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GLVFUHWH GLVWULEXWLRQV
ZRUNHG H[DPSOHV

H[DPSOH= OLJKWQLQJ GDPDJH
Iru lqvxudqfh sxusrvhv/ wkh dprxqw ri gdpdjh +lq m4333, wkdw zloo eh fdxvhg wr d WY pdvw e|

oljkwqlqj gxulqj wkh qh{w fdohqgdu |hdu lv wr eh dvvhvvhg1 Ohw Q eh d glvfuhwh udqgrp yduldeoh wdnlqj
ydoxhv rq i3> 4> 5> ===j wkdw uhfrugv wkh qxpehu ri oljkwqlqj vwulnhv1 Klvwrulfdo lqirupdwlrq lqglfdwhv wkdw
dq dssursuldwh suredelolw| prgho iru Q kdv spi

i � +q, @ h � � 5 �
q$ q @ 3> 4> 5> ===

+wkdw lv/ d Srlvvrq glvwulexwlrq zlwk sdudphwhu 5> zh zulwh Q � Srlvvrq+5,,1 Klvwrulfdo lqirupdwlrq/
dqg hfrqrplf suhglfwlrqv/ dovr lqglfdwh wkdw iru wkh qh{w fdohqgdu |hdu/ wkh dprxqwv ri gdpdjh fdxvhg
e| wkh vwulnhv zloo wkhpvhoyhv eh glvfuhwh udqgrp yduldeohv zlwk udqjh i3> 4> 5> ===j dqg zlwk spi i � /
Ohw [ � eh wkh udqgrp yduldeoh fruuhvsrqglqj wr vwulnh l1 Lw pd| dovr eh dvvxphg wkdw wkh udqgrp
yduldeohv duh pxwxdoo| lqghshqghqw/ wkdw lv/ iru dq| q/

S
% �
_

���	�
+[ � @ { � ,

&

@ S ^[ � @ { � >[ � @ { � > ===>[ � @ { � ` @
�
\

���	�
S ^[ � @ { � `

Zkdw lv wkh suredelolw| glvwulexwlrq ri
+l, wkh wrwdo dprxqw ri gdpdjh fdxvhg/ V
+ll, wkh plqlpxp dprxqw ri gdpdjh fdxvhg e| d vwulnh/ P
+lll, wkh pd{lpxp dprxqw ri gdpdjh fdxvhg e| d vwulnh/ O

VROXWLRQ =
+l, Iru wkh qh{w fdohqgdu |hdu/ wkh qxpehu ri vwulnhv Q lv qrw revhuyhg1 Krzhyhu/ li Q @ q +iru vrph
qrq0qhjdwlyh lqwhjhu q,/ wkhq ohw glvfuhwh udqgrp yduldeoh V � eh wkh wrwdo dprxqw ri gdpdjh fdxvhg e|
wkh q vwulnhv1 Wkhq/ frqglwlrqdo rq Q @ q/

V � @ [ � .[ � . ===.[ � @
�
[

���	�
[ �

wkdw lv/ wkh vxp ri q lqghshqghqw udqgrp yduldeohv wkdw hdfk kdyh spi i � 1 Wkh udqgrp yduldeoh V �
dovr kdv udqjh i3> 4> 5> ===j1 Zh duh dfwxdoo| lqwhuhvwhg lq wkh udqgrp yduldeoh V/ qrw frqglwlrqdo rq dq|
sduwlfxodu ydoxh ri Q 1

Ohw wkh spiv ri V � dqg V eh i 
�� dqg i 
 uhvshfwlyho|1 Wkhp iru v 5 i3> 4> 5> ===j/ e| wkh Wkhruhp
ri Wrwdo Suredelolw|/ xvlqj d sduwlwlrq frqvwuxfwhg xvlqj wkh gl�huhqw srvvleoh ydoxhv ri Q / zh kdyh

