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H[DP0VW\OH TXHVWLRQV
+wdnhq iurp 5334 Dvvhvvhg Frxuvhzrun,

41 +d, Frqwlqxrxv udqgrp yduldeohv [ dqg \ kdyh mrlqw sgi jlyhq e|
i ��� � +{> |, @ f � +{. |, 3 � {> | � 4

dqg }hur rwkhuzlvh/ iru frqvwdqw f � 1 Ilqg

+l, wkh ydoxh ri f �
+ll, wkh pdujlqdo sgi ri [/ i �
+lll, wkh suredelolw|

S
�

\ ? 4
5
�

+ly, wkh suredelolw|
S �\ ? [ � �

+e, Qrz vxssrvh wkdw wkh udqjh +dqg khqfh wkh mrlqw glvwulexwlrq, ri +[>\ , lv fkdqjhg vr wkdw
3 � {> | � 4 dqg 3 � {. | � 4

zlwk mrlqw sgi
i ��� � +{> |, @ f � +{. |,

iru frqvwdqw f � 1
Hydoxdwh S�\ ? [ � � iru wklv qhz vshfl�fdwlrq 0 |rx pd| ohdyh |rxu dqvzhu lq whupv ri

� @ �4 .s8
5

^Klqw= vnhwfk wkh uhjlrqv ri lqwhuhvw lq +lll,/ +ly, dqg +e,1`

51 Qrz vxssrvh wkdw wkh udqgrp yduldeohv [ dqg \ kdyh mrlqw sgi vshfl�hg dv
i ��� � +{> |, @ 4

5� h{s
�

�4
5
�{ � . | � �

�

�4 � {> | � 4
dqg vxssrvh wkdw [ dqg \ fruuhvsrqg wr wkh Fduwhvldq {0 dqg |0frruglqdwhv ri d +udqgrp, srlqw lq
wkh sodqh1
+d, Vxssrvh wkdw wkh srodu frruglqdwhv ri wkh srlqw +udglxv/ dqjoh phdvxuhg iurp wkh srvlwlyh uhdo
d{lv, duh udqgrp yduldeohv +U>W ,1 Ilqg wkh mrlqw sgi ri +U>W ,/ i � � � 1
+e, Frqvlghu udqgrp yduldeohv

X @ h{s
�

�U �
5
�

Y @ W
5�

Duh udqgrp yduldeohv X dqg Y lqghshqghqw B Mxvwli| |rxu dqvzhu1



5

5�wNAW��5

4+d, Zh kdyh
i ��� � +{> |, @ f � +{. |, 3 � {> | � 4

dqg }hur rwkhuzlvh1
+l, Wr frpsxwh f �

] �

� �

] �

� �
i ��� � +{> |,g{g| @ 4

dqg dv
] �

� �

] �

� �
i � � � +{> |,g{g| @

] �

�

] �

�
i ��� � +{> |,g{g| @

] �

�

] �

�
f � +{. |,g{g|

@ f �
] �

�

�{ �
5 . {|

� �

�
g|

@ f �
] �

�

�4
5 . |

�

g| @ f �
�|
5 . | �

5
� �

�
@ f �

vr wkdw f � @ 41
+ll, Wr frpsxwh wkh pdujlqdo iru [/ zh kdyh

i � +{, @
�
]

� �

i � � � +{> |,g| @
�
]

�

+{. |,g| @
�

{| . | �
5
� �

�
@ {. 4

5 3 � { � 4

Qrwh wkdw/ e| v|pphwu|/ zh dovr kdyh

i � +|, @ | . 4
5 3 � | � 4

+lll, Xvlqj wkh uhvxow iurp +ll,/

I � +|, @
�
]

� �

i � +w,gw @
�
]

�

�

w. 4
5
�

gw @
�w �
5 . w

5
�

�

�
@ | �

5 . |
5 @ |

5+4 . |, 3 � | � 4

vr wkdw
S
�

\ ? 4
5
�

@ I �
�4
5
�

@ 6
;
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+ly, Fdq zulwh
S �\ ? [ � � @

]

�

]

i � � � +{> |,g{g|

zkhuh D lv wkh vhw
D � �+{> |, = | ? { � �

vr wkdw/ lqwhjudwlqj g{ �uvw +iru �{hg |/ rq wkh udqjh iurp �s|> 4�,

S �\ ? [ � � @
] �

�

+

] �

� �
+{. |,g{

,

g| @
] �

�

+

�{ �
5 . {|

� �

� �

,

g|

@
] �

�

�4
5 . | � |

5 � �����s|
�

g| @
] �

�

�4
5 . |

5 � �����s|
�

g|

@
�|
5 . | �

7 � 5
8

	 ���s|
� �

�
@ 4

5 . 4
7 � 5

8 @ :
53

ru/ htxlydohqwo|/ lqwhjudwlqj g| �uvw +iru �{hg {/ rq wkh udqjh iurp �3> { � �,

S �\ ? [ � � @
] �

�

+

] 
 �
�
+{. |,g|

,

g{ @
] �

�

+

�

{| . | �
5
�

 �

�

,

g{ @
] �

�

�

{ � . { �
5
�

g{ @
�{ �
7 . { 

43
� �

�

dqg khqfh S �\ ? [ � � @ 4
7 . 4

43 @ :
53 =

x

y

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

dy (for fixed x)

