EXAM-STYLE QUESTIONS
(taken from 2001 Assessed Coursework)

1. (a) Continuous random variables X and Y have joint pdf given by

fxy(z,y) =ci(z+y) 0<az,y<l1

and zero otherwise, for constant ¢;. Find

(i) the value of ¢;
(ii) the marginal pdf of X, fx
(iii) the probability
1
PlY <<
el
(iv) the probability
Py <X?]
(b) Now suppose that the range (and hence the joint distribution) of (X,Y’) is changed so that

0<z,y<land 0<z+y<1

with joint pdf
fxy(z,y) = ca(z +y)

for constant cs.

Evaluate P [Y <X 2] for this new specification - you may leave your answer in terms of

~1++5
a=—D""

[Hint: sketch the regions of interest in (i), (iv) and (b).]

2. Now suppose that the random variables X and Y have joint pdf specified as

1 1
fX,Y(:r,y)=%eXp{—§( 2+y2)} —o0o < x,y <00

and suppose that X and Y correspond to the Cartesian x- and y-coordinates of a (random) point in
the plane.

(a) Suppose that the polar coordinates of the point (radius, angle measured from the positive real
axis) are random variables (R,T'). Find the joint pdf of (R,T), frr -

2
T
U:exp{‘%} V=9s

Are random variables U and V' independent ? Justify your answer.

(b) Consider random variables



SOLUTIONS

1(a) We have
fxy(x,y) =calz+y) O<azy<l

and zero otherwise.

(i) To compute ¢;

/ / fxy(z,y)dzdy =1

and as o e 1 1 1,1
[* ] vty = [ [ peyodety= [ [ o yay
J —oc0J —o0 J 0J 0 J 0J 0
17r1.,.2 1
261/ [%—&-azy] dy
Jo 0
1 271
1
=o [, (3+9) = [f+3] -o
so that ¢; = 1.

(ii) To compute the marginal for X, we have

0 1 91
Ix(x) = /fX,Y(ﬂf,y)dyZ /(l’+y)dy= [l’y-%%} Zﬂf-i-l 0<z<1
Y “

Note that, by symmetry, we also have

Y 2 y 2
Fy(y) = /fy(t)dt:/<t+l>dt:[%+%] =Lt Ya4y) o<ys<i
‘0

so that



(iv) Can write

Ply <Xx? = / / Ixy (z,y)dxdy
J o
where A is the set
A= {(:B,y) ty < :L‘Q}

so that, integrating dx first (for fixed y, on the range from (\/y, 1))

PV <X?] =/;{/;@_/(m+y)dm}dy=/:{{%2+:L‘y]j/g}dy

Jol2 2 Jol2 2

1

<

2
YL Y 2y 2L L 2T
_[2+4 5\@0_2+4 5

or, equivalently, integrating dy first (for fixed x, on the range from (0,:1:2))

PlY < X?| :/:{'/:Q(x-l—y)dy}da::/;{[aryﬁ-y;}j}da::/;{x3+%4}da:: [%4+T—SE

1 1
andhenceP[Y<X2]=Z—|—1—0=2—70.
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(b) Under the new specification, a change in the range of integration changes the normalization constant
from ¢; to ¢o and also the value P [Y <X 2]. First, to compute co, we integrate dy for fixed x; for any
fixed x the range of integration dy is from the axis to the line x+y = 1, that is, fromy =0toy =1—x
and hence

/ .Oooo / .Oooo fxy(z,y)dzdy = / (1) { / :m fxy(z, y)dy} dr = / (1) { / :x co(x + y)dy} dx

.1 271—x
= 02/ [my + y—} dx
0 2 o

— /1 <x(1 _ )+ Lﬁ) dr =% /1 (20(1—2) + (1 - 2)?) da

0 0
- 1(1—:1:2)613322[a:—ﬁ}l:2
2 0 2 3 0 3

so that co = 3.
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Now, to calculate P [Y <X 2] first note that the region A of interest is the region bounded by the

horizontal axis and the lines  +y = 1 and y = 2>. These lines meet when

—1+v1+4 —-1+5
2 2

P=l—-z 2 4+r—-1=0= 2=

and we require the root that lies in the range of X, that is

—14++/5
— =« say.