i 
 +v, @ S ^V @ v` @

[

� ���
S ^V @ vmQ @ q`S ^Q @ q`

+uhjduglqj wkh vdpsoh vsdfh  dv ehlqj frpsrvhg ri sdluv ri ydoxhv ri +V>Q,,1 Qrz

S ^V @ vmQ @ q` � S ^V � @ vmQ @ q` @ i 
�� +v, , i 
 +v, @

[

� ���
i 
�� +v,i � +q,= +4,
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Zh gr qrw kdyh i 
 � +v, gluhfwo|/ exw lw frxog eh frpsxwhg e| djdlq xvlqj wkh Wkhruhp ri Wrwdo Sured0
elolw|/ wkdw lv/ iru q @ 5/ V � @ [ � .[ � dqg/ sduwlwlrqlqj xvlqj gl�huhqw srvvleoh ydoxhv ri [ �

i 
�� +v, @
�

[

� ���
S ^V � @ vm[ � @ {`S ^[ � @ {` @

�
[

� ���
S ^[ � @ v� {`S ^[ � @ {` @

�
[

� ���
i ��� +v� {,i ��� +{,=

Wkh glvwulexwlrq ri V � fdq eh frpsxwhg uhfxuvlyho| lq wklv zd|/ exw lv txlwh oderulrxv1
D suhihudeoh phwkrg ri frpsxwdwlrq xvhv suredelolw| jhqhudwlqj ixqfwlrqv +sjiv,1 Iru d glvfuhwh

udqgrp yduldeoh [ wdnlqj ydoxhv rq udqjh i3> 4> 5> ===j/ wkh sji J � lv gh�qhg iru uhdo ydoxh w e|

J � +w, @

[

� ���
w � i � +{,

dqg d nh| uhvxow whoov xv wkdw li [ � dqg [ � duh lqghshqghqw/ dqg \ @ [ � .[ � wkhq wkh sji ri \ lv
jlyhq e|

J � +w, @ J ��� +w,J ��� +w,=
Khuh/ e| h{whqvlrq/ zh kdyh

V � @
�

[

���	�
[ � @, J 
 � +w, @ J ��� +w,J ��� +w,===J � � +w, @ iJ � +w,j � +5,

dv [ � > ===>[ � duh lghqwlfdoo| glvwulexwhg/ dqg kdyh wkh vdph sji1 Qrz/ frqvlghulqj wkh sji ri V/ zh
kdyh

J 
 +w, @

[

� ���
w � i 
 +v, @


[

� ���
w �
+ 
[

� � �
i 
 � +v,i � +q,

,

iurp +4,

@

[

� ���

+ 
[

� � �
w � i 
�� +v,

,

i � +q, @

[

� � �
iJ 
�� +w,j i � +q, h{fkdqjlqj wkh vxppdwlrq rughu

@

[

� ���
iJ � +w,j � i � +q, iurp +5,

@

[

� ���
iJ � +w,j � h � � 5 �

q$

@ h � �

[

� ���

i5J � +w,j �
q$ @ h � � h{s i5J � +w,j vxpplqj dq h{srqhqwldo vhulhv

Qrwh wkdw wklv uhvxow vd|v suhflvho| wkdw/ uhfdoolqj wkh h{shfwdwlrq gh�qlwlrq ri sjiv/ J 
 +w, @ H �
	
�w 
 �/

dqg
J 
 +w, @ H ��� ^J 
�� +w,` @ H ��� ^iJ � +w,j � ` @ H ���

k

�H ��
�w � �� �

l

@ J � +J � +w,, =

Khqfh
J 
 +w, @ h{s i�5 . 5J � +w,j @ h{s i5 +J � +w,� 4,j

dqg vxevhtxhqwo| wkh spi ri V +dqg rwkhu txdqwlwlhv/ vxfk dv h{shfwdwlrqv dqg rwkhu prphqwv fdq eh
ghulyhg hdvlo|1
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+ll, Iru wkh plqlpxp vwulnh0uhodwhg gdpdjh/ zh xvh wkh vdph sduwlwlrqlqj phwkrg dqg �uvw frqglwlrq
rq Q @ q1 Gh�qh

P � @ plq i[ � > ===>[ � j
dv wkh plqlpxp ydoxh rewdlqhg iurp q vwulnhv1 Zh kdyh wkdw

S ^P � A {mQ @ q` @ S
% �
_

���	�
+[ � A { � , mQ @ q

&

@ S ^[ � A {> ===>[ � A {mQ @ q` @
�
\

���	�
S ^[ � A {`

e| lqghshqghqfh1 Gh�qh u � +{, dv wkh uholdelolw| ixqfwlrq iru [/ wkdw lv> u � +{, @ S ^[ A {` @ 4�I � +{,/
wkhq

