GLVF UHWH GLVWULEXWLRQV Z RUNHG H[ DP SOHV

H[ DP SOH= OLJ KWQLQJ GDP DJ H

I ru lqvxudqfh sxusrvhv/ wkh dp rxqwri gdp dj h +lq m4333, wkdwz looeh fdxvhg wr d WY p dvwe— oljkwqlqj gxulqj wkh qh–wfdohqgdu— hdulv wr eh dvvhvvhg1 OhwQ eh d glvfuhwh udqgrp yduldeoh wdnlqj ydoxhvrq ⟩3>4>5>///| wkdwuhfrugvwkhqxp ehuri oljkwqlqj vwulnhv1 Klvwrulfdolqirup dwlrq lqglfdwhvwkdw dq dssursuldwh suredelolw— p rghoiruQ kdvsp i

i_Υ +q, @ h^{∋ 2}5^⋆ q$ q @3>4>5>/// +wkdwlv/ d Srlvvrq glvwulexwlrq z lwk sdudp hwhu5¿z h z ulwh Q ⊃ Srlvvrq+5,,1 Klvwrulfdolqirup dwlrq/ dqg hfrqrp lf suhglfwlrqv/ dovr lqglfdwh wkdwiruwkh qh–wfdohqgdu— hdu/ wkh dp rxqwvri gdp djh fdxvhg e— wkh vwulnhv z loowkhp vhoyhv eh glvfuhwh udqgrp yduldeohv z lwk udqjh ⟩3>4>5>///| dqg z lwk sp i i_f / Ohw♭_ζ eh wkh udqgrp yduldeoh fruuhvsrqglqj wr vwulnh l1 Lwp d— dovr eh dvvxp hg wkdwwkh udqgrp yduldeohvduh p xwxdoo— lqghshqghqw/ wkdwlv/ irudq— q/ S ⌋_⋆ ⋁ ζ’ �

+♭_ζ @ı_ζ, ⌈ @S ^♭_� @ı_�>♭_2 @ı_2>///>♭_⋆ @ı_⋆ ‘ @ ⋆⋂ ζ’ �

S ^♭_ζ @ı_ζ‘

Z kdwlvwkh suredelolw— glvwulexwlrq ri

+l, wkh wrwdodp rxqwri gdp djh fdxvhg/ V

+ll, wkh p lqlp xp dp rxqwri gdp djh fdxvhg e— d vwulnh/ P

+lll, wkh p d–lp xp dp rxqwri gdp djh fdxvhg e— d vwulnh/ O

VROXWLRQ = +l, I ruwkh qh–wfdohqgdu— hdu/ wkh qxp ehuri vwulnhvQ lvqrwrevhuyhg1 Krz hyhu/ li Q @q +iruvrp h qrq0qhjdwlyh lqwhjhuq,/ wkhq ohwglvfuhwh udqgrp yduldeoh V_⋆ eh wkh wrwdodp rxqwri gdp dj h fdxvhg e— wkh q vwulnhv1 Wkhq/ frqglwlrqdorq Q @q/

V_⋆ @♭_� . ♭_2 . ///. ♭_⋆ @ ⋆⋃ ζ’ � ♭_ζ wkdwlv/ wkh vxp ri q lqghshqghqwudqgrp yduldeohv wkdwhdfk kdyh sp i i_f 1 Wkh udqgrp yduldeoh V_⋆ dovr kdvudqjh ⟩3>4>5>///| 1 Z h duh dfwxdoo— lqwhuhvwhg lq wkh udqgrp yduldeoh V/ qrwfrqglwlrqdorq dq— sduwlfxoduydoxh ri Q1