dx (for fixed y)
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+e, Xqghu wkh qhz vshfl�fdwlrq/ d fkdqjh lq wkh udqjh ri lqwhjudwlrq fkdqjhv wkh qrupdol}dwlrq frqvwdqw
iurp f � wr f � dqg dovr wkh ydoxh S �\ ? [ � �1 Iluvw/ wr frpsxwh f � / zh lqwhjudwh g| iru �{hg {> iru dq|
�{hg { wkh udqjh ri lqwhjudwlrq g| lv iurp wkh d{lv wr wkh olqh {.| @ 4/ wkdw lv/ iurp | @ 3 wr | @ 4�{
dqg khqfh

] �

� �

] �

� �
i � � � +{> |,g{g| @

] �

�

�] � � 


�
i ��� � +{> |,g|

�

g{ @
] �

�

�] � � 


�
f � +{. |,g|

�

g{

@ f �
] �

�

�

{| . | �
5
� � � 


�
g{

@ f �
] �

�

�

{+4� {, . +4� {, �
5

�

g{ @ f �
5
] �

�

�5{+4� {, . +4� {, � � g{

@ f �
5
] �

�

�4� { � � g{ @ f �
5
k

{� 
 �
�

l �
� @ f �

6
vr wkdw f � @ 61

x

y

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Qrz/ wr fdofxodwh S �\ ? [ � � �uvw qrwh wkdw wkh uhjlrq D ri lqwhuhvw lv wkh uhjlrq erxqghg e| wkh
krul}rqwdo d{lv dqg wkh olqhv {. | @ 4 dqg | @ { � 1 Wkhvh olqhv phhw zkhq

{ � @ 4� { , { � . {� 4 @ 3 +, { @ �4	s4 . 7
5 @ �4	s8

5
dqg zh uhtxluh wkh urrw wkdw olhv lq wkh udqjh ri [/ wkdw lv

�4 .s8
5 @ � vd|1

Qrz/ e| lqvshfwlrq ri d vxlwdeoh vnhwfk/ zh vhh wkdw djdlq lqwhjudwlrq g| iru �{hg {/ zh qhhg wr vsolw wkh
udqjh ri { lqwr wzr udqjhv/ wkdw lv/ �uvw/ iurp 3 wr � dqg vhfrqg iurp � wr 4/ dv wkh udqjh ri lqwhjudwlrq
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g| lv gl�huhqw lq wkhvh wzr fdvhv1

S �\ ? [ � � @
]

�

]

i ��� � +{> |,g|g{ @
] �

�

+

] 
 �
�
6+{. |,g|

,

g{.
] �

�

�] � � 


�
6+{. |,g|

�

g{

@ 6
] �

�

+

�

{| . | �
5
�

 �

�

,

g{. 6
] �

�

+

�

{| . | �
5
� � � 


�

,

g{

@ 6
] �

�

�

{ � . { �
5
�

g{. 6
] �

�

�

{+4� {, . +4� {, �
5

�

g{

@ 6
�{ �
7 . { 

43
�

�

�
. 6

5
�

{� { �
6
� �

�
@ 6

�� �
7 . � 

43
�

. 6
5
�5
6 �

�

�� � �
6
��

@ �� �

�8� � . 5� 
�.

�

4� 6
5�. � �

5
�

@ �� � +9�  . 48� � . 43� � � 63�. 53,

zklfk jlyhv S �\ ? [ � � @ 3=65:71

x

y

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Alpha

Dowhuqdwlyho|/ lqwhjudwlqj g{ �uvw iru �{hg |

S �\ ? [ � � @
]

�

]

i ��� � +{> |,g{g| @
] � �

�

�] � � 

� 
 6+{. |,g|

�

g{ @ 6
] � �

�

+

�

{| . | �
5
� � � 


� 


,

g{

@ 6
] � �

�

q

{+4� {, . +4� {, � � { �
� � � {

5
r

g{

@ 6
%

{ �
5 � { �

6 � +4� {, �
6 � 5{ 

� �

8 � { �
7
& � �

�

@ �� �

�9�  . 48� � . 43� � � 63�. 53�
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Khuh lv d PDSOH fkhfn ri wkh fdofxodwlrq = �
A hydoi+lqw+lqw+6-+{.|,/|@311plq+{a5/40{,,/{@3114,,>

165:78:8474
A d=@0425.vtuw+8,25>

d =@ 425 vtuw+8, 0 425
A doskd=@frqyhuw+d/iordw,>

doskd =@ 194;366<;<3
A +6253,-+8-doskda7.5-doskda8,.+406-doskd25.doskda625,>

165:78:8477

+e, Wkh pxowlyduldwh wudqvirupdwlrq uhvxow iru wzr yduldeohv lv wr eh xvhg1 Iluvw/ zh kdyh wkdw
U @ s[ � . \ �

W @ wdq � �
�\
[

�

<

A

A

@

A

A

>

+,
;

?