Now, by inspection of a suitable sketch, we see that again integration dy for fixed x, we need to split the
range of x into two ranges, that is, first, from 0 to a and second from « to 1, as the range of integration



dy is different in these two cases.

2

PV < X7] =/A/fxy(x,y)dydx:/Z{/Z 3(m+y)dy}dm+/; {/;_m?)(x—ky)dy}dx
:{{xy-l—y—;}j}da:—&-?)/;{[a:y-s—%T;_‘”}da?
{

Y EA G RN PRl P LSRG WK B O
ST l4 10, 2 31, \4 10/ 2\3 3

3 3
= 5 (5a’ +20°) + <1 —-a+ a_) = 55(60° + 150 + 1003 — 30 + 20)

which gives P [V < X?] = 0.3274.
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Alternatively, integrating dx first for fixed y

a2

Py < X7 =/A/fX’y(m,y)dq:dy=/0 {/.:EEB(x—Fy)dy}dx:?)/:Q{[my—#y—;}j/;}dm




Here is a MAPLE check of the calculation : o

> evalf (int (int (3* (x+y) ,y=0..min(x"2,1-x)),x=0..1));
.3274575141

> a:=-1/2+sqrt(5)/2;
a := 1/2 sqrt(5) - 1/2

> alpha:=convert(a,float);
alpha := .6180339890

> (3/20)*(5*xalpha”4+2*alpha”5)+(1-3*alpha/2+alpha”3/2);
.3274575144

(b) The multivariate transformation result for two variables is to be used. First, we have that

— /X2 2

R =vXi+Y X = RcosT
Y

T =tan ! <}> Y = RsinT

so that the range of R is (0,00) and the range of T is (0,2m), and the Jacobian is

or Ox
. Ay cost —rsint
J(r,t) = or ot = = rsin?t +rcos’t=r
dy Oy sint rcost
or Ot

Hence, by the transformation result

1 1 1 2
frr(r,t) = fxy(rcost,rsint) J (r,t) = o, OXP {—§ (r2 cos® t 4 r? sin® t)} T =g _Texp {—%}

for 0 <7, 0 <t < 2w, and zero otherwise. Now, the marginal pdf for R, fr is given by

00 27 1 742 1 ,’,,2 27 ,’,,2
fr(r) :./oofR’T(nt)dt:./o %rexp{—i}dt: ﬂTeXP{_E}/O dt:rexp{—g}

for 0 < rand zero otherwise. Similarly the marginal pdf for T, fr is given by

- - )
) = [ gt = [ e {-Ghar

1 o el 2
= 5 : Texp{—%}dr

S N IR G U S
T | P2, "o

for 0 <t < 2w, and zero otherwise. Hence
frr(r,t) = fr(r)fr(t)

and the joint range is a Cartesian product of the range of each variable, and so R and T are independent

random variables.



(ii) The joint pdf of variables U and V is obtained as follows. First, note

U =exp{—R72} R =/=2logU

v =L T =27V

so that the range of U and V is (0,1) and the Jacobian is

or or ~1 0
ou v 27
J — = | Uy/—2logU e
wo) =15 o Uy/—2logU
— = 0 2w
ou Ov
Hence, by the transformation result

fov(u,v) = frr ( —2log u,27w) J (u,v) = fr (x/—210g u) fr (2mv) J (u,v) 0<wu,v<l1

which gives

—2logu 1 2m
=+/—21 — — =1 0 1
fov(u,v) =4/ oguexp{ 5 } 2% uv/ 2logu <u,v <

and hence
fuv(u,v) = fu(uw) fyr(v) 0<uv<l
and U and V are independent (and each is Uniform(0,1)).

Note that this full calculation can be circumvented by noting that U is a function of R only, and V'
is a function of T only, and hence as R and T are independent then U and V are also automatically
independent. Note also that the transformation from R to U and the transformation from T to V are
both transformations via functions that are the cdfs of the original variable, that is,

U = Fr(R) V = Fp(T)

and therefore, by the result given in lectures, we must have that U and V' are Uni form(0,1))