Ohwwkh sp iv ri V_⋆ dqg V eh i_{7⋆} dqg i_7 uhvshfwlyho— 1 Wkhp iru v ▽ ⟩ 3>4>5>///|/ e— wkh Wkhr uhp r i Wr wdoSur edelolw— / xvlqj d s duwlwlr q frqvwuxfwhg xvlqj wkh glffihuhqwsrvvleoh ydoxhvri Q/ z h kdyh

i_7 +v, @SV̂@v‘@ ↑⋃ ⋆’ f SV̂@v⇕Q @q‘SQ̂ @q‘ +uhj duglqj wkh vdp soh vsdfh fl dv ehlqj frp srvhg ri sdluvri ydoxhvri +V>Q,,1 Qrz SV̂@v⇕Q @q‘≤ SV̂_⋆ @v⇕Q @q‘ @i_{7⋆} +v, ≜ i_7 +v, @ ↑⋃ ⋆’ f

i_{7⋆} +v,i_Υ +q,/ +4,

Z h gr qrwkdyh i^{7⋆} +v, gluhfwo— / exwlwfrxog eh frp sxwhg e— djdlq xvlqj wkh Wkhruhp ri WrwdoSured0 elolw— / wkdwlv/ iruq @5/ V^2 @♭^� . ♭^2 dqg/ sduwlwlrqlqj xvlqj glffihuhqwsrvvleoh ydoxhv ri ♭^� i^{72} +v, @ r⋃ ϱ’ f

S V̂^2 @v⇕♭^� @ı‘S ^♭^� @ı‘ @ r⋃ ϱ’ f

S ^♭^2 @v∗ ı‘S ^♭^� @ı‘ @ r⋃ ϱ’ f

i^{f 2} +v∗ ı,i^{f �} +ı,/

Wkh glvwulexwlrq ri V^⋆ fdq eh frp sxwhg uhfxuvlyho— lq wklvz d— / exwlvt xlwh oderulrxv1

D suhihudeoh p hwkrg ri frp sxwdwlrq xvhv suredelolw— jhqhudwlqj ixqfwlrqv +sj iv,1 I ru d glvfuhwh udqgrp yduldeoh ♭ wdnlqj ydoxhv rq udqj h ⟩3>4>5>///| / wkh sj i J^f lvghfflqhg iruuhdoydoxh we—

J^f +w, @ ↑⋃ ϱ’ f

w_ϱi^f +ı, dqg d nh— uhvxowwhoov xv wkdwli ♭^� dqg ♭^2 duh lqghshqghqw/ dqg ♮ @♭^� . ♭^2 wkhq wkh sj i ri ♮ lv jlyhq e—

J^t +w, @J^{f �} +w,J^{f 2} +w,/

Khuh/ e— h–whqvlrq/ z h kdyh

V^⋆ @ ⋆⋃ ζ’ �

♭^ζ @⇔ J^{7⋆} +w, @J^{f �} +w,J^{f 2} +w,///J^{f ⋆} +w, @⟩ J^f +w,|_⋆ +5, dv ♭^�>///>♭^⋆ duh lghqwlfdoo— glvwulexwhg/ dqg kdyh wkh vdp h sj i1 Qrz / frqvlghulqj wkh sj i ri V/ z h kdyh

J^7 +w, @ ↑⋃ r’ f

w_ri^7 +v, @ ↑⋃ r’ f w_r ⟩^↑ ⋃ ⋆’ f

i^{7⋆} +v,i^Υ +q, / iurp +4,

@ ↑⋃ ⋆’ f ⟩^↑ ⋃ r’ f

w_r i^{7⋆} +v, / i^Υ +q, @ ↑⋃ ⋆’ f

⟩J^{7⋆} +w,| i^Υ +q, h–fkdqj lqj wkh vxp p dwlrq rughu

@ ↑⋃ ⋆’ f

⟩ J^f +w,|_⋆ i^Υ +q, iurp +5,

@ ↑⋃ ⋆’ f ⟩ J^f +w,|_⋆ h_{∋ 2}5_⋆ q$

@h_{∋ 2} ↑⋃ ⋆’ f

⟩ 5J^f +w,|_⋆ q$ @h_{∋ 2} h–s ⟩5J^f +w,| vxp p lqj dq h–srqhqwldovhulhv

Qrwh wkdwwklv uhvxowvd— v suhflvho— wkdw/ uhfdoolqj wkh h–shfwdwlrq ghfflqlwlrq ri sjiv/ J^7 +w, @H^{s7} ⌋ w_7 ⌈ / dqg J^7 +w, @H^{sΥ} Ĵ^{7⋆} +w,‘ @H^{sΥ} ^⟩ J^f +w,|_⋆ ‘ @H^{sΥ} ⌋⟩ H^{sf} ⌋ w_f ⌈|^⋆ ⌈ @J^Υ +J^f +w,, /