S ^P � A {mQ @ q` @
�
\

���	�
S ^[ � A {` @

�
\

��� �
u � +{, @ iu � +{,j � =

Wkhq/ xqfrqglwlrqdoo|/ iroorzlqj wkh vdph fdofxodwlrq dv lq +l,/

u � +{, @ S ^P A {` @

[

� ���
S ^P � A {mQ @ q`S ^Q @ q` @


[

� ���
iu � +{,j � i � +q,

@

[

� ���
iu � +{,j � h � � 5 �

q$ @ h � �

[

� ���

i5u � +{,j �
q$ @ h � � h{s i5u � +{,j

Khqfh
u � +{, @ h{s i5+u � +{,� 4,j / I � +{, @ 4� u � +{, @ 4� h{s i5+u � +{,� 4,j

+lll, Iru wkh pd{lpxp vwulnh0uhodwhg gdpdjh/ zh xvh wkh vdph sduwlwlrqlqj phwkrg dqg �uvw frqglwlrq
rq Q @ q1 Gh�qh

O� @ pd{ i[ � > ===>[ � j
dv wkh pd{lpxp ydoxh rewdlqhg iurp q vwulnhv1 Zh kdyh wkdw

S ^O� � {mQ @ q` @ S
% �
_

���	�
+[ � � { � , mQ @ q

&

@ S ^[ � � {> ===>[ � � {mQ @ q` @
�
\

���	�
S ^[ � � {`

e| lqghshqghqfh1 Wkhq/ e| lqvshfwlqj wkh fgi ri O

S ^O � � {mQ @ q` @
�
\

���	�
S ^[ � � {` @

�
\

���	�
I � +{, @ iI � +{,j � =

Wkhq/ xqfrqglwlrqdoo|/ iroorzlqj wkh vdph fdofxodwlrq dv lq +l,/

I � +{, @ S ^O � {` @

[

� ���
S ^O� � {mQ @ q`S ^Q @ q` @


[

� ���
iI � +{,j � i � +q,

@

[

� ���
iI � +{,j � h � � 5 �

q$ @ h � �

[

� ���

i5I � +{,j �
q$ @ h � � h{s i5I � +{,j

Khqfh
I � +{, @ h{s i5+I � +{,� 4,j
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H[DPSOH= SRSXODWLRQ H[WLQFWLRQ2JHQHDORJ\
+_Eudqfklqj Surfhvv% H{dpsoh iurp Fkdswhu 4,
Ohw [ eh wkh qxpehu ri r�vsulqj ri dq dqlpdo lq vrph srsxodwlrq> [ lv d glvfuhwh udqgrp yduldeoh

dqg e| dvvxpswlrq
S ^[ @ 3` A 3=

Ohw ] � > ] � > ] � === eh wkh qxpehuv ri dqlpdov lq wkh 4vw/ 5qg/ 6ug hwf1 jhqhudwlrqv +dqg/ iru frpsohwhqhvv/
gh�qh ] � @ 4,1 Qrwh wkdw

] ��� � @
� �
[

���	�
[

� ���
�

zkhuh [
� � �
� lv wkh qxpehu ri r�vsulqj ri wkh lwk dqlpdo lq wkh mwk srsxodwlrq/ d udqgrp yduldeoh zlwk

wkh vdph glvwulexwlrq dv [1 Ilqdoo|/ ohw
S
k

[
� � �
� @ n

l

@ s �
zkhuhis � > s � > s � > ===j lv d suredelolw| glvwulexwlrq |hw wr eh vshfl�hg1 Vxssrvh wkdw J � lv wkh suredelolw|
jhqhudwlqj ixqfwlrq ri [=

Xqghu wkhvh dvvxpswlrqv/ zkdw lv wkh suredelolw| ri xowlpdwh h{wlqfwlrq B
VROXWLRQ =

Zh frqvlghu �uvw wkh suredelolw| jhqhudwlqj ixqfwlrq ri ] � 1 E| gh�qlwlrq

J � � +w, @

[

� ���
w � i � � +}, @


[

� ���
w � S ^] � @ }`

@

[

� ���
w �
;

?

