
4

�25� � ,j,+�W5,5 S
Lqwurgxfwlrq wr Vwdwlvwlfv= Hvwlpdwruv dqg wkhlu Surshuwlhv

41 Vxssrvh wkdw [ � > ===>[ � duh d udqgrp vdpsoh iurp d Srlvvrq+�, glvwulexwlrq1 Gh�qh vwdwlvwlfv W �
dqg W � e|

W � @ �[ @ 4
q

�
[

��� �
[ � W � @ v � @ 4

q� 4
�
[

��� �
+[ � � �[, �

Vkrz wkdw
H ���
	 ^W � ` @ H ����� ^W � ` @ �=

51 Ohw v �� ghqrwh wkh vdpsoh yduldqfh ghulyhg iurp d udqgrp vdpsoh ri vl}h q iurp Q+�> � � ,/ vr wkdw

Y � @ +q� 4,v ��
� � � " ��� � =

Vkrz wkdw sq� 4+v �� � � � ,
� � s5

��$ ] � Q+3> 4, vr wkdw v ��
��$ Q

#

� � > 5� �
q� 4

$

61 Vxssrvh wkdw [ � > ===>[ � duh d udqgrp vdpsoh iurp d Jd+�>�, glvwulexwlrq1 Ilqg wkh phwkrg ri
prphqwv hvwlpdwruv ri � dqg �1
71 Dq hvwlpdwru/ W / lv dq xqeldvhg hvwlpdwru ri ixqfwlrq �+�, ri sdudphwhu � li

H � � ^W ` @ �+�,
zkhuh i � lv wkh vdpsolqj glvwulexwlrq ri W 1 Wkh eldv/ e+W ,/ dqg Phdq Vtxduhg Huuru/ PVH/ ri dq
hvwlpdwru W ri �+�, duh gh�qhg uhvshfwlyho| e|

e+W , @ H ��� ^W `� �+�, PVH+W , @ H ��� ^+W � �+�,, � `

Vxssrvh wkdw [ � > ===>[ � duh d udqgrp vdpsoh iurp d Srlvvrq+�, glvwulexwlrq1 Ilqg wkh pd{lpxp
olnholkrrg hvwlpdwru ri �/ dqg vkrz wkdw wklv hvwlpdwru lv xqeldvhg1 Dovr/ �qg wkh pd{lpxp olnholkrrg
hvwlpdwru ri �+�, @ h �� @S^[ @ 3`=
81 Ilqg wkh pd{lpxp olnholkrrg hvwlpdwruv ri wkh wkh xqnqrzq sdudphwhuv lq wkh iroorzlqj suredelolw|
ghqvlwlhv rq wkh edvlv ri d udqgrp vdpsoh ri vl}h q1
+l, i � +{> �, @ �{ �  � > 3 ? { ? 4> � A 3= +ll, i � +{> �, @ +� . 4,{  �  � > 4 ? {> � A 3=
+lll, i � +{> �, @ � � { h{s i��{j > 3 ? {> � A 3= +ly, i � +{> �, @ 5� � { �� > � � {> � A 3=

+y, i � +{> �, @ �
5h{s i�� m{mj > �4 ? { ? 4> � A 3= +yl, i � +{> � � > � � , @ 4

� � � � � > � � � { � � � =

+yll, i � +{> � � > � � , @ � � � � 	� {  � 	  � > � � � {> � � > � � A 3=
P5V4 H[HUFLVHV 9= sdjh 4 ri 5
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91 Vxssrvh wkdw [ � > ===>[ � duh d udqgrp vdpsoh iurp wkh suredelolw| glvwulexwlrq zlwk sgi
i � +{>�> �, @ �h ���� � ���� { A �

dqg }hur rwkhuzlvh1 Ilqg wkh pd{lpxp olnholkrrg hvwlpdwruv ri � dqg �1
:1 Vxssrvh wkdw [ � > ===>[ � duh d udqgrp vdpsoh iurp wkh suredelolw| glvwulexwlrq zlwk sgi