Khqfh

J^7 +w, @h–s ⟩ ∗ 5. 5J^f +w,| @h–s ⟩5+J^f +w, ∗ 4,| dqg vxevht xhqwo— wkh sp i ri V +dqg rwkhu t xdqwlwlhv/ vxfk dv h–shfwdwlrqv dqg rwkhu p rp hqwv fdq eh ghulyhg hdvlo— 1

+ll, I ru wkh p lqlp xp vwulnh0uhodwhg gdp djh/ z h xvh wkh vdp h sduwlwlrqlqj p hwkrg dqg ffluvwfrqglwlrq rq Q @q1 Ghfflqh P_⋆ @p lq⟩ ♭_�>///>♭_⋆ | dv wkh p lqlp xp ydoxh rewdlqhg iurp q vwulnhv1 Z h kdyh wkdw S P̂_⋆ A ı⇕Q @q‘@S ⌋_⋆ ⋁ ζ’ � +♭_ζ A ı_ζ, ⇕Q @q ⌈ @S ^♭_� A ı>///>♭_⋆ A ı⇕Q @q‘@ ⋆⋂ ζ’ � S ^♭_ζ A ı‘ e— lqghshqghqfh1 Ghfflqhu_f +ı, dvwkhuholdelolw— ixqfwlrq iru♭ / wkdwlv>u_f +ı, @S^♭ A ı‘@4∗ I_f +ı,/ wkhq S P̂_⋆ A ı⇕Q @q‘ @ ⋆⋂ ζ’ �

S ^♭_ζ A ı‘ @ ⋆⋂ ζ’ �

u_f +ı, @⟩ u_f +ı,|^⋆ /

Wkhq/ xqfrqglwlrqdoo— / iroorz lqj wkh vdp h fdofxodwlrq dv lq +l,/

u_⁀ +ı, @SP̂ A ı‘ @ ↑⋃ ⋆’ f SP̂_⋆ A ı⇕Q @q‘SQ̂ @q‘ @ ↑⋃ ⋆’ f

⟩u_f +ı,|^⋆ i_Υ +q,

@ ↑⋃ ⋆’ f ⟩ u_f +ı,|^⋆ h^{∋ 2}5^⋆ q$ @h^{∋ 2} ↑⋃ ⋆’ f ⟩5u_f +ı,|^⋆ q$ @h^{∋ 2} h–s ⟩5u_f +ı,|

Khqfh u_⁀ +ı, @h–s ⟩ 5+u_f +ı, ∗ 4,| ∝ I_⁀ +ı, @4∗ u_⁀ +ı, @4∗ h–s ⟩5+u_f +ı, ∗ 4,|

+lll, I ruwkh p d–lp xp vwulnh0uhodwhg gdp dj h/ z h xvh wkh vdp h sduwlwlrqlqj p hwkrg dqg ffluvwfrqglwlrq rq Q @q1 Ghfflqh O_⋆ @p d–⟩♭_�>///>♭_⋆ | dv wkh p d–lp xp ydoxh rewdlqhg iurp q vwulnhv1 Z h kdyh wkdw S Ô_⋆ ⪰ ı⇕Q @q‘@S ⌋_⋆ ⋁ ζ’ � +♭_ζ ⪰ ı_ζ, ⇕Q @q ⌈ @S ^♭_� ⪰ ı>///>♭_⋆ ⪰ ı⇕Q @q‘@ ⋆⋂ ζ’ � S ^♭_ζ ⪰ ı‘ e— lqghshqghqfh1 Wkhq/ e— lqvshfwlqj wkh fgi ri O S Ô_⋆ ⪰ ı⇕Q @q‘@ ⋆⋂ ζ’ �

