⌈_{�∋ ϱ} f / gı

@6 ⊎_k f ⟩ ı^fi .

ı^e 5 / gı . 6 ⊎_� k ⟩ ı+4∗ ı, . +4∗ ı,^2 5 / gı

@6 ⌋ ı^e 7 . ı^D 43 ⌈_k f . 6 5 ⌋ ı ∗ ı^fi 6 ⌈_� k @6 ] δ^e 7 . δ^D 43 ⌊ . 6 5 ] 5 6 ∗ ] δ ∗ δ^fi 6 ⌊ ⌊

@^fi_{2f} ] 8δ^e . 5δ^D ⌊ . ] 4∗ 6 5 δ . δ^fi 5 ⌊ @^�_{2f} +9δ^D. 48δ^e . 43δ^fi ∗ 63δ . 53,

z klfk j lyhvS ⌋ ♮ ⋆ ♭^2 ⌈ @3/65:71

x y

0.0 0.2 0.4 0.6 0.8 1.0 0. 0

0. 2

0. 4

0. 6

0. 8

1. 0

Alpha

Dowhuqdwlyho— / lqwhjudwlqj gı ffluvwiruffl–hg ȷ S ⌋ ♮ ⋆ ♭^2 ⌈ @ ⊎ Φ ⊎ i_{f ct} +ı>ȷ ,gıgȷ @ ⊎_k 2 f ⟩ ⊎_{�∋ ϱ} I ϱ 6+ı . ȷ ,gȷ / gı @6 ⊎_k 2 f ⟩ ⌋ ıȷ . ȷ^2 5 ⌈_{�∋ ϱ} I ϱ / gı

@6 ⊎_k2 f √ ı+4∗ ı, . +4∗ ı,^2 ∗ ı^{fi⇀2} ∗ ı 5 √ gı

@6 ⌋ ı^2 5 ∗ ı^fi 6 ∗ +4∗ ı,^fi 6 ∗ 5ı^{D⇀2} 8 ∗ ı^2 7 ⌈_k 2 f @^�_{2f} ] 9δ^D. 48δ^e . 43δ^fi ∗ 63δ . 53 ⌊

Khuh lvd P DSOH fkhfn ri wkh fdofxodwlrq =δ

A hydoi+lqw+lqw+6-+{.|,/|@311plq+{a5/40{,,/{@3114,,>

                         165:78:8474

A d=@0425.vtuw+8,25>

                     d =@ 425 vtuw+8, 0 425

A doskd=@frqyhuw+d/iordw,>

                       doskd =@ 194;366<;<3

A +6253,-+8-doskda7.5-doskda8,.+406-doskd25.doskda625,>

                         165:78:8477

+e, Wkh p xowlyduldwh wudqvirup dwlrq uhvxowiruwz r yduldeohvlvwr eh xvhg1 I luvw/ z h kdyh wkdw U @ ∫ ♭_2 . ♮_2

W @wdq_{∋ �} ] ♮ ♭ ⌊ ⇓ ⇔ ♭ @UfrvW ♮ @UvlqW vr wkdwwkh udqjh ri U lv+3>△ , dqg wkh udqjh ri Wlv+3>5τ,/ dqg wkh Mdfreldq lv