=


[

	 � �
S ^] � @ }m] �

�
� @ |`S ^] �

�
� @ |`

<

@

>

e| wkh Wkhruhp ri Wrwdo Sure1

@

[

	 ���

+ 
[

� ���
w � S ^] � @ }m] �

�
� @ |`

,

S ^] �
�
� @ |` h{fkdqjlqj wkh vxppdwlrq rughu

@

[

� ���

�J � ��
 � �� � +wm|,� i � �� � +|,

zkhuh J � � 
 � �� � +wm|, lv wkh frqglwlrqdo jhqhudwlqj ixqfwlrq ri ] � / jlyhq ] �
�
� @ |/ dqg i � �� � +=, lv wkh

spi iru ] �
�
� 1 Qrz/ jlyhq ] �

�
� @ |/ wkh vxp

� �� �
[

���	�
[

� �
�
� �

� @
	

[

���	�
[

� �
�
� �

�

lv d vxp ri | lqghshqghqw yduldeohv zlwk wkh vdph glvwulexwlrq1 Khqfh/ e| wkh uhvxow iurp wkh suhylrxv
h{dpsoh

J � ��
 � �� � +wm|, @ iJ � +w,j 	
dqg wkxv

J � � +w, @

[

	 ���
iJ � +w,j 	 i � �� � +|, @ J � �� � +J � +w,, +6,
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zklfk jlyhv d uhfxuvlyh phwkrg iru frpsxwlqj J � � 1 Dovr/ e| uhfxuvlrq
J � � +w, @ J � �� � +J � +w,, @ J � � � � +J � +J � +w,,, @ === @ J � +J � +J � +===J � +J � +w,,,,,

wkdw lv/ xowlpdwho|/ dq q0irog frpsxwdwlrq1 Wdnlqj wkh �qdo h{suhvvlrq/ zh kdyh/ e| frqvlghulqj wkh
lqwhuqdo q� 4 whupv/

J � � +w, @ J � +J � +J � +===J � +J � +w,,,,, @ J �
�J � � � � +w,� +7,

Ghqrwh e| � � wkh suredelolw| S ^] � @ 3` = Wkhq/ e| gh�qlwlrq ri wkh sji/ � � @ J � � +3,/ wkdw lv wkh
frh�flhqw ri w � lq wkh h{sdqvlrq ri J � � 1dqg khqfh e| +7,

� � @ J � � +3, @ J �
�J � �� � +3,� @ J � +� �

�
� , +8,

Qrz gh�qh wkh suredelolw| ri h{wlqfwlrq �
� @ S ^] � @ 3 iru vrph p` @ olp���  � �

Lw iroorzv wkdw � +li lw h{lvwv, lv wkh vroxwlrq ri +8,/ wkdw lv
� @ J � +�, +9,

Qrz/ wkh ixqfwlrq J � +w, lv frqwlqxrxv dqg gl�huhqwldeoh rq wkh udqjh +3> 4,= Dovr/ dv lw lv d frqyh{
frpelqdwlrq/ yld i � > ri whupv 4> w> w � > w � > === dqg khqfh lv qrq0ghfuhdvlqj rq +3> 4,> iru w � � w �

J � +w � , @

[

� ���
w � � i � +{, �


[

� ���
w � � i � +{, @ J � +w � ,

Qrwh wkdw dovr iru w � � w �

J �

� +w � , @ g
gw J � +w,m � � � � @


[

� ���
{w � � �� i � +{, �


[

� ���
{w � � �� i � +{, @ J �

� +w � ,

vr J � +w, dovr kdv d vorsh wkdw lv qrq0ghfuhdvlqj lq w1 Ilqdoo|/

J � +3, @ S ^[ @ 3` @ s � A 3 J � +4, @

[

� ���
4 � i � +{, @


[

� ���
i � +{, @ 4

dqg wkh vorsh ri J � +w, dw w @ 4 lv

J �

� +4, @ g
gw J � +w,m � �	� @


[

� ���
{4 � � � i � +{, @


[

� ���
{i � +{, @ H �  ^[` @ �/ vd|1

Qrz uhfrqvlghu +9,> wr �qg � zh vhhn wkh vroxwlrq ri wkh htxdwlrq
{ @ J � +{, ru {�J � +{, @ 3=