S ^♭_ζ ⪰ ı‘ @ ⋆⋂ ζ’ �

I_f +ı, @⟩I_f +ı,|^⋆ /

Wkhq/ xqfrqglwlrqdoo— / iroorz lqj wkh vdp h fdofxodwlrq dv lq +l,/

I_u +ı, @SÔ⪰ ı‘ @ ↑⋃ ⋆’ f SÔ_⋆ ⪰ ı⇕Q @q‘SQ̂ @q‘@ ↑⋃ ⋆’ f

⟩ I_f +ı,|^⋆ i_Υ +q,

@ ↑⋃ ⋆’ f ⟩ I_f +ı,|^⋆ h^{∋ 2}5^⋆ q$ @h^{∋ 2} ↑⋃ ⋆’ f ⟩5I_f +ı,|^⋆ q$ @h^{∋ 2} h–s ⟩5I_f +ı,|

Khqfh I_u +ı, @h–s ⟩ 5+I_f +ı, ∗ 4,|

H[ DP SOH= SRSXODWLRQ H[ WLQF WLRQ2J HQHDORJ “

+˙Eudqfklqj Surfhvv%H–dp soh iurp Fkdswhu4,

Ohw♭ eh wkh qxp ehuri rffivsulqj ri dq dqlp dolq vrp h srsxodwlrq¿♭ lvd glvfuhwh udqgrp yduldeoh dqg e— dvvxp swlrq S ^♭ @3‘A 3/ Ohw♯^�>♯^2>♯^fi///eh wkh qxp ehuvri dqlp dovlq wkh 4vw/ 5qg/ 6ug hwf1jhqhudwlrqv+dqg/ irufrp sohwhqhvv/ ghfflqh ♯^f @4,1 Qrwh wkdw

♯^{⋆n �} @ ⃗^⋆⋃ ζ’ �

♭_{E⋆ø}^ζ z khuh ♭_{Eρø}^ζ lv wkh qxp ehu ri rffivsulqj ri wkh lwk dqlp dolq wkh mwk srsxodwlrq/ d udqgrp yduldeoh z lwk wkh vdp h glvwulexwlrq dv♭ 1 I lqdoo— / ohw S ⌋ ♭_{Eρø}^ζ @n ⌈ @s^ς z khuh⟩s^f >s^�>s^2>///| lvd suredelolw— glvwulexwlrq — hwwr ehvshflfflhg1 VxssrvhwkdwJ^f lvwkhsuredelolw— jhqhudwlqj ixqfwlrq ri ♭ /