=

[ @ U frvW
\ @ U vlqW

vr wkdw wkh udqjh ri U lv +3>4, dqg wkh udqjh ri W lv +3> 5�,/ dqg wkh Mdfreldq lv

M +u> w, @

�

�

�

�

�

�

�

�

C{
Cu

C{
Cw

C|
Cu

C|
Cw

�

�

�

�

�

�

�

�

@
�

�

�

�

�

frv w �u vlq w
vlq w u frv w

�

�

�

�

�

@ u vlq � w. u frv � w @ u

Khqfh/ e| wkh wudqvirupdwlrq uhvxow

i � � � +u> w, @ i ��� � +u frv w> u vlq w,M +u> w, @ 4
5� h{s

�

�4
5
�u � frv � w. u � vlq � w�

�

u @ 4
5�u h{s

�

�u �
5
�

iru 3 ? u> 3 ? w ? 5�/ dqg }hur rwkhuzlvh1 Qrz/ wkh pdujlqdo sgi iru U> i � lv jlyhq e|

i � +u, @
] �

� �
i � � � +u> w,gw @

]
���

�

4
5�u h{s

�

�u �
5
�

gw @ 4
5�u h{s

�

�u �
5
�]

���

�
gw @ u h{s

�

�u �
5
�

iru 3 ? u dqg }hur rwkhuzlvh1 Vlploduo| wkh pdujlqdo sgi iru W> i � lv jlyhq e|

i � +w, @
] �

� �
i � � � +u> w,gu @

] �

�

4
5�u h{s

�

�u �
5
�

gu

@ 4
5�

] �

�
u h{s

�

�u �
5
�

gu

@ 4
5�

�

� h{s
�

�u �
5
��

�

�
@ 4

5�
iru 3 ? w ? 5�/ dqg }hur rwkhuzlvh1 Khqfh

i � � � +u> w, @ i � +u,i � +w,
dqg wkh mrlqw udqjh lv d Fduwhvldq surgxfw ri wkh udqjh ri hdfk yduldeoh/ dqg vr U dqg W duh lqghshqghqw
udqgrp yduldeohv1



:

+ll, Wkh mrlqw sgi ri yduldeohv X dqg Y lv rewdlqhg dv iroorzv1 Iluvw/ qrwh
X @ h{s

q� � �� r

Y @ W
5�

<

A

A

@

A

A

>

+,
;

?

=

U @ s�5 orjX
W @ 5�Y

vr wkdw wkh udqjh ri X dqg Y lv +3> 4, dqg wkh Mdfreldq lv

M +x> y, @

�

�

�

�

�

�

�

�

Cu
Cx

Cu
Cy

Cw
Cx

Cw
Cy

�

�

�

�

�

�

�

�

@
�

�

�

�

�

�

�

�4
Xs�5 orjX 3
3 5�

�

�

�

�

�

�

�

@ 5�
Xs�5 orjX

Khqfh/ e| wkh wudqvirupdwlrq uhvxow
i � � � +x> y, @ i � � �

�
s�5 orj x> 5�y

�

M +x> y, @ i �
�
s�5 orj x

�

i � +5�y,M +x> y, 3 ? x> y ? 4
zklfk jlyhv

i � � � +x> y, @ s�5 orj x h{s
�

��5 orj x
5

�

= 4
5� = 5�

xs�5 orj x @ 4 3 ? x> y ? 4

dqg khqfh
i � � � +x> y, @ i � +x,i � +y, 3 ? x> y ? 4

dqg X dqg Y duh lqghshqghqw +dqg hdfk lv Xqlirup+3> 4,,1
Qrwh wkdw wklv ixoo fdofxodwlrq fdq eh flufxpyhqwhg e| qrwlqj wkdw X lv d ixqfwlrq ri U rqo|/ dqg Y

lv d ixqfwlrq ri W rqo|/ dqg khqfh dv U dqg W duh lqghshqghqw wkhq X dqg Y duh dovr dxwrpdwlfdoo|
lqghshqghqw1 Qrwh dovr wkdw wkh wudqvirupdwlrq iurp U wr X dqg wkh wudqvirupdwlrq iurp W wr Y duh
erwk wudqvirupdwlrqv yld ixqfwlrqv wkdw duh wkh fgiv ri wkh ruljlqdo yduldeoh/ wkdw lv/

X @ I � +U, Y @ I � +W ,
dqg wkhuhiruh/ e| wkh uhvxow jlyhq lq ohfwxuhv/ zh pxvw kdyh wkdw X dqg Y duh Xqlirup+3> 4,,