Lw lv fohdu iurp wkh gldjudpv ehorz wkdw li J �

� +4, A 4/ wkh htxdwlrq kdv d xqltxh vroxwlrq dzd| iurp 4/
exw li J �

� +4, � 4/ wkh rqo| vroxwlrq lv � @ 41 Wkhuhiruh/ dv
J �

� +4, @ H �� ^[` @ �
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zh fdq revhuyh wkdw wkh srsxodwlrq ehfrphv h{wlqfw zlwk suredelolw| � ? 4 li H �� ^[` @ � A 4/ exw
ehfrphv h{wlqfw zlwk suredelolw| � @ 4 li H �� ^[` @ � � 41

Iru d frqfuhwh h{dpsoh/ ohw
i � +{, @ � � +4� �, { @ 3> 4> 5> 6> ===

iru vrph � +3 ? � ? 4,1 Wkhq s � @ S ^[ @ 3` @ 4� � dqg

[

� ���
i � +{, @


[

� ���
� � +4� �, @ +4� �,


[

� ���
� � @ 4� �

4� � @ 4

J � +w, @

[

� ���
w � i � +{, @


[

� ���
w � � � +4� �, @ +4� �,


[

� ���
w � � � @ 4� �

4� �w +3 ? w ? 4,

J �

� +w, @ � +4� �,
+4� �w, � @, J �

� +4, @ � +4� �,
+4� �, � @ �

4� �

vr wkdw J �

� +4, @ H �� ^[` @ �
4� � @ �1 Ilqdoo|/ iru �/ iurp +9,/

� �J � +�, @ 3 @, � � 4� �
4� �� @ 3 @, � @ 4 ru � @ 4� �

�

Iljxuh 4= H{wlqfwlrq suredelolw| fdofxodwlrq li S ^[ @ {` @ � � +4� �,



:

H[DPSOH
Vxssrvh wkdw wzr v|vwhpv duh vhw lq rshudwlrq rq gd| 41 Wkh suredelolw| wkdw v|vwhp 4 idlov iru wkh

�uvw wlph rq gd| q lv ghqrwhg s � +q, +wkdw lv/ wkh frqglwlrqdo suredelolw|/ gh�qhg dv d ixqfwlrq ri q/ wkdw
wkh v|vwhp idlov rq gd| q jlyhq wkdw lw kdv qrw idlohg rq dq| suhfhglqj gd|,> vlploduo|/ wkh suredelolw|
wkdw v|vwhp 5 idlov iru wkh �uvw wlph rq gd| q lv ghqrwhg s � +q, Ohw [ � dqg [ � eh wkh glvfuhwh udqgrp
yduldeohv fruuhvsrqglqj wr wkh gd|v rq zklfk v|vwhp 4 dqg v|vwhp 5 idlo iru wkh �uvw wlph/ uhvshfwlyho|1
Vkrz wkdw wkh suredelolw| pdvv ixqfwlrqv ri [ � dqg [ � duh jlyhq e|

i ��� +q, @ s � +q,
�
�
�

\

� � �
+4� s � +n,, q @ 4> 5> === iru l @ 4> 5

dqg }hur hovhzkhuh/ uhvshfwlyho|1
Vxssrvh wkdw/ s � +=, dqg s � +=, duh vshfl�hg e|

s � +q, @ 4
q. 4 q @ 4> 5> ===

s � +q, @ 4� h � � � q @ 4> 5> ===
zkhuh � lv d srvlwlyh uhdo frqvwdqw/ vr wkdw s � lv ghfuhdvlqj dqg s � lv lqfuhdvlqj zlwk q1
Vkrz wkdw s � dqg s � ohdg wr ydolg suredelolw| prghov iru [ � dqg [ � / dqg �qg wkh pdvv dqg glvwulexwlrq
ixqfwlrqv ri [ � dqg [ � 1

VROXWLRQ =
Ohw G � ghqrwh wkh hyhqw wkdw v|vwhp 4 idlov rq gd| n/ iru n @ 4> 5> ===1 Wkhq/ li V � ghqrwhv wkh hyhqw
wkdw wkh �uvw idloxuh rffxuv rq gd| q wkhq