Xqghuwkhvh dvvxp swlrqv/ z kdwlvwkh suredelolw— ri xowlp dwh h–wlqfwlrq B

VROXWLRQ =

Z h frqvlghuffluvwwkh suredelolw— j hqhudwlqj ixqfwlrq ri ♯^⋆ 1 E— ghfflqlwlrq

J^{⃗⋆} +w, @ ↑⋃ 5’ f

w_5i^{⃗⋆} +℘, @ ↑⋃ 5’ f

w_5S ^♯^⋆ @℘‘

@ ↑⋃ 5’ f w_5 ↑⋃ ⇁’ f

S ^♯^⋆ @℘⇕♯^{⋆∋ �} @ȷ ‘S ^♯^{⋆∋ �} @ȷ ‘ e— wkh Wkhruhp ri WrwdoSure1

@ ↑⋃ ⇁’ f ⟩^↑ ⋃ 5’ f

w_5S ^♯^⋆ @℘⇕♯^{⋆∋ �} @ȷ ‘ / S ^♯^{⋆∋ �} @ȷ ‘ h–fkdqjlqj wkh vxp p dwlrq rughu

@ ↑⋃ ⋆’ f ⟩ J^{⃗⋆ �⃗⋆ ∋ �} +w⇕ȷ , | i^{⃗⋆ ∋ �} +ȷ , z khuh J^{⃗⋆ �⃗⋆ ∋ �} +w⇕ȷ , lv wkh frqglwlrqdoj hqhudwlqj ixqfwlrq ri ♯^⋆ / jlyhq ♯^{⋆∋ �} @ȷ / dqg i^{⃗⋆ ∋ �} +/, lv wkh sp i iru♯^{⋆∋ �}1 Qrz / jlyhq ♯^{⋆∋ �} @ȷ / wkh vxp ⃗^{⋆ ∋ �}⋃ ζ’ �

♭_{E⋆∋ �ø} ζ @ ⇁⋃ ζ’ �

♭_{E⋆∋ �ø} ζ lvd vxp ri ȷ lqghshqghqwyduldeohvz lwk wkh vdp h glvwulexwlrq1 Khqfh/ e— wkh uhvxowiurp wkh suhylrxv h–dp soh J^{⃗⋆ �⃗⋆ ∋ �} +w⇕ȷ , @⟩J^f +w,|_⇁ dqg wkxv

J^{⃗⋆} +w, @ ↑⋃ ⇁’ f

⟩ J^f +w,|_⇁ i^{⃗⋆ ∋ �} +ȷ , @J^{⃗⋆ ∋ �} +J^f +w,, +6,

z klfk j lyhvd uhfxuvlyh p hwkrg irufrp sxwlqj J_{⃗⋆} 1 Dovr/ e— uhfxuvlrq

J_{⃗⋆} +w, @J_{⃗⋆ ∋ �} +J_f +w,, @J_{⃗⋆ ∋ 2} +J_f +J_f +w,,, @///@J_f +J_f +J_f +///J_f +J_f +w,,,,, wkdwlv/ xowlp dwho— / dq q0irog frp sxwdwlrq1 Wdnlqj wkh fflqdoh–suhvvlrq/ z h kdyh/ e— frqvlghulqj wkh lqwhuqdoq ∗ 4 whup v/ J_{⃗⋆} +w, @J_f +J_f +J_f +///J_f +J_f +w,,,,, @J_f ] J_{⃗⋆ ∋ �} +w, ⌊ +7,

Ghqrwh e— τ_⋆ wkh suredelolw— S ^♯_⋆ @3‘/ Wkhq/ e— ghfflqlwlrq ri wkh sj i/ τ_⋆ @J_{⃗⋆} +3,/ wkdwlv wkh frhȷ flhqwri w^f lq wkh h–sdqvlrq ri J_{⃗⋆} 1dqg khqfh e— +7, τ_⋆ @J_{⃗⋆} +3, @J_f ] J_{⃗⋆ ∋ �} +3, ⌊ @J_f +τ_{⋆∋ �}, +8, Qrz ghfflqh wkh suredelolw— ri h–wlqfwlrq τ τ @S ^♯_6 @3 iruvrp h p ‘@ olp_{⋆ℜ ↑} τ_⋆ Lwiroorz vwkdwτ +li lwh–lvwv, lvwkh vroxwlrq ri +8,/ wkdwlv τ @J_f +τ, +9, Qrz / wkh ixqfwlrq J_f +w, lv frqwlqxrxv dqg glffihuhqwldeoh rq wkh udqjh +3>4,/Dovr/ dv lwlv d frqyh– frp elqdwlrq/ yld i_f >ri whup v4>w>w^2>w^fi>///dqg khqfh lvqrq0ghfuhdvlqj rq +3>4,¿iruw_� ⪰ w_2 J_f +w_�, @ ↑⋃ ϱ’ f

w^ϱ_�i_f +ı, ⪰ ↑⋃ ϱ’ f

w^ϱ_2i_f +ı, @J_f +w_2,

Qrwh wkdwdovr iruw_� ⪰ w_2 J^≺_f +w_�, @ g gw J_f +w,⇕_{ȷ’ ȷ �} @ ↑⋃ ϱ’ f

ıw^{ϱ∋ �}_� i_f +ı, ⪰ ↑⋃ ϱ’ f

ıw^{ϱ∋ �}_2 i_f +ı, @J^≺_f +w_2,

vr J_f +w, dovr kdvd vorsh wkdwlvqrq0ghfuhdvlqj lq w1 I lqdoo— / J_f +3, @S^♭ @3‘ @s_f A 3 J_f +4, @ ↑⋃ ϱ’ f