M+u>w, @ \ \ \ \ Cı Cu Cı Cw Cȷ Cu Cȷ Cw

\ \ \ \ @ \ \ \ frvw ∗ uvlqw vlqw ufrvw \ \ \ @uvlq_2 w. ufrv_2 w@u

Khqfh/ e— wkh wudqvirup dwlrq uhvxow i^{cA}+u>w, @i^{f ct} +ufrvw>uvlqw, M+u>w, @ 4 5τ h–s ⟩ ∗ 4 5 ] u_2 frv_2 w. u_2 vlq_2 w ⌊/ u @ 4 5τ uh–s ⟩ ∗ u_2 5 / iru3 ⋆ u>3 ⋆ w⋆ 5τ/ dqg ˝hur rwkhuz lvh1 Qrz / wkh p dujlqdosgi iruU>i lvjlyhq e— i +u, @ ⊎^↑ ∋ ↑ i^{cA}+u>w,gw@ ⊎^{2Z} f 4 5τ uh–s ⟩ ∗ u_2 5 / gw@ 4 5τ uh–s ⟩ ∗ u_2 5 / ⊎^{2Z} f gw@uh–s ⟩ ∗ u_2 5 / iru3 ⋆ udqg ˝hur rwkhuz lvh1 Vlp loduo— wkh p dujlqdosgi iruW>i^A lvj lyhq e— i^A+w, @ ⊎^↑ ∋ ↑ i^{cA}+u>w,gu @ ⊎^↑ f 4 5τ uh–s ⟩ ∗ u_2 5 / gu

@ 4 5τ ⊎^↑ f uh–s ⟩ ∗ u_2 5 / gu

@ 4 5τ ⌋ ∗ h–s ⟩ ∗ u_2 5 / ⌈^↑ f @ 4 5τ iru 3 ⋆ w⋆ 5τ/ dqg ˝hur rwkhuz lvh1 Khqfh i^{cA}+u>w, @i +u,i^A+w, dqg wkhmrlqwudqj hlvd Fduwhvldq surgxfwri wkhudqjhri hdfk yduldeoh/ dqg vr U dqg Wduhlqghshqghqw udqgrp yduldeohv1

:

+ll, Wkh mrlqwsgi ri yduldeohvX dqg Y lvrewdlqhg dviroorz v1 I luvw/ qrwh

X @h–s √ ∗^2_2 √

Y @ W 5τ ⇓ ⇔ U @ ∫ ∗ 5orj X W @5τY vr wkdwwkh udqjh ri X dqg Y lv+3>4, dqg wkh Mdfreldq lv

M+x>y, @ \ \ \ \ Cu Cx Cu Cy Cw Cx Cw Cy

\ \ \ \ @ \ \ \ \ ∗ 4 X ∫ ∗ 5orj X 3 3 5τ

\ \ \ \ @ 5τ X ∫ ∗ 5orj X

Khqfh/ e— wkh wudqvirup dwlrq uhvxow i_{LcT} +x>y, @i_{cA} )√ ∗ 5orj x>5τy [ M+x>y, @i )√ ∗ 5orj x [ i_A +5τy, M+x>y, 3 ⋆ x>y ⋆ 4 z klfk j lyhv i_{LcT} +x>y, @ √ ∗ 5orj x h–s ⟩ ∗ ∗ 5orj x 5 / / 4 5τ / 5τ x ∫ ∗ 5orj x @4 3 ⋆ x>y ⋆ 4 dqg khqfh i_{LcT} +x>y, @i_L +x,i_T +y, 3 ⋆ x>y ⋆ 4 dqg X dqg Y duh lqghshqghqw+dqg hdfk lvXqli rup +3>4,,1

Qrwh wkdwwklvixoofdofxodwlrq fdq eh flufxp yhqwhg e— qrwlqj wkdwX lvd ixqfwlrq ri U rqo— / dqg Y lv d ixqfwlrq ri Wrqo— / dqg khqfh dv U dqg Wduh lqghshqghqwwkhq X dqg Y duh dovr dxwrp dwlfdoo— lqghshqghqw1 Qrwh dovr wkdwwkh wudqvirup dwlrq iurp U wr X dqg wkh wudqvirup dwlrq iurp Wwr Y duh erwk wudqvirup dwlrqvyld ixqfwlrqvwkdwduh wkh fgivri wkh ruljlqdoyduldeoh/ wkdwlv/

X @I +U, Y @I_A+W,

dqg wkhuhiruh/ e— wkh uhvxowjlyhq lq ohfwxuhv/ z h p xvwkdyh wkdwX dqg Y duh Xqli rup +3>4,,