V � @ G �

� _G �
� _G �

� _ === _G �
�
�
� _G �

vr wkdw/ e| wkh fkdlq uxoh
S +V � , @ S +G �

� ,S +G �
� mG �

� ,S +G �

� mG �

� _G �
� ,===S +G �

�
�
� mG �

� _G �
� _G �

� _ ===
=== _G �

�
�
� ,S +G � mG �

� _G �
� _G �

� _ === _G �
�
�
� ,

@ +4� s � +4,,+4� s � +5,,+4� s � +6,,===+4� s � +q� 4,,s � +q,
dv iru hdfk n/ zh kdyh

S +G � mG �

� _G �
� _G �

� _ === _G �

�
�
� , @ s � +n, S +G �

� mG �

� _G �
� _G �

� _ === _G �

�
�
� , @ 4� s � +n,

dv wkhvh frqglwlrqdo suredelolwlhv duh jlyhq lq wkh txhvwlrq1 Khqfh/ iru l @ 4> 5/

i ��� +q, @ S ^[ � @ q` @ S +V � , @ s � +q,
�
�
�

\

� �	�
+4� s � +n,, q @ 4> 5> ===

Qrz/ zh dovr kdyh/ xvlqj wkh fkdlq uxoh/ wkdw

S ^[ � A q` @ S +G �

� _G �
� _G �

� _ === _G �
�
�
� _G �

� , @
�
\

� �	�
+4� s � +n,,



;

vr iru v|vwhp 4 zh kdyh

S ^[ � A q` @
�
\

� �	�
+4� s � +n,, @

�
\

� �	�

�

4� 4
n . 4

�

@
�
\

� � �

� n
n . 4

�

@ 4
q. 4
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H[DPSOH
Lq d fulfnhw edoo wkurzlqj frqwhvw/ d frpshwlwru lv shuplwwhg dv pdq| wkurzv dv wkh| olnh/ dqg wkh

orqjhvw ri wkhlu wkurzv lv uhfrughg1 Wkh qxpehu ri wkurzv wkdw wkh| wdnh lv d glvfuhwh udqgrp yduldeoh/
W / wdnlqj ydoxhv rq udqjh W @ i4> 5> ===j zlwk suredelolw| pdvv ixqfwlrq jlyhq e|
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Ohw udqgrp yduldeohv [ ���[ � > ===>[ � +zkhuh/ qrwh/ W lv qrw nqrzq ehiruh wkh frqwhvw vwduwv, ghqrwh wkh
phdvxuhg wkurzv ri d jlyhq frpshwlwru1 Vxssrvh wkdw wkh wkurzv duh pxwxdoo| lqghshqghqw/ dqg kdyh
lghqwlfdo suredelolw| glvwulexwlrqv vshfl�hg yld d _uholdelolw|% ixqfwlrq u � wkdw vshfl�hv wkh suredelolw|
wkdw d vlqjoh wkurz h{fhhgv d jlyhq ydoxh/ wkdw lv/ iru { A 3>
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Yhuli| wkdw u � vshfl�hv d ydolg suredelolw| prgho1 Li wkh qxpehu ri wkurzv wdnhq lv nqrzq wr eh w/ ohw
wkh orqjhvw wkurz uhfrughg iru d jlyhq frpshwlwru eh d udqgrp yduldeoh O/ vr wkdw
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Qrz/ vxssrvh wkdw d frpshwlwru uhfrugv d orqjhvw wkurz wkdw lv orqjhu wkdq d glvwdqfh o1 Ilqg dq
h{suhvvlrq iru wkh frqglwlrqdo suredelolw| wkdw wkh qxpehu ri wkurzv wdnhq lq wrwdo lv htxdo wr w/ iru
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Iluvw/ u � vshfl�hv d ydolg suredelolw| prgho/ dv/ ehfdxvh ri wkh suredelolw| d{lrpv/ zh uhtxluh wkdw
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Qrz/ jlyhq wkdw W @ w/ wkdw lv wkdw w � 4 wkurzv zhuh wdnhq/ zh frqvlghu wkh hyhqw ^O � o` +wkh hyhqw
wkdw wkh odujhvw ri wkh w wkurzv lv ohvv wkdq o,1 Zh kdyh wkdw
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