i � +{> �, @ 4
�h

���� � { A 3=
Vkrz wkdw wkh vdpsoh phdq �[ lv dq xqeldvhg hvwlpdwru ri �1 Vkrz dovr wkdw/ li udqgrp yduldeoh \ � lv
gh�qhg dv \ � @ plq i[ � > ===>[ � j wkhq udqgrp yduldeoh ] @ q\ � lv dovr xqeldvhg iru �1
;1 Vxssrvh wkdw [ � > ===>[ � duh d udqgrp vdpsoh iurp d Xqlirup+�� 4> �.4, glvwulexwlrq1 Vkrz wkdw
wkh vdpsoh phdq �[ lv dq xqeldvhg hvwlpdwru ri �1 Ohw \ � dqg \ � eh wkh vpdoohvw dqg odujhvw rughu
vwdwlvwlfv ghulyhg iurp [ � > ===>[ � 1 Vkrz dovr wkdw udqgrp yduldeoh P @ +\ � . \ � , @5 lv dq xqeldvhg
hvwlpdwru ri �1
< 	 1 Dq hvwlpdwru W iru ixqfwlrq �+�, ri � lv wkh xqlirupo| plqlpxp yduldqfh xqeldvhg hvwlpdwru/ ru
XPYXH/ ri �+�, li W lv xqeldvhg iru �+�, dqg W 	 lv dq| rwkhu xqeldvhg hvwlpdwru ri �+�, wkhq

Ydu � ��
 ^W 	 ` � Ydu � � ^W ` iru doo � 5 �
Lq wkh vlqjoh sdudphwhu fdvh/ lw fdq eh vkrzq wkdw/ li W lv dq xqeldvhg hvwlpdwru ri �+�, edvhg rq d
udqgrp vdpsoh ri vl}h q iurp i � / wkhq

Ydu � � ^W ` � ^� � +�,` �

qH ��

%

� C
C� iorj i � +[> �,j� � & @ ^� � +�,` �

qH ��
kiC+[> �,j � l > vd|

zkhuh � � +�, lv wkh �uvw sduwldo ghulydwlyh ri �+�, zlwk uhvshfw wr �1
Wklv lv wkh Fudphu0Udr Orzhu Erxqg rq wkh yduldqfh ri dq xqeldvhg hvwlpdwru1 Li dq hvwlpdwru fdq
eh irxqg wkdw kdv wkh plqlpxp yduldqfh/ wkhq wklv hvwlpdwru fdq eh uhjdughg dv wkh _ehvw% xqeldvhg
hvwlpdwru1
Vxssrvh wkdw [ � > ===>[ � duh d udqgrp vdpsoh iurp wkh d Jhrphwulf+�, glvwulexwlrq1 Ilqg wkh pd{lpxp
olnholkrrg hvwlpdwru/ W / ri �+�, @ 4@�1 Vkrz wkdw W lv xqeldvhg iru �+�,/ dqg vkrz wkdw/ lq idfw/ W lv
wkh XPYXH ri �+�,/ e| fdofxodwlqj wkh Fudphu0Udr orzhu erxqg lq wklv fdvh/ dqg vkrzlqj wkdw wklv
erxqg lv dwwdlqhg dv wkh yduldqfh ri W 1
43 	 1 Vxssrvh wkdw [ � > ===>[ � duh d udqgrp vdpsoh iurp wkh d Q+3> �, glvwulexwlrq1 Ilqg wkh pd{lpxp
olnholkrrg hvwlpdwru ri �1 Lv wklv hvwlpdwru xqeldvhg/ dqg li vr/ lv lw wkh XPYXH B1
441 Vxssrvh wkdw [ � > ===>[ � duh d udqgrp vdpsoh iurp d Jd+5> �, glvwulexwlrq1
+l, Ilqg wkh pd{lpxp olnholkrrg hvwlpdwru ri �1
+ll, Ilqg wkh pd{lpxp olnholkrrg hvwlpdwru/ ghqrwhg W vd|/ ri � @ 4@�1
+lll, Ilqg H � � ^W ` dqg H � �

�W � �1

Suryh wkdw W
��$ � dv q �$ 41
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