4^ϱi_f +ı, @ ↑⋃ ϱ’ f

i_f +ı, @4

dqg wkh vorsh ri J_f +w, dww@4 lv J^≺_f +4, @ g gw J_f +w,⇕_{ȷ’ �} @ ↑⋃ ϱ’ f

ı4^{ϱ∋ �}i_f +ı, @ ↑⋃ ϱ’ f

ıi_f +ı, @H_{sf} ^♭ ‘ @π/ vd— 1

Qrz uhfrqvlghu+9,¿wr fflqg τ z h vhhn wkh vroxwlrq ri wkh ht xdwlrq ı @J_f +ı, ru ı ∗ J_f +ı, @3/ Lwlvfohduiurp wkh gldjudp vehorz wkdwli J^≺_f +4, A 4/ wkh ht xdwlrq kdvd xqlt xh vroxwlrq dz d— iurp 4/ exwli J^≺_f +4, ⪰ 4/ wkh rqo— vroxwlrq lv τ @41Wkhuhiruh/ dv J^≺_f +4, @H_{sf} ^♭ ‘ @π

z h fdq revhuyh wkdwwkh srsxodwlrq ehfrp hv h–wlqfwz lwk suredelolw— τ ⋆ 4 li H^{sf} ^♭ ‘ @π A 4/ exw ehfrp hv h–wlqfwz lwk suredelolw— τ @4 li H^{sf} ^♭ ‘ @π ⪰ 41

I rud frqfuhwh h–dp soh/ ohw i^f +ı, @λ_ϱ+4∗ λ, ı @3>4>5>6>/// iruvrp h λ +3 ⋆ λ ⋆ 4,1 Wkhq s^f @S ^♭ @3‘@4∗ λ dqg ↑⋃ ϱ’ f

i^f +ı, @ ↑⋃ ϱ’ f

λ_ϱ+4∗ λ, @+4∗ λ, ↑⋃ ϱ’ f

λ_ϱ@ 4∗ λ 4∗ λ @4

J^f +w, @ ↑⋃ ϱ’ f

w_ϱi^f +ı, @ ↑⋃ ϱ’ f

w_ϱλ_ϱ+4∗ λ, @+4∗ λ, ↑⋃ ϱ’ f

w_ϱλ_ϱ@ 4∗ λ 4∗ λw +3 ⋆ w⋆ 4,

J_≺^f +w, @ λ+4∗ λ, +4∗ λw,_2

@⇔ J_≺^f +4, @ λ+4∗ λ, +4∗ λ,_2 @ λ 4∗ λ vr wkdwJ_≺^f +4, @H^{sf} ^♭ ‘@ λ 4∗ λ @π1 I lqdoo— / iruτ/ iurp +9,/ τ ∗ J^f +τ, @3 @⇔ τ ∗ 4∗ λ 4∗ λτ @3 @⇔ τ @4 ruτ @ 4∗ λ λ

I lj xuh 4=H–wlqfwlrq suredelolw— fdofxodwlrq li S ^♭ @ı‘@λ_ϱ+4∗ λ,

:

H[ DP SOH

Vxssrvh wkdwwz r v— vwhp vduh vhwlq rshudwlrq rq gd— 41 Wkh suredelolw— wkdwv— vwhp 4 idloviruwkh ffluvwwlp h rq gd— q lvghqrwhg s_�+q, +wkdwlv/ wkh frqglwlrqdosuredelolw— / ghfflqhg dvd ixqfwlrq ri q/ wkdw wkh v— vwhp idlov rq gd— q jlyhq wkdwlwkdv qrwidlohg rq dq— suhfhglqj gd— ,¿vlp loduo— / wkh suredelolw— wkdwv— vwhp 5 idloviruwkh ffluvwwlp h rq gd— q lvghqrwhg s_2+q, Ohw♭_� dqg ♭_2 eh wkh glvfuhwh udqgrp yduldeohvfruuhvsrqglqj wr wkh gd— vrq z klfk v— vwhp 4 dqg v— vwhp 5 idloiruwkh ffluvwwlp h/ uhvshfwlyho— 1 Vkrz wkdwwkh suredelolw— p dvv ixqfwlrqvri ♭_� dqg ♭_2 duh jlyhq e—

i_{f ζ}+q, @s_ζ+q, ⋆∋ �⋂

ς’ � +4∗ s_ζ+n,, q @4>5>/// irul @4>5 dqg ˝hur hovhz khuh/ uhvshfwlyho— 1 Vxssrvh wkdw/ s_�+/, dqg s_2+/, duh vshflfflhg e— s_�+q, @ 4 q . 4 q @4>5>/// s_2+q, @4∗ h^{∋ b⋆} q @4>5>/// z khuh ξ lv d srvlwlyh uhdofrqvwdqw/ vr wkdws_� lvghfuhdvlqj dqg s_2 lvlqfuhdvlqj z lwk q1 Vkrz wkdws_� dqg s_2 ohdg wr ydolg suredelolw— p rghoviru♭_� dqg ♭_2/ dqg fflqg wkh p dvvdqg glvwulexwlrq ixqfwlrqvri ♭_� dqg ♭_21

VROXWLRQ = OhwG_ς ghqrwh wkh hyhqwwkdwv— vwhp 4 idlov rq gd— n/ iru n @4>5>///1 Wkhq/ li V_⋆ ghqrwhv wkh hyhqw wkdwwkh ffluvwidloxuh rffxuvrq gd— q wkhq V_⋆ @G^≺_� ∨ G^≺_2 ∨ G^≺_fi ∨ ///∨ G^≺_{⋆∋ �} ∨ G_⋆ vr wkdw/ e— wkh fkdlq uxoh S+V_⋆ , @S +G^≺_�, S+G^≺_2⇕G^≺_�,S+G^≺_fi⇕G^≺_� ∨ G^≺_2,///S+G^≺_{⋆∋ �}⇕G^≺_� ∨ G^≺_2 ∨ G^≺_fi ∨ /// ///∨ G^≺_{⋆∋ 2},S+G_⋆ ⇕G^≺_� ∨ G^≺_2 ∨ G^≺_fi ∨ ///∨ G^≺_{⋆∋ �}, @+4∗ s_�+4,,+4∗ s_�+5,,+4∗ s_�+6,,///+4∗ s_�+q ∗ 4,,s_�+q, dv iruhdfk n/ z h kdyh

S+G_ς⇕G^≺_� ∨ G^≺_2 ∨ G^≺_fi ∨ ///∨ G^≺_{ς∋ �}, @s_�+n, S+G^≺_ς⇕G^≺_� ∨ G^≺_2 ∨ G^≺_fi ∨ ///∨ G^≺_{ς∋ �}, @4∗ s_�+n, dv wkhvh frqglwlrqdosuredelolwlhvduh jlyhq lq wkh t xhvwlrq1 Khqfh/ irul @4>5/

i_{f ζ}+q, @S^♭_ζ @q‘ @S+V_⋆ , @s_ζ+q, ⋆∋ �⋂

ς’ � +4∗ s_ζ+n,, q @4>5>/// Qrz / z h dovr kdyh/ xvlqj wkh fkdlq uxoh/ wkdw

S^♭_ζ A q‘@S+G^≺_� ∨ G^≺_2 ∨ G^≺_fi ∨ ///∨ G^≺_{⋆∋ �} ∨ G^≺_⋆ , @ ⋆⋂ ς’ �

+4∗ s_ζ+n,,

;

vr iruv— vwhp 4 z h kdyh

S^♭^� A q‘ @ ⋆⋂ ς’ �

+4∗ s^�+n,, @ ⋆⋂ ς’ � ] 4∗ 4 n . 4 ⌊ @ ⋆⋂ ς’ � ] n n . 4 ⌊ @ 4 q . 4 dqg khqfh wkh fgi ri ♭^� lvjlyhq e—

I^{f �} +q, @S^♭^� ⪰ q‘ @4∗ S^♭^� A q‘@ q q . 4 q @4>5>/// z klfk lv d ydolg fgi/ dv lwwdnhv ydoxhv rq ^3>4‘/ lvqrq0ghfuhdvlqj lq q/ dqg lv d ulj kw0frqwlqxrxv +vwhs, ixqfwlrq1E— glffihuhqflqj/ z h kdyh i^{f �} +q, @S^♭^� ⪰ q‘∗ S^♭^� ⪰ q ∗ 4‘

@+4∗ S^♭^� A q‘, ∗ +4∗ S^♭^� A q ∗ 4‘, @ ] 4∗ 4 q . 4 ⌊ ∗ ] 4∗ 4 q ⌊

@ 4 q+q . 4, q @4>5>6>///

Vlp loduo— / iruv— vwhp 5/

S^♭^2 A q‘@ ⋆⋂ ς’ �

+4∗ s^2+n,, @ ⋆⋂ ς’ �

h_{∋ bς}@h–s ⟩ ∗ ξ ⋆⋃ ς’ � n / @h–s ⟩ ∗ ξ 5 q+q . 4, / dqg wkxv

I^{f 2} +q, @S^♭^2 ⪰ q‘ @4∗ S^♭^2 A q‘@4∗ h–s ⟩ ∗ ξ 5 q+q . 4, / q @4>5>// z klfk lv djdlq d ydolg fgi1 I lqdoo— / z h kdyh i^{f 2} +q, @S^♭^2 ⪰ q‘∗ S^♭^2 ⪰ q ∗ 4‘

@+4∗ S^♭^2 A q‘, ∗ +4∗ S^♭^2 A q ∗ 4‘, @ ] 4∗ h–s ⟩ ∗ ξ 5 q+q . 4, / ⌊ ∗ ] 4∗ h–s ⟩ ∗ ξ 5 q+q ∗ 4, / ⌊

@ ] 4∗ h_{∋ b⋆} ⌊ h–s ⟩ ∗ ξ 5 q+q ∗ 4, / q @4>5>6>///

43

Khqfh/ xvlqj wkh wkhruhp ri wrwdosuredelolw— / xvlqj wkh sduwlwlrq j lyhq e— Ŵ@4‘>Ŵ@5‘>///z h kdyh SÔ⪰ o‘ @ ↑⋃ ȷ’ � SÔ⪰ o⇕W@w‘SŴ@w‘

@ ↑⋃ ȷ’ � ] o 4. o ⌊^ȷ ] ¡ 43 ⌊ ] 4 43 ⌊^{ȷ∋ �}

@ ] ¡ 43 ⌊ ] o 4. o ⌊^↑⋃ r’ f ] o 43+4. o, ⌊^r z khuh v @w∗ 4

@ ] ¡ 43 ⌊ ] o 4. o ⌊ 4 ] 4∗ o 43+4. o, ⌊ +vxp p lqj d j hrp hwulf surj uhvvlrq,

@ ¡o 43. ¡o

Khqfh u^u +o, @4∗ SÔ⪰ o‘ @ 43 43. ¡o / Qrz / j lyhq ÔA o‘/ z h kdyh e— Ed— hvWkhruhp

SŴ@w⇕OA o‘ @ SÔA o⇕W@w‘SŴ@w‘ SÔA o‘ @

⟩ 4∗ ] o o. 4 ⌊^ȷ / ] ¡ 43 ⌊ ] 4 43 ⌊^{ȷ∋ �} ] 43 43. ¡o ⌊